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Intersecting Set Systems

I A k -set system on an n-set is a collection of subsets of
an n-set with each subset of size k .

I A k -set system on an n-set, A, is t-intersecting if for all
A, B ∈ A

|A ∩ B| ≥ t .

How big can a t-intersecting k -set system be?

If n ≤ 2k − t any two k -sets will be t-intersecting, so the largest
system has size

(n
k

)
.
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Examples

An example:

123 124 125 126 134
135 136 234 235 236

A 1-intersecting 3-set system on a 6-set

Another example:

123 124 125 126 134
135 136 145 146 156

A 1-intersecting 3-set system on a 6-set

A collection of all k -sets containing a fixed t-set is called a
trivially t-intersecting k -set system.
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Theorem (Erdős, Ko and Rado - 1961)

For n sufficiently large, if A is a t-intersecting k-set system on
an n-set then

1. |A| ≤
(n−t

k−t

)
,

2. and A meets this bound only if it is a trivially t-intersecting
set system.

I Wilson 1984 - For n ≥ (t + 1)(k − t + 1) the largest
t-intersecting set system is a trivially t-intersecting set
system.
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Theorem (Hilton and Milner 1967)

Let 2 ≤ k and n be positive integers with 2k ≤ n. Let A be
a1-intersecting k-set system on an n-set such that ∩A∈AA = ∅.

Then

|A| ≤
(

n − 1
k − 1

)
−
(

n − k − 1
k − 1

)
+ 1.

It is not difficult to construct such a set system:
Define a set system A′ by A ∈ A′

I if 1 ∈ A
I and A ∩ {2, 3, . . . , k + 1} 6= ∅.

Set A = A′ ∪ {{2, 3, . . . , k + 1}}.
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The Complete Erdős-Ko-Rado

Let Fi be the collection of all k -subsets of an n-set with the
property that A ∈ Fi if and only if

|A ∩ {1, 2, . . . , t + 2i}| ≥ i + t

example

I For each i the system Fi is t-intersecting.
I F0 is trivially t-intersecting.

Theorem (Ahlswede and Khachatrian - 1997)

The largest t-intersecing set system for any value of n is
isomorphic to a Fi (which i depends on n.)
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2-Partitionable Systems

A k -set system A is 2-partitionable into intersecting
systems if there exists a partition of A into 2 disjoint set
systems {A1,A2} such that both A1 and A2 are intersecting
set systems.

Example:
{12, 13, 14, 15, 16, 23, 24, 34}

How big can a 2-partitionable intersecting system be?



2-Partitionable Systems

A k -set system A is 2-partitionable into intersecting
systems if there exists a partition of A into 2 disjoint set
systems {A1,A2} such that both A1 and A2 are intersecting
set systems.

Example:
{12, 13, 14, 15, 16, 23, 24, 34}

How big can a 2-partitionable intersecting system be?



2-Partitionable Systems

A k -set system A is 2-partitionable into intersecting
systems if there exists a partition of A into 2 disjoint set
systems {A1,A2} such that both A1 and A2 are intersecting
set systems.

Example:
{12, 13, 14, 15, 16, 23, 24, 34}

How big can a 2-partitionable intersecting system be?



A Good Candidate?

There is an obivious candidate

For n = 7 and k = 3 let A = {A1,A2} where,
A1 = { 123, 124, 125, 126, 127, 134, 135, 136,

137, 145, 146, 147, 156, 157, 167}
A2 = { 234, 235, 236, 237, 245, 246, 247,

256, 257, 267}
I A1 all sets that contain 1
I A2 is all sets that contain 2 but not 1.

Denote such a system by A0,0.
We can always build a 2-partitionable k -set system of size(

n − 1
k − 1

)
+

(
n − 2
k − 1

)
.
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A Bigger System

For n = 7 and k = 3 there is a bigger system:

A1 = {123, 124, 125, 126, 127, 134
135, 136, 137, 234, 235, 236, 237}

A2 = {156, 256, 356, 456, 157 257
357, 457 167, 267, 367, 467, 567}

A1 is all sets whose intersection with {1, 2, 3} is of size at least
2 (also known as F1.)
A2 is all sets whose intersection with {5, 6, 7} is of size at least
2 (this is isomorphic to F1.).
Denote this system by A1,1 (or Ad k+1

2 e−1,b k+1
2 c−1).
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Theorem
For n sufficiently large relative to k, if A is a 2-partitionable
k-set system on an n-set then

|A| ≤
(

n − 1
k − 1

)
+

(
n − 2
k − 1

)
.

Moreover if a system A meets this bound, then A is the
collection of all subsets that contain i or j where i and j are
distinct elements from [1, n].
Denote such a system by A0,0.
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Outline of Proof

Assume A is a 2-partitionable system.

1. Partition A in to {A1,A2} such that
I |A1| ≥ |A2|
I There is no A ∈ A2 such that A1 ∪ A is intersecting.

2. If there exists a x ∈ ∩A∈AA, then
I |A1| ≤

(n−1
k−1

)
I |A2| ≤

(n−2
k−1

)
since x 6∈ A for all A ∈ A2

3. If there does not exists a x ∈ ∩A∈AA, then
I |A2| ≤ |A1| ≤

(n−1
k−1

)
−
(n−k−1

k−1

)
+ 1

I For n large

2
((

n − 1
k − 1

)
−
(

n − k − 1
k − 1

)
+ 1
)

<

(
n − 1
k − 1

)
+

(
n − 2
k − 1

)
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(n−1
k−1

)
−
(n−k−1

k−1

)
+ 1

I For n large

2
((

n − 1
k − 1

)
−
(

n − k − 1
k − 1

)
+ 1
)

<

(
n − 1
k − 1

)
+

(
n − 2
k − 1

)
.



A Conjecture

A complete theorem for 2-partitionable set systems might be
the following:

1. For n ≤ 2k the largest 2-partitionable system is of size
(n

k

)
.

2. For n = 2k + 1 the largest 2-partitionable intersecting set
system is isomorphic to {Ad k+1

2 e−1,b k+1
2 c−1}. example

3. For n > 2k + 1 the largest 2-partitionable system is
isomorphic to A0,0
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An r -Partionable Set System

A k -set system A is r -partitionable into intersecting systems
if there exists a partition of A into r disjoint set systems
{A1,A2, . . . ,Ar} such that each Ai is an intersecting set
system.

The collection of all k -sets that contain at least one of
{1, 2, . . . , r} is an r -partitionable set system of size

|A| ≤
r∑

i=1

(
n − i
k − 1

)
.
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Theorem
For n sufficiently large relative to k and r , if A is an
r -partitionable k-set system on an n-set then

|A| ≤
r∑

i=1

(
n − i
k − 1

)
.

Moreover, if A meets this bound then A is isomorphic to the
system that consists of all k -sets that contain at least one of
{1, 2, . . . , r}.
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Further Work

1. Prove the exact bound in the conjecture for 2-partitionable
systems.

2. Conjucture and prove exact bounds for r -partitionable
systems.

3. Develop an analogue of “set compression”.
4. Consider t-intersecting systems.
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