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Vorwort

Die vorliegende Arbeit verbindet zwei mathematische Disziplinen: Geometrie
und Topologie. Die Topologie beschreibt, wie sich ein Raum aus einfachen
Bausteinen, ”Zellen” genannt, zusammensetzen lasst. Ein Mittel hierfir ist
eine in den 30’ger Jahren von M. Morse entwickelte Theorie, die sich am
Beispiel einer (unebenen) Fléche F' erkldren ldsst: Man betrachtet nicht
ganz F auf einmal, sondern nur den Teil F* von F, der unterhalb einer
bestimmtem Hohe h liegt, und man untersucht, wie sich F'* verindert, wenn
wir h grosser werden lassen. Nur wenn es auf F' Berge, Téler oder Péasse mit
Hohe h gibt, sogenannte kritische Punkte, wird sich der topologische Typ
von F'* dabei dndern und eine weitere Zelle aufnehmen. Mit der Morsetheo-
rie erhalt man also eine Zerlegung einer Flache oder eines Raumes in Zellen.
Man mochte aber noch mehr wissen, namlich wie die Zellen sich untereinan-
der schneiden (”Cup-Produkt”), und dafiir ist die Morsetheorie i.a. nicht
ausreichend. Augustin-Liviu Mare beschreibt in der vorliegenden Arbeit,
wie diese Aufgabe fiir eine bestimmte Klasse von Rdumen durch genauere
Untersuchung ihrer Geometrie dennoch gelost werden kann.

Die untersuchten Raume sind die Untermannigfaltigkeiten mit konstanten
Hauptkriimmungen, sicher eine der interessantesten Klassen von Raumen in
der ganzen Geometrie; zu ihnen gehoren die Bahnen der Drehgruppen von
Symmetrischen Rdumen (”Isotropie-Orbits”). Ein solcher Raum M zeich-
net sich w.a. dadurch aus, dass jeder seiner Punkte auf einer Reihe von
Kugelflachen liegt, die ganz in M enthalten sind. Die Untersuchung dieser
Kugelfamilien und der von ihnen gebildeten mehrfachen Spharenbiindel bildet
die wichtigste Grundlage der Arbeit. Fiir Spharenbiindel lasst sich das Cup-
Produkt namlich mit dem Satz von Leray-Hirsch berechnen und dann auf
M {ibertragen. Dies konnte in frithren Arbeiten nur in sehr speziellen Féllen
durchgefiihrt werden; durch Verfeinerung der Methoden gelingt Herrn Mare
die Losung im allgemeinen Fall. Als ein Nebenprodukt enthélt die Arbeit
auch eine neue Sichtweise und eine Verallgemeinerung der klassischen Schu-
bertzellen in Grassmann-Mannigfaltigkeiten.

Die Arbeit stellt keine hohen Anforderungen an das Vorwissen des Lesers.
Wer Interesse an der Verbindung von geometrischen und topologischen Meth-
oden hat, wird diese Arbeit mit grossem Gewinn lesen.

Augsburg, im Mai 1998



Professor Dr. Jost-Hinrich Eschenburg
Institut fiir Mathematik
Universitat Augsburg



Zusammenfassung

Das erste Zugang zur Topologie von Liegruppen und homogenen Raumen
war vielleicht gemacht von A. Borel am Anfang der fiinfziger Jahre. Die
Homologie oder Kohomologie solcher Raume waren bekommen von ihm mit
Hilfe hauptséchlich der Theorie der Spectralsequenzen von Prinzipalblindeln
(sehe z.B. [3]). Ein total anderes Zugang zur gleichen Thema ist enteckt
geworden ein paar Jahre spater von R. Bott und H. Samelson. Sie haben
bemerkt, dass die Theorie von Morse ein sehr niitzliches Instrument fiir die
Nachforschung der Homologie und sogar Kohomologie einer breiten Klasse
von Homogenen Raumen sein kénnte, ndmlich von Orbiten so-genannter vari-
ational vollstandigen Operationen kompakter Liegruppen. Ahnliche Ideen
waren spater beniitzt von Hsiang, Palais und Terng fiir die Nachforschung
der Homologie isoparametrischer Untermannigfaltigkeiten in Euklidischen
Raumen. Sie haben auch versucht, die Methoden von Bott und Samelson
zu erweitern, um die Kohomologie solcher Raume zu bestimmen, aber sie
haben das nur teilweise geschafft. Das Hauptziel unserer Arbeit ist, diese
Aufgabe vollstandig aufzufiiren. Wir sind fahig, Formeln die die Kohomolo-
gie geben, nicht nur fiir isoparametrische Untermannigfaltigkeiten, sondern
auch fiir beliebige Elemente einer isoparametrischen Bléatterung (d.h. fiir
fokale Mannigfaltigkeiten).

Summary

Maybe the first direct approach to the topology of Lie groups and homoge-
neous spaces was made by A. Borel at the beginning of the 50’s. Homology
or cohomology of such spaces were obtained by him by using as basic tool
the theory of spectral sequences of principal bundles (see for instance [3]). A
totally different approach of the same subject was given a few years later by
R. Bott and H. Samelson. They noticed that the theory of Morse could be a
very useful instrument in investigating the homology and even the cohomo-
logy of a large class of homogeneous spaces, namely the orbits of the so-called
variational complete actions of compact Lie groups. Similar ideas were later
used by Hsiang, Palais and Terng in investigating the homology of isopara-
metric submanifolds in euclidean spaces (see [19]). They also tried to extend
the methods of Bott and Samelson in order to determine the cohomology of
such spaces, but they succeeded only partially. The main goal of our present
paper is to achieve completely this task. We are able to give formulas which
describe the cohomology not only for isoparametric sumanifolds, but also of
arbitrary elments of an isoparametric foliation (i.e. for focal manifolds).
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Introduction

The main idea of the theory of Morse is to relate the topology of a finite or
infinite dimensional manifold M and the critical data of a nondegenerate real
function defined on it (namely the set of its critical points and their indexes).
Roughly speaking, we are going along the real axis and follow the changes
which occur in the topology of the sublevel sets during this process. By the
two so-called deformation lemmas, one notice no change as long no critical
points are met in this way and we simply have to add a cell of dimension k
after passing through a critical point of index k. At the "end” (recall that
M is not necessarily compact) of this process we obtain the space M as a
cellular complex . A lot of things about the homology module of M can be
proved in this situation : for instance, the inequalities of Morse say that the
rank of the homology module must be at least the number of critical points
of f. But it is in general impossible to see in this way which is exactly the
rank of H,.(M).

It follows easily from some elementary reasonings that the latter one
equals the number of critical points (i.e. f is perfect), provided that at each
critical point, the cell added to the lower sublevel can be extended to a
homological cycle which is closed in the upper sublevel: the origins of this
idea go back to the early papers of M. Morse (see for instance [34], Satz, p.26).
One of the major contributions of the classical work [5] of Bott and Samelson
is the remark that the extension we were talking about can be obtained as
a cycle "hanging over” the corresponding critical point. We will call it cycle
of Bott-Samelson type (see section 1.1 of our paper for the exact definition).
The two authors above considered then loop spaces over orbits of so-called
variationally complete actions togther with the energy function defined on
this space. At each critical point (i.e. geodesic segment) they were able to
construct a cycle hanging over it and to determine in this way completely
the homology of this loop space. It turned out then that the isotropy action
of any symmetric space is variationally complete and everything can be said
in this way about the Zsy-homology of the orbits of this representation.

The idea to prove that certain nondegenerate functions are perfect by
using cycles of Bott-Samelson type seems very tempting by its naturality.



But it is in general hard to obtain them and, at least when nondegenerate
distance functions are involved, they probably exist only in some very partic-
ular situations. In his paper [39] G.Thorbergsson proved that any complete
Dupin hypersurface embedded in a simply connected space form is taut (i.e.
any non-degenerate distance function is perfect) by an ingenious construction
of cycles of Bott-Samelson type.

After defining in 1985 the notion of isoparametric submanifold in a
Euclidean space (see [38]), Terng, this time together with Hsiang and Palais
will use in [19] the same construction as Thorbergsson in order to prove
that these submanifolds are also taut embedded. The cycle that the first
three authors mentioned above associated to any critical point of a distance
function (and which we will call in our paper HPT-cycle) has a very simple
structure: it is an iterated sphere bundle which admits a section at each
iteration. Having in mind that any isotropy orbit of a symmetric space is
element of an isoparametric foliation, it can be estimated that all results
of [5] concerning the homology of isotropy orbits were recovered by Hsiang,
Palais and Terng without using any more the Morse theory for loop spaces,
but directly for the submanifolds which are involved and the corresponding
distance functions. The basic tool of their paper is the using of certain
integrable distributions whose leaves are full spheres which, at their turn,
can be employed in constructing the cycles of Bott-Samelson type.

After obtaining the homology module for isotropy orbits, Bott and Samel-
son considered the particular case of adjoint orbits of compact Lie groups and
determined completely their integral cohomology. Hsiang, Palais and Terng
tried in the last section of their up-mentioned paper to extend this method,
but they succeeded only partially, in some particular cases. In fact, by the
homogeneity theorem of Thorbergsson (which says that, with some isolated
exceptions, any isoparametric foliation is in fact the orbital foliation of the
isotropy representation for a certain symmetric space) it can be seen that the
cohomological estimations of [19] bring nothing new: the only spaces whose
cohomology is exactly evaluated are just the adjoint orbits of simple Lie
groups. The real value of section 6 of [19] stays, from our viewpoint, not in
the direct evaluations made there, but in its qualitative side: concretely, the
authors obtained the cohomology of isoparametric submanifolds of uniform
and even multiplicity by reducing the problem to well-known representatives
of this class, namely the adjoint orbits of Lie groups (as we mentioned above,
it turned out later that the class of isoparametric submanifolds with uniform
even multiplicity reduces almost entirely to the adjoint orbits, but the idea
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of "prototype” remains).

The main goal of our paper is to go further in the direction initiated in
[19], in the new light of Thorbergsson’s homogeneity theorem, and to give
in this way a natural continuation of Bott and Samelson’s paper. Namely,
we will obtain precise formulas for the R-cohomology rings of all elements of
irreducible isoparametric foliations in Euclidean spaces, where R can be Z
or Zy if the multiplicities of M are greater than 1, and only Z; when there
exists a multiplicity equal to 1. Our basic tool will be still the notion of cycle
of Bott-Samelson type, which is indispensable to us. In particular, the only
reason because we are not able to calculate the integral cohomology when a
multiplicity equals 1, is that in this case the HPT-cycles are not necessarily
orientable, so they cannot constitute cycles of Bott-Samelson type over the
ring Z. In other words, nothing more can be obtained about the cohomology
of the spaces we are refered here by employing only the classical theory of
Morse. We must mention here the approach of Kocherlakota (see [22]) who
obtained the integral homology for all isotropy orbits of symmetric spaces,
by using the so-called Witten-Morse complex. But the problem of finding a
general result which describes the integral cohomology of these orbits remains,
for the moment, open.

We will also try to consider the isoparametric submanifolds from the
point of view of other invariants: the Lusternik-Schnirelmann category and
the so-called F.-category (in the sense of Takens). The exact value of these
two invariants will be obtained only for adjoint orbits of compact connected
semisimple Lie groups. Upper or lower bounds in some other situations (most
notably, for isoparametric hypersurfaces in spheres) will be obtained.

There are two major goals that we intend to reach in the first chapter:

a) to show how and why could be the HPT-cycles replaced by what we
called F-cycles;

b) to obtain a closer relationship between the homology of an isoparamet-
ric submanifold and the homology of its focal manifolds, in terms of so-called
projected cycles (subsidiarily, we will obtain the well-known Schubert cycles
on Grassmannians as projected HPT-cycles).

The essence of the paper is concentrated in section 3 of the second chapter.
An essential ingredient will be the representation induced in homology by
the action of the Weyl group on the isoparametric submanifold, described
in section 2.1. We consider then an arbitrary F-cycle [}, associated to the
critical point of maximal index: it is the total space of an iterated sphere
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bundle with sections at each level, and it will be relatively simple to obtain
its homology and cohomology. The evaluations obtained in section 2.3 will be
then exemplified in the particular case of the isoparametric foliations of the
sphere. The last three sections of Ch.II are intended to use the ”prototype
principle” we mentioned above in order to obtain a complete picture of the
R-cohomology rings for all irreducible isoparametric submanifolds. We will
succeed that up to some exceptions.

The main result of Ch.III gives the F.-category of an arbitrary adjoint
orbit of a compact connected semisimple Lie group (see Cor.3.3.6), and states
that it equals its Lusternik-Schnirelmann category. So in this very particular
situation, the answer to the general conjecture which states the equality of
these two invariants for any closed finite-dimensional manifold is positive.
Finally, we consider the isoparametric submanifolds of type By (that repre-
sents a very important class, because only in this situation non-homogeneous
examples are known, and no classification has been obtained so far): we prove
that the L.S.-category must be 4 or 5 and we conjecture that, at least when
both multiplicities are different and greater than 1, the value of this invariant
is 4.

I would like, also on this way, to express my deep gratitude to
Prof. Dr. Jost Eschenburg for the enormous amount of energy and time he
spent in helping me to elaborate this theses. By stimulating conversations,
scientific and moral support, he offered me generously his help during all the
time when I prepared the paper. Almost all main ideas was suggested by
him. I must mention that section 1.7 reproduces almost entirely ideas that
he exposed during one of his lectures and he communicated me later.

I owe thanks to the Graduiertenkolleg ” Nichtliniare Probleme in Analysis,
Geometrie und Physik” from the University of Augsburg, which admitted
me as member and supported financially the research during the time when
the present paper was elaborated. For helpful discussions, bibliographical
informations and moral support, I must thank Prof. Dr. Ernst Heintze. 1
am greateful to Prof. Dr. Kazumoto Kojima, who indicated me many of the
bibliographical sources which I needed in section 2.5. One of the main ideas
of the paper, namely the use of galleries in the construction of what I called
later F-cycles, was suggested to me by Robert Bock; I am obliged to him for
that. I also thank Andreas Kollross for the help offered during the search of
the exact expression for the principal isotropy orbit presented in section 2.7.
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Chapter 1

Homology of isoparametric
submanifolds

1.1 Elements of Morse theory

The theory of Morse in its classical form will constitute one of our basic tools
in investigating the topology of isoparametric submanifolds. In the following
we will try to summarize some notions and results used during this chapter.
The main sources are [32] and [26]. Because of the context of our paper it
will be enough to restrict our atention exclusively to closed finite-dimensional
manifolds, even if a theory in a much more general context is available, as
can be seen for instance in [32].

Let’s fix such a manifold M"™ and take a real function f on M. A point x €
M is called critical if the differential (df), vanishes identically. Otherwise,
x will be called regular. A real number is a critical value if it is image of a
critical point; if not, we call it a regular value. The corresponding levels are
also called critical , respectively regular.

If p is now a critical point of f, then there exists a uniquely determined
symmetric bilinear form Hess(f), on T,M (called the Hessian of f at p), such
that for any two vector fields X and Y we have Hess(f),(X,,Y,) = X,(Y f).
The indez of the critical point p is simply the index of this bilinear form. A
critical point is said nondegenerate if the associated Hessian is nondegenerate.

One knows that the expression of f around a regular point is well-determi-
ned. The question is what happens at a critical point. If this is a nondegen-
erate one, we still have a complete answer, given by the lemma of Morse:



Theorem 1.1.1 ( Morse lemma) Around any critical point p, nondege-
nerate of index k, there exists a local parametrisation of M of the form (V,1)),
with ¢¥(0) = p and

(foh)(zy, 2, ..., 20) = f(p) — (21)* — ... — (zp)? + (psr)® + ...+ (z0)

Consequently, the nondegenerate critical points are isolated in the set of
all critical points. We will restrict ourselves exclusively to functions with only
nondegenerate critical points, so-called Morse functions. Their critical sets
will be, of course, finite. By technical reasons and without loss of generality
we will suppose during this section that the critical levels corresponding to
any two distinct critical points are also distinct.

For any number a , denote M, = {p € M : f(p) < a}. The basic idea
of Morse theory is to describe the topology of M ”inductively” going along
the real axis and looking at the evolutions ocurred in the topology of the
sublevel sets M,, a € R. Two steps are needed to see that:

Theorem 1.1.2 Suppose a < b are finite and there are no critical points in
f~Ya,b]. Then:

(i) M, is diffeomorphic to M,.

(i) M, C M, is a strong deformation retract.

(iii) The inclusion map M, — M, is a homotopy equivalence.

In other words, nothing changes in the topology of M when passing only
through regular levels. But there are also a certain number of critical levels.
Let‘s now see what happens after passing a such one. If p is a critical point
of index k with ¢ = f(p), fix (V,4) a Morse chart and consider the k-cell

e ={pev (V) 2i(p)® + ... + ()’ < €, 2e11(p) = ... = za(p) = 0},

where € > 0 is enough small, such that the ball B(0, €) is contained in V' and
no critical point different from p lies in f~!([c — €, ¢ + €]).

Theorem 1.1.3 The set M, is a strong deformation retract of M... and
M._.Ue* is a deformation retract of M,.

In other words,from the point of view of the homotopy type, after passing
through the critical level corresponding to an index k critical point, a k-cell
is attached.A classical consequence says that any closed manifold has the
homotopy type of a finite CW-complex: by Whitney theorem we can embed



the manifold in a Euclidean space, and then take into account that almost
all associated distance functions are Morse functions.

Consider now a < b two finite numbers such that in f~!(a,b) there ex-
ists just one critical point p. We have just seen that, up to a homotopy
equivalence, M, is the same as M, U e*, where e* is a k-cell, in other words
one has to add a cell in the CW-complex. The question is now what conse-
quences could that have for the evolution of the homology module. Consider
to this end the usual singular homology with coefficients in an arbitrary ring
R and the long exact sequence in homology for the pair (M,, M), related
to the long exact homology sequence of the pair (¥, de¥) through the in-
clusion map G : (e*,de¥) — (M,, M,).In the following diagram, the map
G, : H.(e*,0e*) — H,(M,, M) is always an isomorphism.

.. — H,(e*,de*) — H,, 1(0e*) — H,,_1(e*) — H,,_1(e¥,0e*) — ...

o Hm(Mba Ma) a_m> m—l(Ma) M;l) m—l(Mb) M} m—l(Mb> Ma) —_ ...

One also knows that H,,(e*, de¥) equals R for m = 0 and m = k, and
{0} otherwise. Denote by [e*, de*] the fundamental cycle of the pair (e*, dek).
Since i, is an isomorphism for m # k and m # k — 1, we can consider the
following exact sequence:

0 — Hy(M,) % Ho(M,) 25 Rk de*] —2> Hy 1(M,) “=5 Hy 1 (M,) — 0
Distinguish the following two situations:

1. The boundary Oe;, is not homologous to 0 in M,, in other words the
map 0 from the sequence above is non identically zero (see the picture below).

When R is a field, this implies 0 injective, so jx = 0 and the following
exact sequence is obtained:

0 — R[e", 0e*] — Hy_(M,) — Hy_1(M,) — 0.
Because this sequence splits, it follows

Hyp_1(M,) ~ Hy_ (M) @ Rle*, 0e"].

In the same time, 75 is an isomorphism, so the only change in the homology
module arises at the level £ — 1, namely the rank of this level decreases
by 1. Intuitively, we can feel that something ”wrong” happened. A similar
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Figure 1.1: Bad Morse theory

analysis can be, of course, made for an arbitrary ring R. We will not get
into these details; our only intention was to convince that that the present
case case is an "unreasonable” one.

2. The (k — 1)-cycle Oey is homologous to 0 in M, (geometrically, the
phenomenon can be easily visualized in the following classical picture) .

Figure 1.2: Good Morse theory

This simply means 0 =0 and from the splitting exact sequence

0 — Hy(M,) %5 Hy(M,) — Rlex, de] — 0
one deduces i injective and Hy(M,) = Hp(M,)® R [ex, Oei]. One notes in
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this situation a ”positive” change, that in an increase of rankH, of one unit,
at the level k. It seems very clear that, as long a Morse function presents
at any of its critical points a such behaviour, a good Morse theory can be
developed in investigating the homology of M.

Remark and definition.The second situation is equivalent to the existence
of a cycle [u,] € H.(M,) whose image is [e, Jeg]. Geometrically, p, is a
full cycle in M, (i.e. 9u,=0) which extends the relative cycle [e*,de*] €
H,(M,, M,).If it exists, a such cycle will be called a linking cycle over R.
The critical point p is said of linking type over R if there exists a linking
cycle at p. We say that f is of linking type over R if all its critical points are
of linking type.

It turns out easily from the previous considerations how a Morse function
of linking type on M determines the homology of M:

Theorem 1.1.4 Let f : M — R be a Morse function of linking type over
R. For each critical point p of f, denote by k(p) its index and by [u,] €
Hyp) (Mypy4e) C Hyp (M) the corresponding linking cycle. Then for any
a € R, the module H,(M,, R ) is freely generated by the set {[p,] : p €
C(f), f(p) <a }. Particularly, the module H,(M, R ) is freely generated by
the set of all linking cycles.

Morse functions of linking type have a nice behaviour from the point of
view of the Morse inequalities. Recall that if f : M™ — R is an arbitrary
Morse function, ¢; = ¢;(f) the number of index j critical points of f and
bj =b;(M) =rankH;(M,R), R being an arbitrary ring, then:

Theorem 1.1.5 (Morse inequalities ) For any 0 < k < n holds:

Cp — Cr—1+ ...+ (—1)kCO >b, — b1+ ...+ (—l)kbo.

Moreover, for k = n the corresponding inequality is actually an equality:

X(M) :=by—b1+ ...+ (=1)"b, =co — c1 + ... + (=1)"c,.
Consequently, for any 1 < j <n, ¢;(f) > b;(M).

A Morse function is called R -perfect if it realizes equality in all Morse

inequalities, in other words, it has a minimal number of critical points. From
Th.1.1.4 above follows :



Corollary 1.1.6 Any Morse function of linking type over R is R -perfect.

Now, that we just have seen how advantageous a Morse function of linking
type could be, a natural question is how often a such function can occur.
Everything reduces to the obtention of the linking cycles: we will describe in
the sequel a way to get them. Concretely, the linking cycles will be obtained
as so-called Bott-Samelson cycles, in the form defined for the first time in
[19]. From now on, R will be always Z or Zs.

Definition If p € M is an index k critical point, a cycle of Bott-Samelson
type over R at p is a pair (Y, ), where Y is a closed, k-dimensional, R-
orientable manifold and ¢ : Y — M such that f o has a unique maximum,
which is nondegenerate, at yo = = (p).

Note that in this case ¢ is an immersion at yo and (dy),, maps TY,,
isomorphically onto the negative space of f at p .

Theorem 1.1.7 If (Y, ) is a cycle of Bott-Samelson type over R at p, then
Y] is a linking cycle over R at p.

PROOF. (see [32]).

Corollary 1.1.8 A Morse function f : M — R any of whose critical points
admits a cycle of Bott-Samelson type is a linking type function.

So as long as we are able to construct cycles of Bott-Samelson type, a
good Morse theory could be developed. In concrete applications, the only
problem will be only to obtain the cycles explicitely: an ingenious construc-
tion, belonging to Hsiang, Palais and Terng (see [19]) furnishes cycles of
this type for nondegenerate distance functions associated to isoparametric
submanifolds in Euclidean spaces (we will come back with more details in
section 3).

A last aspect we would like to consider in this preliminary section con-
cernes the Morse theory of distance functions for submanifolds of Euclidean
spaces. Let X : M™ — R"™"* be an immersion of the closed manifold M.
One can immediately associate the so-called endpoint map Y : v(M) —
R"F Y (x,v) = x4+, for any x € M and v € v(M),. For any v € C®(v(M))
and any rop € M one associates the shape operator A, : TM,, — TM,,,
Ay(u) = —((Dyv)(z0))t, u € TM,,, where D denotes the usual derivative
in R"**. This is a linear selfadjoint map and its (real) eigenvalues are the



principal curvatures at xy in direction v. On the normal bundle v(M) one
considers the normal connection V¥, which associates to u € C*°(TM) and
v € C®(w(M)) the normal field (V¥),v = (D,v)¥, i.e. the orthogonal pro-
jection of D,v on v(M). Directly from the definition follows:

Dyv = —A,(u) + (V).

We call a € R™* focal point of multiplicity m > 1 with respect to p € M
if dim(Ker dY{,.)) = m, provided (p,v) € v(M) with Y (p,v) = a.

Theorem 1.1.9 Let p € M, v € v(M), and a = Y(p,v) = p+v €
R"*. Then:
(i) p is a critical point of the distance function f, : M — R,
fulw) = o — al?, € M.
(ii) the Hessian of f at p is (Hessf), = I — A,, by assimilating the
selfadjoint linear operators on T'M, with symmetric bilinear functionals.
(#i) p is nondegenerate if and only if a is nonfocal with respect to p.
(iv) the index of f, at p eqals the number of focal points with respect to p

situated on the line segment [pa], each counted with its multiplicity.

From (7i7) is now clear that f, is a Morse function iff a is non-focal,
i.e. a is a regular value of Y; by Sard theorem, that happens for almost all
a € R"**, In studying immersions in Euclidean spaces, the notion of tautness
is fundamental; for the moment we will restrict ourselves to the definition,
and the anticipative remark that isoparametric submanifolds offer the most
illustrative examples of taut-immersions.

Definition The immersion X : M — R"* is called taut if any distance
function which is nondegenerate is Zo-perfect.

1.2 Basic facts about isoparametric
submanifolds

We will give in the sequel a brief exposition of the main notions and results
concerning isoparametric submanifols in Euclidean spaces. Detailed treate-
ments of this theory can be founded in [38], [19] or [32]. Even if it’s maybe
too soon, we must say from the very beginning that the objects involved here
are mainly homogeneous, namely isotropy orbits of symmetric spaces . Such
orbits are the objects of study in [5], and it’s one of the main goals of our
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paper to show that the investigations initiated there can be continued by
using the techniques developed by Hsiang, Palais and Terng in [19].

Definition An immersed submanifold X : M™ — R"** is called isopara-
metric if the normal bundle is flat (with respect to the normal connection)
and the principal curvatures in the direction of any parallel normal field are
constant, as values and multiplicities.

The definition assumes flateness only locally, but it turns out that M is
globally flat. Even from the local flatness it follows that for any x € M, the
set {A, :v € v(M),} is a commutative family of selfadjoint endomorphisms
of TM, and so it determines a decomposition of T'M, as direct sum of the
common eigenspaces E1(z), Es(z), ..., E,(z). The normal vectors vy, va, ..., v,
which satisfy the following relations:

(a) Ay|lg, = (v, v)idg,, for any v € v(M),.

(b)if i # j, there exists v € v(M), with (v, v;) # (v,v;). arise in a natural
way. The situation can be immediately globalized, in the sense that one can
consider the smooth distributions Ey, Es, ..., E, on M (called the curvature
distributions) and the parallel normal vector fields vy, vs,...,v, (called the
curvature normals ) such that (a) holds at any point of M. The numbers
m;= rankF; ,1 < i < p, are called the multiplicities of M.

Without loss of generality we will make the following assumptions, always
avilable during this paper :

1. M is complete.

2. M is full, in the sense that it is contained in no proper affine subspace
of R"**. Equivalently, the curvature normals vy, vy, ...,v, at any point
generate the normal space v(M),. The number £ is now uniquely determined
and we will call it the rank of M.

3. M is compact, or equivalently, all curvature normals are nonzero.
Moreover, M is a closed submanifold of the sphere S"+~1,

Any distribution E;, 1 <14 < p, is integrable. Its leaf through the point x
is a standart sphere of radius ” T and center x + ”U(”%, contained in the affine
plane = + E;(z) ® v(M), and called the i-th curvature sphere through .

One of the basic ingredients of this theory is the very particular structure
of the focal set (i.e. the set of all focal points) of the embedding X : M —
R™*. If T is this focal set, and v, (M) = z+v(M), denotes the affine normal
space at x, then I' N v, (M) is the union of hyperplanes Li(z), la(x),...,l(x),
where [;(x) is perpendicular to v;(x) at the distance i 1|| from x.

It turns out that any distribution F;, 1 < ¢ < pis integrable and moreover,




its leaf through an arbitrary point z € M, denoted by S;(x), is a round
sphere, called the curvature sphere through z. It is a full sphere in x +
Ei(z) + v(M),, which focalizes at [;(x).

The reflection RY in v, (M) with respect to [;(x) leaves the set of all focal
hyperplanes invariant, hence the group W? generated by {R? : 1 <i < p}is
a finite reflection group of rank k. Because the normal holonomy is trivial,
the same construction can be parallely transported from x to any other point
of M. In this way, we associated to M a finite reflection group W, which
doesn’t depend any more on the choosing of z. We will see later that W
is in fact a crystallographic group; that’s the reason because we call it the
Weylgroup of M.

Also consider for any i € {1,2,...,p} the map ¢; : M — M which asso-
ciates to any « the antipodal ¢;(z) of x in the sphere S;(x). Of course, any
¢; is an involutive automorphism of M. We can express ¢;(x) analytically

0i(z) = 2 + 2”1:;6’;) — R*(x). (1.1)

The group generated by {¢;}1<i<, is naturally isomorphic to W, and one ob-
tains in this way an action of W on M. An interesting geometric particularity
of this action is given by :

Theorem 1.2.1 For any x € M we have M Nv,(M) = W.x. If v, € W,
then the affine normal spaces at x and x, are the same.

We consider now in v, (M) the chamber (i.e. closure of a connected com-
ponent of v, (M) \ U{l;(x) : 1 <1i < p}) which contains z, denoted by A(x).
The group W? is generated by the set of reflections at the walls of A(x).
Moreover, the walls of A(x) are always “the same”, in the sense that the
set {1 <i < p:li(x) bounds A(z)} is independent of = € M. Choose the
indices in such a way, that [1(x), lo(z),..., lx(z) bound A(x), for any x € M.
The indices 1, 2,..., k and also the corresponding curvature spheres will be
called fundamental.

Let now v be a parallel normal vector field, such that z + v(z) € A(x).
Associate first the end-point map 7, : M — R"** y sy +v(y), y € M and
then:

Iv)={1<i<k:z+v(z)€l(x)},

J)={1<j<p:ax+uv(z)elj(r)}={1<j<p:m(5(x)) reduces to
a point},



ky = card(v), ny = 37 5c i) My

& = (Nicrw) l;(x))yar, , 1. the orthogonal complement of ()
vM,;

finally, W denotes the subgroup of W* generated by {R? : i € I(v)},
i.e. the stabilizer of  + v(z) in W (notice that I(v), J(v) and implicitely
k, and n, do not depend on the choosing of ). We do not exclude the case
when = + v(x) lies in the interior of A(x), situation that can be equivalently
expressed by any of the following conditions: I(v) = ¢, or J(v) = ¢, or
k,=0,0rn,=0,or W5=W.

ieI(w) l,(:ﬂ) in

Theorem 1.2.2 (i) The map w, : M — R"™* has constant rank n — n, and
its image M, is an embedded submanifold in R"*. The tangent, respectively
normal spaces at an arbitrary point ©* = m,(x) € M, are:

v(My)e = v(M), + Z

jeJ(v)

respectively
(TMy)o = Z Ej(z).
J¢J(v)

(ii) Regarded as a map from M to M,, m, is a fiber bundle. If S, is the
connected component through z of the fiber 7, (m,(z)), then S, is an
n,-dimensional isoparametric submanifold of rank k, in £ + Z]EJ(U E;(z)
having &£ as normal plane at z. Its focal hyperplanes at z are lj(x) N &Y,
j € J(v) and the Weyl group is W*. The curvature distributions of Sz and

consequently the curvature spheres and multiplicities are naturally inherited
from M.

The manifold S, , will be called the slice corresponding to v through z.
As a particular case of this theorem, consider the situation when I(v) = ¢, in
other words when no focalisation occurs: then m, maps M diffeomorphically
onto the isoparametric submanifold M,. Such M, will be called a parallel
mani fold. In the opposite case, when v focalizes M at least once, we call
M, a focal manifold. The family {M, : x + v(z) € A(x)} is called the
isoparametric foliation of R"** induced by M.

An another particular case is given by choosing i, j two different funda-
mental indices and taking a normal vector v at x such that x + v(x) be-
longs to [;(z), l;(x) and to no other fundamental focal hyperplane, that is
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I(v) = {i,j}. For the rank 2 isoparametric submanifold S, ,, l;(x) N & and
lj(x)NES are fundamental focal lines regarded from z. But the angle between
li(x) and l;(z) is the same as the one between the two lines above, and the
latter one, by a result of Miinzner (see [29]), must be =, with p € {2,3,4,6}.
It follows the result that we have already anticipated, namely that W is a
crystallographic group.

The second part of the section concernes an important class of isopara-
metric submanifolds, namely the principal isotropy orbits of symmetric spaces.
Consider X = G/K a simply connected symmetric space of noncompact
type. Essentially we have here a simply connected semisimple noncompact
Lie group G together with an involutive automorphism 6 whose fixed point
set K is a connected, maximal compact subgroup of GG, or equivalently, in
terms of Lie algebras, with the Cartan decomposition

g=tDyp

where g and ¢ are the Lie algebras of G, respectively K and p = T X k.
By [18], Prop.7.4, Ch.III, Cartan decomposition means that the following
conditions are fullfilled:
a)le.]] Cefep] S fp,p] Cy
b) the Killing form B of g is strictly negative definite on ¢ and strictly positive
definite on p.
It follows that K acting on g through the adjoint representation leaves p
invariant. The representation of K on p induced in this way is the so-called
1sotropy representation of X, and its orbits are called simply isotropy orbits.
Consider now a maximal abelian subspace a C p and x € a a regular point
(i.e. the centralizer of x in p reduces to a) .The corresponding isotropy orbit
M = Ad(K).x is called principal and will be regarded as a compact, embed-
ded submanifold of the Euclidean space (p, B|,). The tangent, respectively
normal spaces of M at an arbitrary point Ad(k).x are:

T(M)Ad(k)x = [Ad(k’)l’, E], V(M)Ad(k).:c = Ad(k‘)a, (12)

so the codimension of M in p equals the rank of X. We associate to any v € a

the normal vector field © defined by 0(Ad(k).x) = Ad(k).v, for any k € K.
The derivative of this field in the direction [¢,z] € TM,, & € ¢, is given by:

DIE, z]o = (dv)o([€, 2]) = [&, v]. (1.3)

11



It follows that v is parallel with respect to V¥ and consequently (v(M), V")
is flat. The shape operator at x is described by A, : TM, — TM,, [£, x] —
_[57 U]v 5 €t

Recall now that a linear real functional A : a — R is a root if the space
g ={z€g:[r,2] = MNx)z,Vz € a} is not zero. If A C a* denotes the set of
nonzero roots and £ the commutator of a in ¢, then g decomposes as:

g:a—l—Eo—l—ZgA. (1.4)
AEA

Since B|, is is strictly positive definite, we can associate to any A € A a vector
H) € a uniquely determined by B(x, Hy) = (), for any x € a. Identifying
a* with a, we can associate to any A € A ( the same as H), ) the reflection s,
of a in the hyperplane [y, = {x € a: A(z) = 0} and obtain in this way on A
a structure of root system in a, which is not necessarilly reduced. The Weyl
group W = W(X) corresponding to a is defined as

W = Nk(a)/Ck(a) ={k € K : Ad(k).a Ca}/{k € K : Ad(k).x = x,Vz € a}.

Via the adjoint representation Ad, W acts faifhfully on a; it is generated by
the reflections sy, A € A.

If gc = g®C denotes the coplexification of g, then g° = ¢®ip is a compact
real form of gc. Denote by A the set of nonzero roots of g¢ with respect to a
maximal abelian subalgebra o' D ia. Any such root is an R-linear functional
on a with values in iR and all elements of A are, up to a multiplication by
1, restrictions to a of elements of A. The multiplicity n) of an arbitrary
element A € A represents the number of elements of A which restrict to A on
a.

Consider now S = {71, ...,7x} the simple root system consisting of the
roots which correspond to the walls of the Weyl chamber containing x and
associate A* the set of positive roots. Also distinguish in A the subsets
Ay and A7 of indivisible, respectively positive indivisible roots. Together
with gy, one associates to any A € A the space ¢, = {2z € ¢ : (adz)?(z) =
AMx)?z,Vz € a} = (g D g—_r) Nt The direct decomposition € = g+ >, s &
gives for any regular = € a:

g =) [z u. (1.5)

AeAt

Notice that if A € A, then the space £ @ €y D £y is a subalgebra of ¢.
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Let’s now come back to our principal isotropy orbit M = Ad(K).x, x € a
regular. Take v € a a normal vector, © the parallel normal field induced by

v and notice that for any yy € €, holds A;fyx, 2] = —[y,v] = —%[y,\,x],
because yy € g @ g_r. The decomposition (1.5) rewritten as
2,8 = ) [z, 0] @ [x, 0] (1.6)

AT

is just the eigenspace decomposition of T'M, corresponding to any shape
operator A; and its eigenvalues —:\\83, AeA].

It is now clear that M is an isoparametric submanifold of (p, B|,). A
synthesis of the previous considerations concerning the structure of M as an

isoparametric submanifold is made in the following theorem:

Theorem 1.2.3 Let M = Ad(K).xz be a principal isotropy orbit of the rank
k symmetric space X = G/K.Then:

(i) M is an isoparametric submanifold of rank k in p whose corresponding
1soparametric foliation is just the orbital foliation of the isotropy representa-
tion of K on p.

(i) the curvature distributions at x are Ex(x) = [x,€\] @ [x, €], with the
induced multiplicity my = ny + nax, A € AJ.

(iii) the curvature normals at T are —ﬁHA, Ae A

(iv) the curvature spheres through x are the orbits Ad(K)).x, where Ky de-
notes the closed subgroup of K corresponding to the Lie subalgebra @ty Do)y .
(v) the Weyl group of M is W (X)) and its action on M through antipodal maps
is the same as the action of W on Ad(K).x from the right. More precisely,
for any A € A and any k € K holds

ox(Ad(k).2) = Ad(E).(sx(z)).

(vi) M is irreducible if and only if the symmetric space X is irreducible. In
this situation, we have at most two distinct values of the multiplicities.

The last statement follows immediatly from the list of all possible marked
Dynkin diagrams of irreducible symmetric spaces. What we call here the
marked Dynkin diagram is simply obtained from the Dynkin diagram of the
root system A by if we figure out for each node ~; € S the value m,, of its
corresponding multiplicity. Directly from [18], Table VI, p. 532 and some
elementary calculations can be deduced:
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Lemma 1.2.4 The only possible marked Dynkin diagrams for irreducible
symmetric spaces of rank greater than 2 are these given in Table 1 from
Appendiz.

Among the isoparametric families in Euclidean spaces, the orbital folia-
tions of isotropy representations play an essential role, as can be seen in the
following theorem:

Theorem 1.2.5 Any compact, connected, complete, irreducible and full
isoparametric submanifold of rank at least 3 is a principal isotropy orbit
of an irreducible symmetric space.

Three different proofs of this theorem are known so far. These were
done, successively, by Thorbergsson (see [40]), Olmos (see [31]) and Heintze
and Liu (see [16]). In fact, the last two authors proved in [16] a more
general result, namely the homogeneity for infinite dimensional isoparametric
submanifolds in Hilbert spaces. In the theorem above it is essential that M
has rank greater than 2, in the sense that there exist examples of rank 2
isoparametric submanifolds in Euclidean spaces (equivalently, isoparametric
hypersurfaces in spheres) which are not homogeneous (see [13]). Anyway,
by [29], the number of distinct multiplicities for isoparametric hypersurfaces
in spheres is still at most 2. Consequently:

Corollary 1.2.6 The number of distinct multiplicities of an irreducible iso-
parametric submanifold is at most 2.

We will usually denote their values by my, ms or, when it happens to be
equal, by m.

Remarks 1. Instead of the symmetric space X = G/K of noncompact
type, the dual symmetric space X’ = G'/K could has been considered. The
only difference consists in the fact that the Lie algebra g’ of G’ decomposes
this time as g’ = ¢ & ip, hence up to a multiplication by ¢, the treatement is
equivalent.

2. It is a classical fact that if G is a compact connected semisimple Lie
group, then G x G/A(G) is a symmetric space of compact type with respect
to the automorphism (g1, ¢92) — (g2,91) of G x G. The two terms of the
corresponding decomposition of the Lie algebra g x g of G x G are this time
¢t ={(z,z) : x € g} respectively p = {(x,—x) : x € g}. If t C g is a maximal
abelian subalgebra, then a = {(z, —x) : = € t} is a maximal abelian subspace
of p. If A denotes the set of roots of G, then the roots of the symmetric space
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G x G/G are of the form & : a — iR, (z,—z) — «a(x), © € t, with a € A.
The only roots of G x G which restrict to & are a+0 and 04 «. The isotropy
representation is this time

A(G) xp = v, (9,9)-(2, =) = (Ad(g).z, Ad(g).(—x)),

for g € G and x € t, that is nothing but the adjoint representation of G. So we
can finally conclude that any principal adjoint orbit of GG is an isoparametric
submanifold of uniform multiplicity 2 in g.

1.3 The homology module of M

Let X : M™ — R""* be a compact, connected, complete and full isoparamet-
ric submanifold. In the sequel, we would like to analyse this embedding from
the point of view of the notions presented in our first section: the tautness
will be proved in terms of cycles of Bott-Samelson type for nondegenerate
distance functions. The only aim of the present section is to reproduce the
construction of these cycles, preceeded by some preliminary considerations,
from [19)].

We begin with the description of the critical set for nondegenerate dis-
tance functions.:

Theorem 1.3.1 Let a € R™* be an arbitrary point, f, : M — R the corre-
sponding distance function and C(f,) its critical set. Let also be xg € C(fa),
i.e. a € Uyy(M).

a) The W-orbit of xq is contained in C(f,).

b) If a is W —regular (or, equivalently, a nonfocal point of the embedding),
then fo is a Morse function and C(f,) = W.xy.

c) Under the same assumptions as at the point b), the index of f, at any
x € W.xg equals the number of focal hyperplanes from v, (M) intersected by
the line segment [ax], each counted with its multiplicity.

PROOF (see [19], Th.5.1)
1
The construction of the cycles of Bott-Samelson type for f, at zy be-
longing to Hsiang, Palais and Terng is described in the following theorem

(the ideas of this construction will be later imporant for us; that’s why we
consider useful to reproduce also the proof of the theorem, cf [32]:
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Theorem 1.3.2 Let a € R"™ and zy € Msuch that a € v, (M) is Wo-
reqular. Consider the focal hyperplanes intersected by the line segment [axo]
be l;, (xo), li,(x0), ..., ;. (z0), going from a to xq. Then:

a) The negative space of f, at xo is D{E;, (z9) : 1 < j < r}.

b) Take N = {(yl,...,yr) eMx..xM: U1 € Sil(l’(]), Yo € SiQ(yl), LYy €
Si,(Yr—1)} andu: N — M, (y1,....,4yr) — yr. Then (N,u) is a cycle of Bott-
Samelson type over R for f, at the critical point xo. The ring R is Z if all
values of the multiplicities are greater than 2, respectively Zo otherwise.

PROOF a) Remember that (Hessf,)z, = I —Aa—z,- If v denotes the normal
vector a — xg, then A,|g, = (a — g, v;)idg,, so that the negative space of
the Hessian at x( is the direct sum of those F; for which (a — xq,v;) > 1.
Geometrically, this latter fact means that [az| crosses the hyperplane [;(x).

b) It will be sufficient to prove the following:

(i) yo = (=0, ..., T9) is the unique maximum point of f, o u.

(ii) (du)y, maps T'N,, isomorphically onto the negative space of f, at x.

(iii) if m;; are all greater than 1, then IV is orientable.

The point (ii) is quite clear, since TNy, = Xi1<j<,Ej, (z0) and (du)y, is
the matural identification of the latter product with the direct sum of the
same spaces. Also (iii) follows immediately from the fact that NV is the total
space of an iterated bundle whose fibers and initial base space are spheres of
dimensions m;; and consequently is simply connected. In order to understand
the idea of proving (i) it will be enough to take r=3, 7; = 1, i,=2 and i3=3.

For an arbitrary y = (1, y2,y3) € N \{vo} we shall prove that (fou)(y) <
(f ou)(yo), ie. d(a,y3) < d(a,zp). In order to do that, consider z; =
lazo)Nlj(xg), 1 < j < 3. Take a; = y1 +v(y1) and look at the intersections of
[ary1] with 11 (y1), la(y1) and l3(ys): Z]('l) = [a1y1]Nl(y1), 1 < j < 3. Since the
parallel transport from zq to y; in the normal bundle of the sphere Sy(xg) is
an orthogonal transformation which fixes 1 () pointwise, it follows l1(y;) =
I (20), s0 24V = 2 and also |ay 21| = |azi], |21V 2Y] = |z120], |2V
|z§1)y1\ = |2320|. The same reasoning is then used for the parallel transport
from ; to y in the normal bundle of Sy(y;). We consider this time ay =
Yo + v(y2), [agya] N1i(y2) = zj@), 1 < j < 3 and notice that l5(y2) = l2(y1),

s0 289 = (1), and also |a22\?| = |a2V], |2P 2] = |2V, 14222 =

20| = |22,

|z§1)z§1)|, \z§2)y2\ = \zél)y1|. Finally we invoke the parallel transport from 1
to ys in v(S5(y2)) in order to see that if as = y3 +v(y3), [asys] Ni;(ys) = z](-?’),
1 < j <3, then l3(y3) = I3(y2), hence zé?’) = zéz), and also |a32§3)| = |agz§2)|,

16



27257 = 127257, 1287257 = 1257247, 257 val = |%”va]. The key of this
construction is to notice that the union [az] U [zgl)zél)] U [zéz)zf)] U [zé?’)yg]
is a polygonal line in R"** which joins a to ys, having the same length as
laxo]. It follows d(a,ys) < d(a,xy). We could have equality only if the
broken line above is the same as [azy], in other words, at each step of the
previous construction nothing "moves”, i.e.y; = o, Y2 = Y1, Y3 = Y2, SO

Yy = (IO,SCO,%)-
(|

Definition The cycle (IV,u) constructed above is called the HPT-cycle
of f, at xg.

ll (l’o)

21

%2 l2(z0)

Zo

13 (LU())
Figure 1.3

By Corollary 1.1.8, everything is known about the R-homology of M:

Corollary 1.3.3 a) If all multiplicities of M are greater than 1, then:
(i) M is simply connected;
(ii) H.(M,Z) has no torsion;
(#i) the dimension of H;(M,Z) equals the number of index i critical points
of fa;
() dimH,(M,z) = |W|.
b) The manifold M is always taut-embedded in R"* and dimH,(M, Zy) =
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The central point of the section was to present the so-called HPT-cycles.
Although a very ingenious construction, originating in the classical work [5]
of Bott and Samelson, we estimate that some arbitrariness exists here. One
could ask for instance what happens when the segment [ax| contains the
origin 0, i.e. the common intersection of all focal hyperplanes from v, (M)?
The construction makes no sense any more. We could try to go further and
improve the situation by moving a without leaving its Weyl chamber: even
if the hyperplanes crossed by [az] are in this way well-determined, they are
not always intersected in the same order, and there exists for the moment no
reason to believe that this order doesn’t influence the corresponding cycle. In
order to obtain a certain control of this phenomenon, we will need a descrip-
tion of HPT-cycles in terms of galleries and words. A minimal background
regarding these latter notions will be presented in our next section.

ll(fo)

lg(.ﬁ(f(])

Zo

13 (213'0)
Figure 1.4

1.4 Words, galleries and their homotopy
Following [33] we will present in the sequel some elementary facts of to the

theory of buildings: the notion of building will be not explicitely involved and
the general context will not exceed the classical theory of finite (spherical)
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Weyl groups (see for instance [20]).

Consider an irreducible finite Weyl group W on the Euclidean space R*
and denote by H the family of reflection hyperplanes. Among the Weyl
chambers, distinguish arbitarily a certain one, denote it by ¢y and call it
the fundamental chamber. Since W acts simply transitively on the set of
all chambers, we will frequently identify the latter ones to the elements of
W as follows: ¢y is the same as the unit e and an arbitrary chamber ¢ the
same as the element of W which maps ¢y to ¢. Denote by S = {s1, ..., sz}
the subset of W consisting of the reflections at the walls of ¢y. Then (W, S)
is a finite crystallographic Cozxeter system, i.e. S generates W and the only
relations between generators are of the form ord(s;s;) = m;;, 1 <i,j5 <k,
with m;; = 1 and m;; € {2,3,4,6} for i # j. Denote by Z;, the set {1,2, ..., k}
and call its elements fundamental indices. Two chambers ¢; and ¢, are called
i-adjacent, i € Ty, if ¢; = cos;. In order to understand the geometric meaning
of the adjacency relation we ”colour” the walls of all chambers, by using the
colours 1,2, , ...,k as follows: a wall p of a certain chamber ¢ is coloured
by j if and only if ¢, regarded as an element of W, maps the wall s; of the
chamber ¢y onto p. The colouring is evidently well-defined; two chambers
c1 and ¢y are then j — adjacent if and only if one of them can be obtained
from the other by a reflection at a wall of colour j (in the figure below, for
instance, ¢; and ¢y are 2-adjacent).

= 5281522

Co = S251
1
S1 S92
e
1 2
Figure 1.5

The words are defined as elements of the free monoid generated by Zj.
Associate to any word f = ¢4y ...i, the element s; = s;s;, ...5;. of W. A

T
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gallery of type fstarting at ¢ is a system of chambers (cg, ¢1, ..., ¢,.) such that
c; is ij-adjacent with c¢;_q, for any 1 < j < r. Any such gallery is uniquely
determined by its type. We will usually identify the set G of galleries starting
at ¢y with the set of words. Notice that there exists a gallery of type f from
G which ends at w if and only if w = s;. The length of a gallery of type
i1y ...i, is by definition 7. Associate to any w € W the distance d(e,w) from
e to w as the minimal length of a gallery from G ending at w, and also its
length l(w) as the minimal number of factors that a decomposition of w like
a product of simple reflections can have. Clearly [(w) = d(e,w). A gallery
from G which ends at a certain w is said minimal if its length is minimal,
namely d(e, w).

The following remark will play an important role in the understanding of
our future applications. It can be founded in K.S. Brown’s book [7] and we
would like to reproduce it ad literam: ” A minimal gallery should be thought
as the combinatorial analogue of a geodesic: any minimal gallery from c¢q to
c crosses precisely the same elements of ‘H as a straight line segment joining
a point of ¢y to a point of ¢ (of course, the minimal gallery need not cross
these walls in the same order as the line segment)”.

Let’s now associate to any pair i,j € Z the word p(i,j) = ijij ...

m;; factors
If, for instance, m;; = 3, then p(i,j) = iji and p(j,i) = jij. In general we
have sp(; j) = 5p(j,i)- An elementary homotopy of words is a transformation of
a word of the form fip(i, ) f into the word fip(7,7)fo. Two words f and g
are said homotopic (denote f ~ g) if we can obtain one from the other by a
sequence of elementary homotopies.

Remark If f ~ g then s; = s, and I(f) = l(g).

Two galleries from G are called homotopic if their types are homotopic
words. It follows from the remark above that two galleries from G which are
homotopic must end at the same chamber.

Definition A word is called reduced if it is not homotopic to a word of
the form fiii fs.

Proposition 1.4.1 The word f is reduced if and only if the associated ex-
pression sy is reduced (as element of W).

PROOF It is not difficult to see that if s; is not reduced, then there exist
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i,j € Iy, such that sy = fip(i, 7)p(4,9) f2, if mi; =3 or sy = fip(i, 7)p(i, ) fa
if my,; S {2, 4, 6}

In both cases we can find an elementary homotopy, namely given by
p(i,7) — p(j,i), which maps f to to something of the form g = gjiigs.
Conversely, if f ~ g, with g of the same form as above, then sy = s, (s;)?sg,,
which is, of course, a nonreduced expression.

1

Theorem 1.4.2 a) The gallery of type f from G is minimal iff f is a reduced
word.
b) For two reduced words f and g, sy = s, iff f ~ g.

PROOF (see [33], Th.1.4.)

As an immediate consequence one obtains:

Corollary 1.4.3 Any two minimal galleries which end at the same chamber
are homotopic.

Thus, in terms of our previous identification, the set G,, of minimal gal-
leries from G is just the set of reduced words. A very important object for our
future developements is also the set G,,/ ~ = {[f] : f € G} of all homotopy
classes of minimal galleries. As final conclusion we can state now:

Corollary 1.4.4 The correspondance [f] — sy is well defined and estab-
lishes a bijection between the sets G,/ ~ and W.

1.5 Homology of M via homotopy of galleries

The purpose declared at the end of paragraphe 3 was to elucidate the ambi-
guities which can occur in constructing the HPT-cycles. So let us return to
the context temporarily abandoned, i.e. to our compact, connected,complete
and full isoparametric submanifold X : M™ — R"**. Take z, € M arbitrar-
ily and a € A(zg). We already noticed that f, is a Morse function whose
critical set is C(f,) = W.xy. Fix = such a critical point and recall that in
order to construct the HPT-cycle we must first consider the intersections of
lax] with the focal hyperplanes from v, (M) (if necessary, we move a inside
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A(xy) such that [ax] doesn’t pass through the origin). Ordered from a to
x, let this hyperplanes be Ly, Lo, ..., L,. By the recursive rule: z;;; is ob-
tained by reflecting x; in L;, 0 < j <r — 1, we get the sequence of points
Z1,22,...,Tr—1, Ty = x of M. Each L; becomes in this way the common wall
of the chambers A(z;) and A(z;41), 1 < j <7 —1, so we can consider in
this way the sequence i1, 79, ..., 1, of fundamental indices determined by:

Ll = lil (ZL’O) = lil(l'l), ceey Lr = lir(xr—l) = lir(l’r). (17)

In the language of our previous section, we obtained a gallery (which turns
out later to be minimal), joining A(xg) to A(z), namely this gallery whose
type is 1123...1;..

Let now ¢;,, ¢i,, ..., p;, be the involutive automorphisms of M induced
respectively by the curvature spheres S;,,.5,,,...,5;.. Notice that for each
1 <7 < r holds:

Tj = Qi;..Piy To-

Recall that the antipodal maps considered above are in fact end-point maps
of the form:
pj(r) = my,(z) = v +uj(x), x € M,

2v;(x)
where u;(x) = 72
J( ) [lvi 112

M, 1<j53<nr

x € M, are parallel normal fields which do not focalize

Lemma 1.5.1 If 1,5 € {1,....,p}, then p; maps the sphere S;(z) diffeo-
morphically onto the curvature sphere parallel to S;(x) which passes through

p;().

PROOF At any point y € M the differential (dy;), maps E;(y) isomorphi-
cally onto Eq,(;)(¢;(y)), for a certain o;(i) € {1,2, ..., p} (cf. [32], Thm.6.3.2).
It follows that ¢; maps the leaf Sj(x) of E; onto the leaf S, ;) (¢;()) of Ey, 4.
On the other hand, u;|s,(,) is a parallel normal vector field on S;(z), so the
image of the corresponding end-point map must be a sphere
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Ly () ' lis(29) = liy ()

X
T
L, (x) liy(21) = liy(22)
a ry
Ljs () T Ly (o) = Uiy (1)
Figure 1.6

of the same dimension and the same focal set as S;(x), i.e. a sphere parallel
to S;(x).
1

Regard now the hyperplanes Li, Lo, ..., L, from z, namely consider the
set of indices ji,j2, ..., jr € {1,2,...,p} (which are this time not any more
fundamental), determined by:

L1 = ljl (I), ceey LT = ljr(l') (18)
and then take
N = {(yla ~-'>yr) O S Sj1(£)ay2 € sz(y1)> e Yr € Sjr(yr—l)}

together with uy : N — M, (y1,...,¥,) — y,. The main result of section
1.3 says that (N, uy) is a cycle of Bott-Samelson type for f, at  and con-
sequently un,[N] is a linking cycle for f, at z. The idea is now to compare
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this latter cycle to those furnished by:
F = {(Zl, e Zr) 121 € Sil (l’o), 29 € SZ'2(2’1), ey Zr € SZ'T,(ZT_l)}, (19)
and up : F'— M, (21, ..., 2,) — z.. A first step will be made by:

Proposition 1.5.2 Let z be an arbitrary point of M and m € {1,...,r —1}.
Then:

(Z) llm(’z) = l,?m (Splrcplrflgolm+lz)7

(ii) the map ©;, @i, _,...pi,,,, establishes a diffeomorphism between S;,, (2)
and S]m ((pir'goirfl"‘goimz);

(i) i, = j,.

PROOF (i) Denote the element ¢; ¢; ..., ., of W by ¢ and notice that
li,,(xm) = 1;,,(p2m). In order to pass to an arbitrary point z € M, it will be
enough to consider the parallel transport in the normal bundle from v, (M)
to v,(M) and use the fact that it commutes with .

(ii) The image of S;, (z) through ¢ is, by the previous lemma, the curva-
ture sphere through ¢z which focalizes in ;, (2) = ;,,(¢2),that is S;, (pz).
All we have to do now in order to finish is to replace z by ¢;, (2).

(ili) By choosing m = r — 1 in (i) we obtain ; (2) = ; (¢;,2), or, if we
veplace = by i, (2), b (2) = L (91,2) = L, (2).

1

Before stating the relationship between (N, uy) and (F,up) in H, (M),
we need some more information regarding in special the orientability in the
case when R = Z can be chosen.

Definition The F-cycle associated to an arbitrary word f = i1is...7, is the
pair (Fr,us) where
Fr={(z1,22,....2;) : 21 € S;, (x0), 22 € Sip(21), -, 2 € iy (2021) }

and uy : Fy — M is given by (z1, ..., z.) — 2z, for any (z1, ..., 2,) € F}.

The manifold F; defined above is an iterated bundle whose primordial
total space and the successive fibers are curvature spheres of M. So, whenever
both multiplicities are greater than 1, F is simply connected and orientable.
An important role will be played by the fundamental homology class of such
manifolds and, in the situation mentioned above, a natural orientation will
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be needed. The following assumption will be from now on always present.
It doesn’t alterate the generality of the present context and will become
concrete only in the next chapter:

Assumption In the case when both multiplicities are greater than 1, the
orientation of all fundamental curvature spheres is fixed.

To orient curvature spheres is the same as to orient the corresponding
curvature distributions. Since the tangent space to an arbitrary Fy at an
arbitrary point (z1,...,2.) is E;, (21) X ... X E; (2,) (where f is supposed to
be i...i,), by the assumption above we have also oriented Fy. The following
remark will play later an important role:

Remark 1 Suppose that both multiplicities of M are greater than 1. If f =
i1...1, is an arbitrary word, take f’ = 4;...i,_; and consider the bundle map 7 :
Fy — Fj, which associates to any (21, ..., 2,) € Fy the element (z1, ..., z,_1) of
Fp. The map s : Fpr — Fp, (21, oy 2r—1) = (21, oo o115 Zr—1), (215 o0y 2rm1) €
Fy is a section of this bundle which embeds Fy in Fy. For any point z =
(215 e, Zr—1, 2r—1) € Fyp, the submanifold Fy and the fiber (z1,...,2,1) X
S;. (zy—1) and have in z a unique intersection, which is transversal of degree
‘l‘l in Ff.

Coming back to the context from above, we are now in position to prove:

Corollary 1.5.3 The map ® : F — N, (21, 20, ..., 2,) —
(i, i1 PinZ1y weey PirZr—1, 2r) 1S a diffeomorphism which makes the
following diagram commutative:

()
F N

Consequently, (F,ur) is an another cycle of Bott-Samelson type at the
point z, which induces in homology the cycle up.[F| = tun.[N].

PROOF Since ® is an automorphism of M*", it will be enough to show
that it maps F' into N and its inverse maps N into F. Take (z1, 2, ..., 2,) an
arbitrary point in F' and use succesively the previous proposition as follows:

Pip - Pin 21 € @ir"'¢i25i1 (IO) = Sjl (Qpir-"'¢i290i1x0) = Sj1 (I)’
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Piy-Pig?2 € Piy - PigSiy(21) = Sja (i PisPin 1),
SOT;TZT_I € SOZ'TSZ'T-—I(ZT_2) = Sjrfl (SoirgpirflzT_z)
and finally z, € S; (z,_1), hence ¢; z._1 and z, are on the same S; -sphere,
ie. z. € Sir (QOZ'TZT_l) = Sjr(gOiTZT_l).

In order to prove the second assertion of the Corollary, observe that the
map f, o up = f, ouy o ® has a unique maximum, which is nondegenerate,
at @z, 2, ..., x) = (21, T2, ..., T,.).

1
As a subsidiary remark, it follows from the considerations above:

Corollary 1.5.4 We can join any two points of M by a piecewise smooth
curve with at most p components, all of them being segments of great circles
in fundamental curvature spheres.

PROOF Consider an arbitrary F-cycle (F,u) which generates the
top-homology of M, ie. w,[F] = £[M], and everythig follows from the
surjectivity of w.

1

We consider now for two arbitrary fundamental indices ¢ and j a normal
vector v € v(M),, with zy + v(z) belonging to l;(z), [;(2) and no other
focal hyperplane (z, is here an arbitrary point in M). Denote by S;;(2o) the
connected component of zq in 7, (7, (20)), which is a rank 2 isoparametric
submanifod having l;(z9) N &2 and 1;(z9) NEZ° as focal lines through zy. The
restrictions Ejlg, () and Fj|g,,(z,) are curvature distributions on Sj;(z) and
their leaves S;(z) respectively S;(z) through any z € S;;(z) are still here
curvature spheres.

Lemma 1.5.5 Let us denote m;; by m and consider z, a point in M. The
following statements are equivalent:

(I) Zm € SZ](ZO)

b) There exists a sequence of points zy, 22, ..., Zm—1 € M with z; € S;(2),
29 € Sj(21), -y Zm € Sa(ij)(#m—1), where a(i,j) equals i or j, whether m is
odd, respectively even.

PROOF From b) follows 7,(z0) = m,(21) = ... = my(2m), hence a) holds.
The converse follows from Corollary 1.5.4.

1
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It is not clear for the moment how could F-cycles help in the direction
enounced at the beginning of the section : the F-cycle which, by Cor.1.5.3,
replace the original HPT-cycle, is still so arbitrary as the HPT-cycle was.
The following two results will bring some more light in this problem:

Lemma 1.5.6 Let M be a (not necessarily irreducible) isoparametric hyper-
surface in the sphere, with 2 < p < 4 distinct principal curvatures. Let my
and my denote, as usual, the only values that the multplicities can take. If f
and g are the two distinct words which furnish the two minimal galleries of
mazimal length in the Weyl group W, then uys[Fy] = (—1)*mm2ply  [F)],
where:

mimsa, if p = 2

s(my,ma,p) = ¢ mq+my, if p=4
0, otherwise.

PROOF Both terms of the identity we have to prove represent, up to a
sign, the fundamental homology class of M. In order to see the sign which
differentiate them, we make the following case-by-case analysis:

Case 1. p = 2. The isoparametric hypersurface M is simply the product
of the spheres 5™ and S™2. The two cycles we are refered in our statement
are M itself and S™2 x S™ the diffeomorphism which relates them having
clearly degree (—1)™™2.

Case 2. p =3 and m; = mqy > 2.

With the notations given by Figure 1.7, we have to compare the F-
cycles (Fy,uy) and (F,,u,), given by f = 121, respectively g = 212. These
come both from (different) HPT-cycles in the manner described in Cor.1.5.3,

namely from (N, u';), respectively (Ng,uy).

.
FeN)

The same corollary furnishes the diffeomorphisms ®; : Fy — Ny,
o, : F, — N,, which make the diagram below commutative. The concrete
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form that these spaces have is:
Ff = {(2’1,22,23) c ng :

F,={(2, 25, 23) € M3 -

Nf = {(ylay2>y3) € ng :
Ny = {(y1, vh, ys) € M*?

21 € Sl(ZL’Q),ZQ € 52(21),2’3 € 51(22)},

Zi € 52(550)’ Zé € Sl(zi)’ Zé € 52('2;)}>
y1 € Sa(x3),y2 € S3(y1),y3 € S1(y2)},
y; € Si(x3),y5 € Ss(y1), y5 € Sa(ys) }-

I'3=2 %y l2(x)
i,=1
.X2
X4
i =1 i,=
2 2 |3(X0)
Xg
.Xl
iy =2 ;(O i,=1
Il(Xo)
Figure 1.7

Also recall that ®; : Fy — Ny is of the form @y = (12, 1, 1d).

By the assumption above, the curvature spheres S; and S, are already
oriented. One can see that S5 is the diffeomorphic image of S; through ,;
we orient S3 in such a way, that this diffeomorphism has degree +1. On the
other hand, S5 is also the diffeomorphic image of Sy through ¢;. At this
point we must anticipate partially the way in which the orientations of 5;
and Sy will be chosen (see Thm. 2.1.2), namely that ¢1.[S] = ¢2.[S1], and
conclude from here that also ¢1]Ss : So — S5 has degree +1. It can be easily
seen now that ®; and ®, are both maps of degree +1. Hence we only have
to see which is the difference between the two orientations induced on M
by the HPT-cycles (Ny,uy), respectively (N, uy). To this end, we consider
the differentials of uy and u, at (3,3, 23) as obtained during the proof of
Thm.1.3.2, and reduce our problem to compare the orientations of 1T'M,,
regarded as Eo(z3) @ Es(z3) @ Ey(3), respectively Ej(x3) @ Es(x3) @ Eo(x3).
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But as long the summands are even dimensional, the two orientations are
the same.
Case 3. p =4 and mq, mo are both greater than 1.

=1 l,(x0)
X4

i =2

Figure 1.8

This time f = 1212 |, g = 2121,
Ff = {(2’1,2’2,2’3,24) € MX4 121 € Sl(ZL’Q),ZQ € 52(21),2’3 € 51(22),2’4 € 52(2’3)},
Fg = {(Zi,Zé,Zé,ZZl) S MX4 : Zi S 52(x0>7zé S 51(21),25 S 52('2;)7Z:1 S Sl(zi/i)}v
Ny = {(y1. Y2, y3,y4) € Mt Y1 € S1(74),y2 € S3(y1),y3 € Su(y2),va € Sa2(y3)},

)
N, = {(y1, b, vh, vy) € M4 2 oy € So(x4), 95 € Sa(y), v € Sa(ys), vy € Si(ys)}.

and @ = (20102, 2101, P2,id).

We orient S5 and Sy in such a way, that ¢1|s, : So — S3 and ¢sg, 1 S1 —
S,y have degree +1. We must also know which is the degree of p1|g, : Sy — Sy.
Once again we anticipate one of the results stated in Thm.2.1.2, namely

{ P1:([S2]) = [Sa] + da1 [S1]
P2 ([51]) = [S1] + dr2[ 5]

where, up to a converse,

_ (_17_2)7 1fm1 :m2:2
(d1a, d21) = { (0,0), in all other cases.
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This means that [Ss] = ¢2.([S1]) and ¢1.([S4]) = ©1.p2.[S1] = ((—1)™ T4
d12da1)[S1] + d12[S2]. A simple reasoning shows now that ¢1.[S,] =
(—=1)™*1[S,]. In a similar way, one obtains g,[S3] = (—1)"2"![S3]. Hence
©ap102 maps S; onto S; difeomorphically, changing the orientation by (—1)™*1;
©op1 maps Sy onto Sy difeomorphically, changing the orientation by (—1)™2"1.
The degree of ®; is consequently (—1)™*"2. Of course, by simmetry, the
same is the degree of ®,.

As in the previous situation, we only have to compare the orientations of
T M,, given by its direct decompositions as E1(x4)® E3(xs)® Ey(x4)® Eo(z4),
respectively Fa(xy) @ Ey(xy) ® Es(zy4) ® Er(x4). Tt is not difficult to see that
the difference between these orientations is (—1)™1+™2,

1

Let us return now to the previous context when M is an arbitrary irre-
ducible isoparametric submanifold of type different of G5, xg an arbitrary
point of M and the Weyl group of M is regarded as the group generated
by the reflections in the focal hyperplanes of v,,(M). As fundamental Weyl
chamber we choose, as usual, the chamber which contains zy. Consider
now f and g the types of two homotopical galleries from G,,. This means
that ¢ can be obtaind from f by a sequence of alterations of the form

[l 3) £ = 10 i) £, 1 <k <t where fVp(in ) f” = .

@), (s 2y £B)
fipGei)fy” =g
We associate to this homotopy of words the number (—1)*%9) where:

t

S(fvg) :Zs(mikvmjwmikjk)' (1'10)

k=1

The following proposition will show that the number (—1)*/9) is well-defined,
in the sense that it does not depend on the choice of the homotopy between
f and g.

Proposition 1.5.7 If M is not of type Go, then for any two homotopic
words f and g holds:
up[Fy] = (_1)80079)“9* [Fy)-

PROOF 1t is, of course, enough to analyze the situation when f =
fip(i,7) f2 and g = fip(J, i) f2, and to show that in this case holds wu s, [Ff] =
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(—1)stmamamis)y  [F,]. For sake of simplicity consider m;; = 3. The corre-
sponding F-cycles are then:

Ff = {(Zl, ...,ZT») T2 € Si(zt—l)a Ziy1 € Sj(zt),zHg c Si(zt+1), * %k *},

Fg = {(Zl, ...,Zr) N € Sj(zt_l),ztﬂ - Si(Zt),Zt+2 - Sj(zt+1),>x< * >I<}

Consider

Fo={(21, - -1, Ztg2: s Zp) ¢ ooy Zeg2 € Sij(2e—1), % % %}

o » 99 %k k k)

(the missing groups of relations and are easy to imagine and
always the same) and also the map py : Fy — Fp, (21, ..., %) —

(21, - 2t 241, -, 2r), Which is well-defined and surjective, by Lemma 1.5.5.
We will prove first that p; is a map of degree +1: to this end, we consider
the sequence of points x1, ..., z, obtained from zy by applying successively
the fundamental reflections dictated by f, in such a way that (zy, ..., z,) will
be in Fy, and we show:

a) The preimage of (21, ..., %41, Ty42, ..., T,) through p; reduces to
(1’1, ceey l’r).

B) The map py is a local diffeomorphism at (x, ..., z,).

Let us begin with «):We have to prove that z; € S;(z4-1), 2e41 € S;(21),
Tipo € Si(z441) imply z; = 2y and 241 = x;11. In the isoparametric sub-
manifold S;;(z:—1) take @’ € A(x;_q) such that the line segment [a’z; ]
intersects the only focal lines [;(z,—1) N &J1, Li(xy) N &Y and [;(z441) N
£r-1, counted from a’ to 4yo. The critical point ;.9 of the distance func-
tion g, : Sij(x—1) — R admits as cycle of Bott-Samelson type the sub-
stitute of the HPT-cycle given by Cor.1.5.3, namely {(yi, Y111, Yrs2) © Yt €
Si(®e-1),Yerr € Sj(Yt), Yoz € Si(Yrs1)} together with w = (i, Ysr1, Yri2) —
Yiro. This means that g, o u has at (x4, x441, T412) an absolute maximum,
hence from u(zy, 2411, Tir2) = u(xy, T411, T412) follow the desired identities.

B) Distinguish in F the following three submanifolds:

FJ} = {(21, vy Rt—1, Pip Rt—15 -5 gOir...(pitZt_l) . },

F]? = {(331, coey i1, 2ty 415 21425 Pig 326425 SOiT---SOiHSZHz) :

2 € Si(x1), 2041 € Sj(zt)72t+2 € Si(z41)},
F}” = (T, ooy Ty1, Ty Ty 1, Ty 2643y ooy 2r) 1 K K K

Similarly, consider in Fj:

1 _ .
Fy = {(217 ooy Zt—15 Pl 2Pl PirFt—1, ---aSOir---%‘tZt—ﬁ : }7
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F02 = {(:131, vy Tp—1y 24425 Piyy 32142, "'>§0i7-~-90it+32t+2) D 249 € Sij(l't—l)},
Fg’ = {(3717 vy Tp1y T4 2y Z443y -y zr) Dk ok *}
Then

where © = (21, xg, ..., ) and & = ps(z) = (21, ..., Tt, T441, ..., T). Also notice
that py(F}) C Fy, v € {1,2,3} and moreover, the restrictions pf|F; Fp—
Fy and pf|FJ:;, : F} — [ are essentially identical maps. As about pf|F?, it
reduces essentially to the F-cycle associated to g, at x;,0 and is consequently
a local diffeomorphism at x.

In a similar way we can prove that also p, : F,; — Fj is a map of degree

+1. From the commutativity of the diagram below we deduce us.[Ff] =
oD+ [Fy] = Fuo.[Fo] = Fug.[Fy.

F FO Fg
Ug
Uf u g
M

But it is easy to see in the reasoning above that the sign which differentiate
the two cycles above is the same as the sign which differentiate the F-cycles
in S;;(z4—1) corresponding to the two different choices of minimal galleries of
maximal length from z;_; to x;19, which are respectively associated to the
reduced words p(i, j) = iji and p(j,i) = jij.

O

Remark Also in the case G holds u.[Fy] = (—1)*V9u,,[F,], where f and
g are the two minimal galleries of maximal length in the corresponding Weyl
group. By reasons that will become clear only later, we do not need the exact
value of s(f,g) in this case (see Cor.2.3.9).

An another important step will be made by:

Proposition 1.5.8 If the word f is not reduced (i.e. the associated gallery
is not minimal), then ws.[Ff] = 0.
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PROOF Because of the previous proposition it will be enough to consider
f = fiiifs, so Fy will be of the form {(z1,...,2.) : ...,z € Si(z-1), 2011 €
Si(z), ...} Take F' = {(z1, .., 2ty s 20) ¢ oy 201 € Si(2421), ...} and o' :
F' — M, (z1,.., 2,0, 2;) — 2. if p @ F — F' is defined by the rule
(215 00y 20) = (21, 00y 2ty o 20), (21,00, 20) € F, then evidently «’ op = uy.
It follows u s, [Fy] = u.p.[Ff| = 0, simply because dimFy >dimF”.

1

The essence of the section is concentrated in the following theorem:

Theorem 1.5.9 Fiz in G,, a certain subset GO which consists of represen-
tatives of the quotient space G,/ ~. If [G2] and [W] are the free R-modules
generated by the elements of G°, respectively [W], then the correspondances

f'_>sf7

respectively
[ U [Ff]v

f € GY . are well-defined and can be extended to isomorphisms of R- modules

m’

between (W], [GY] and H.(M,R).

PROOF There is nothig more to be proved about the first map (see Cor.
1.4.4).

The second map is well-defined up to a sign, by Prop. 1.5.7. On the
other hand, for any f € G,,, uyp[Fy] is a linking cycle at s¢(x): One knows
that there exists a gallery of a certain type g € G,,, joining A(zy) with
A(sf(xg)), such that ug.[F,| is a linking cycle at s¢(zg) (see Cor.1.5.3). Since
ug[F,] # 0, it follows from Prop.1.5.7 that g describes a minimal gallery. But
f and ¢ being minimal, both ending at the same chamber, we have f ~ ¢
(see Cor.1.4.3), hence us,[Ff| = £ug.[Fy).

We conclude by applying Thm.1.3.1, Thm.1.3.2 and Cor.1.4.4.

1

Remark 2. As we will see later, it will be often convenient to choose, even
in an arbitrary way, a set GO of representatives of G,,/ ~ (equivalently, to
fix a reduced expression for any element w € W, or to fix a minimal gallery
from zy to any wzg, w € W) and then to identify H,(M,R) to one of the
R -modules [W] or [GY] (the induced graduation of the latter one is given
by deg(f) = >, my,, for any f = iyig...i, € G),).
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1.6 The homology of M,

We have seen in the third section that isoparametric submanifolds are embed-
ded in the ambient Euclidean space in a very reasonable manner, which offer
the possibility to obtain their homology module only from the ”infinitesimal”
data (Weyl group and multiplicities): the basic tool was the Morse theory of
nondegenerate distance functions, namely the fact that they are R-perfect.
The tautness property is stated in [19] also for focal manifolds, but no direct
proof is done there. We will try in the sequel to assume ourselves this task :
the main goal will be also here the construction of cycles of Bott-Samelson
type, that will be obtained in a natural way by ”projecting” the previous
HPT-cycles from M to M,.

As usual, M™ will be a compact, connected, complete and full isoparame-
tric submanifold in R"**. Consider now v a normal parallel field and associate
to it all objects defined in the first half of section 2 (see Thm.1.2.2). We begin
with the following technical result:

Lemma 1.6.1 For any x € M and any w € W,

mo(w.x) = w.m,(z).

x
() -
1 (x)
V(R (X))
R ()
Figure 1.9

PROOF It will be enough to consider the case w = R : because v is
parallel along the sphere which focalizes in [;(z), it follows that its value
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R?(x)+v(R?(x)) at the antipodal point of x must be the reflection of x+wv(x)
(also see Figure 1.9).

(I

The following result describes completely the critical set of a distance
function on M,:

Theorem 1.6.2 (see [19]) Let xo be an arbitrary point in M and a € v,,(M)
be W — regular. Denote by g, the associated distance function on M, and
take xf = m,(xo) € M,.Then:

(i) C(ga) = my(W.g) = W.xj, being constituted only of nondegenerate
critical points;

(ii) if v € W.xg and x* denotes m,(x), then the negative space of g, at x*
is

Z{Ej :j & J(v) and the line segment [ax™| meets [;(x)}.

Consequently, the index of x* as critical point of g, equals the number of focal
hyperplanes l;(x), j € {1,2,...,p} \ J(v) intersected by the line segment [ax*|
(equivalently, the focal hyperplanes l;(z) , j € {1,2,...,p}, intersected by the
line segment [ax*)), each counted with its multiplicity.

We will try now to obtain homological information about M, from the
Morse function g,. In order to do that, we need the following general result
of the theory of Weyl groups (see for instance [20] , section 1.10).

Lemma 1.6.3 One can find a system of representatives WV of the coset
space W /W, with the property that for any w € WY and any w € uW, there
exists a unique element u' € W, with w = wu' and l(w) = l(u) + ().
Particularly, u is the unique element of its coset uW, having minimal length.

Following [20] we will call the elements of W* the minimal coset repre-
sentatives of W/W,,.

In the context of Thm.1.6.2, W, is the stabilizer of x{, hence the critical
set of g, is W".z{, in a natural bijective correspondance with Wv. 1If f,
denotes the distance function from a on M, then its critical set C'(f,)=W.xz
can be partitioned as W.xy = | {uW,zo : u € W'}, an element uW,z, of the
partition consisting exactly of these points of C'(f,) which project through
Ty ON UL

Fix now u € W' a minimal representative, take the corresponding critical
point uxg of f,, together with its corresponding HPT-cycle (N (uxg), p.). It
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is maybe not surprising that a cycle of Bott-Samelson type for g, at uzj is
obtained simply from the previous cycle after composing with 7,:

Proposition 1.6.4 The index of any point of C(f,) which projects to ux;
is at least equal to index(g,, uxy). The only point of uW,xq of index equal to
index(g,, uxy) is uxg. The pair (N(uxg), T, 0py) is a cycle of Bott-Samelson
type for g, at ux;.

The proof of Prop.1.6.4 needs some preliminary results. Only by technical
reasons we suppose that a lies in the interior of A(z).

Lemma 1.6.5 Consider w € W and s; a fundamental reflection with
l(ws;) > l(w). Then index(f,, ws;xo) >index (f,, wxy) and

fa(wsizg) > fo(wzg). Consequently, for any uw € WY and any

x € uWyxo \ {ux}, holds index(f,, uxy) <index (f,,z) and f,(uzg) < fo(x).

PROOF Since [(ws;) = l(w) + 1, it follows that the chambers A(z() and
A(ws;zg) are separated by the same focal hyperplanes which separate A(x)
and A(wzg) and additionally [;(wxg). In particular, the segment [a,wx]
does not cross [;(wzg). All inequalities are now clear.

1

Lemma 1.6.6 Ifu € W", then the line segment [a,uxo] cannot cross hyper-
planes of the form l;(uxy) with j € J(v).

PROOF Let us suppose that something like that happens: reflect uzq in
lj(uzg) and obtain x = ¢;(uzy). The following diagram is commutative,

4

hence m,¢;(uzxg) = m,(uxg), consequently ¢;(uxy) € uW,zo. On the other
hand, d(a,uzq) > d(a, ), in contradiction with Lemma 1.6.5.

(I

36



Lemma 1.6.7 An element w of W is a minimal representative (i.e. it be-
longs to W?) if and only if the line segments [a, wxo| and [a,wx) intersect
the same set of focal hyperplanes.

PROOF Because of Lemma 1.6.5, we only have to prove that if u is a
minimal representative, then the segments [a, uzo| and [a, uz) cross the same
focal hyperplanes. One already knows that this is true for [a, uzg| and [a, uzf],
since uzy and uzfy are in the same chamber. If a certain [;(ux) would cross
la, uzg) but not [a,uzf), it would follow uzj € l;(uxy), ie. j € J(v), in
contradiction with the previous lemma.

(I

PROOF OF PROPOSITION 1.6.4 The only fact it remained to be
proved is that the pair (N (uxg), T, o p,) is a cycle of Bott-Samelson type for
go at uxy. The proof that we will give in the sequel is inspired from the proof
of Thm.1.3.2. Also now the line segment [a, uzq] meets succesively the only
focal hyperplanes [;, (uxo),...,l;, (uzo), counted from a to uzg, and the same
can be said about the segment [a, uzj). Denoting N(uzg) simply by N, all
we have to prove is:

(i) yo = (uzxg, ..., uxg) is the unique maximum point of g, o m, o p,,.

(ii) d(my © pu)y, maps T'N,, isomorphically onto the negative space of g,
at uxy.

(iii) if m;, are all greater than 1, then NNV is orientable.

The point (ii) follows easily from the fact that no j; belongs to J(v).
We take now y = (y1,%2,---,4r) € N \ {yo} and prove that g, o 7,(y,) <
Ga © Ty (uzp), i.e. d(a,m,(y,)) < d(a,uzl). The main idea of the proof can be
easily understood from the particular situation r = 2, j; = 1, jo = 2 (see
Figure 1.10).

Consider the vector v(uzy) = a—uxjy € v(M),, and extend it to a normal
parallel field v along M. Let z; and 25 be the points where the line segment
[a, uz§] meets Iy (uxy) respectively lo(uzg). At the point y; € Si(uxg) take
the vectors v(y;1) and 0(y;) obtained by parallel transport along the sphere
S1(uxg) which focalizes in I (uxg): this means that if a; = m,(y1)+9(y1), then
the line segment [a, 7, (y1)] crosses first of all the hyperplane [y (uzg) = 13 (y1)
at the point zf) = z; and then l5(y;) at zél). A similar reasoning is available
when passing from y; to yo along So(y1): if ay = m,(y2) + 0(y2), then the line

segment [az, m,(y2)] crosses [;(y2) in z§2) and then [5(ys) in z§2) = zél).
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S,(ux) X

Figure 1.10

Clearly, 2122 = [l21"2" | and |22, uag]] = |57 mo(y)ll = 25" m ()]
It follows that the polygonal line [az;|U [zgl)zél)] U [zéz)m (y2)] joins a to m,(y2)
and has the same length as [a, uxf], consequently d(a,m,(y2)) < d(a,uz}).
Equality holds iff 7,(uzg) = m,(y1) = my(y2). But the normal field v doesn’t
focalize neither Si, nor S5 (cf. Lemma 1.6.6) which means that 7, maps
the spheres Si(uxy) and S5(y;) diffeomorphically onto other nondegenerate

spheres, hence we must have uxg = y; = y».
1

Corollary 1.6.8 The focal manifold M, associated to the isoparametric sub-
manifold M" — R"™* and the parallel normal field v is taut-embedded in
R™* . If all multiplicities of M are greater than 1, then rankH, (M, 7)=
=cardW® = |W|/|W,|. The dimension of the space H.(M,Zs) is always
cardWv = |W|/|W,].

Fix once more a minimal representative v. It follows from Prop.1.6.4

that, if the R-homology modules are involved, then m,, maps the linking
cycle pus[N(uzy)| of f, at uzy to a linking cycle of g, at uzd; the question is
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now what can be said about the cycles associated to the other critical points
of f, which also project to uzj. The answer is very simple: they are mapped
to 0.

Theorem 1.6.9 Among the critical points of f,, the only ones whose HPT-
cycles are not vanished through m,. are those who correspond to minimal
representatives of W/W,. The HPT-cycles of the latter ones are mapped to
linking cycles of g,.

PROOF If u is a minimal representative, we associate to an arbitrary x =
wzy € uW,zo \ {uxo} the HPT-cycle (N(z),p). By Lemma 1.6.3 there exists
u € W,, v # 1 with w = uu’ and [(w) = l(u) + I(u"). One can associate
to u and v’ the reduced expressions u = s; and u' = sy, where f and
[’ are two words in Zj, actually f’ word in I(v). Consequently w = ssp
is also a reduced expression. Replace the HPT-cycle p,[N(x)] by the F-
cycle associated to the reduced expression of w above (see Cor 1.5.3 and
Thm.1.5.8), of the form

Fff/ = {(21, e Zq) 12 € Sjl (LL’()), vy Rg—1 € qufl (Zq_g),Zq - Siq(zq_l)},

together with prp @ Frp — M, (21, ..., 24) ¥ 2g, (21, ..., 2g) € Frp. As letter
of the word f’, i, belongs to I(v). Consider now F = {(z1,...,24-1) : 21 €
Si(0)s s Zg—1 € Sj,_1(2g—2)} and p' : ' — M, which maps an arbitrary
(21, ...y 2g—1) € F to zg—;. Since 7, focalizes any S; -sphere, the following
diagram is commutative:

T[\?Rf' v

where h(z1, ..., 24) = (#1, ..., 24-1), for any (21, ..., 2,) € Fyp. But
dimF <dimFyp, hence h,[Frp] =0, and so (7, o psp)«[Frp] = 0 or, equiva-
lently, m.p«[N(x)] = 0.

1
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1.7 Schubert cycles on Grassmannians as
cycles of Bott-Samelson type

Recall that for any 1 < n < N, the Grassmanian Gn(RN ) is the set of all
n-planes (i.e. n-dimensional vector subspaces) of RY. Equipped with a nat-
ural topology and a natural differentiable structure (see for instance [12]), it
represents an important mathematical object, whose study is essential in the
developement of various mathematical theories: characteristic classes, sym-
metric spaces (intrinsic or extrinsic), isoparametric submanifolds etc. We are
here especially interested in this latter approach: the general considerations
made in the second half of section 2 (see Thm.1.2.3) can be applied to the
symmetric space SL(n,R)/SO(n). As we already noticed at the end of the
same section (see Remark 1.), a similar treatement is available for the dual
space (which is of compact type) SU(N)/SO(N). More precisely, the last
space is furnished by the complex conjugation automorphism o of SU(N),
o(a) = a, for any a € SU(N). The corresponding decomposition of the Lie
algebra su(N) = {z € RV*N :  is sqew-hermitic of trace 0} is

su(N) = o(N) @ iS°(N),

where S°(N) is the space of symmetric real N x N matrices of trace 0 and
o(N) the Lie algebra of SO(N), i.e.the space of sqew-symmetric real N x N
matrices. As a maximal abelian subspace of i.S°(IN) we choose ia’, where o’
denotes the space of diagonal real matrices of trace 0. The corresponding
isotropy representation is, up to a multiplication by ¢, as follows :

SO(N) x §°(N) — S*(N), (a,2) — aza™",

for any a € SO(N) and any x € S°(IN). Recall that the roots of the sym-
metric space are, also up to a multiplication by ¢, of the form a;; : a® — R,
Diag(My, ..., An) — Aj — Ai, where 1 <4 # j < N are two arbitrary indices.
Since a® is maximal abelian also in su(NN), any of the roots above has mul-
tiplicity equal to 1. An element x € a° is regular iff its entries are any two
different; the corresponding orbit SO (N ).z is in this case a full isoparametric
submanifold in S°(V), the latter one endoubted with the Euclidean metric
given by:
(z,y) = tr ay,

for any two z,y € S°(N).
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From our point of view, it will be more convenient to have to do with
the space U(N)/O(N) rather than SU(N)/SO(N). We will try in the se-
quel to explain why studying isotropy orbits of SU(N)/SO(N) is the same
as studying isotropy orbits of U(N)/O(N). The involutive automorphism of
U(N) corresponding to the last symmetric space is also given by the com-
plex conjugation and at the level of Lie algebras we have the eigenspace
decomposition

uw(N) =o(N) ®iS(N),

where u(N) is the space of all sqew-hermitic complex matrices and S(N)
the space of all real symmetric matrices. A maximal abelian subalgebra of
S(N) is the space a of all diagonal N x N matrices; the roots are nothing
but extensions of the previous a;; to a, 1 < ¢ # 7 < N. The isotropy
representation is still given by conjugation, as follows:

O(N) x S(N) — S(N), (a,z) +— azxa™',

with a € O(N) and o € S(N). Let us now compare the orbital foliations of
the two symmetric spaces from above:

SU(N) =] {SO(N).zo : 9 € o},

repectively
S(N)=| {o(N).z : z € a}.

It follws from a classical result of linear algebra that SO(N).z = O(N).x, for
any « € a. Moreover, notice that always holds SO(N).x = SO(N).zg + al,
where 7 = v — ol € d®, ie. a = %trx.

Consequently, from the point of view of the isotropy orbits, the only
change which occurs if considering U(N)/O(N) instead of SU(N)/SO(N)
is an additional unit in the dimension of the ambient space where the orbits
are sitting: if the principal isotropy orbit of the (regular) element zy € a°
is regarded in S(N) and not in S°(N), it will be not any more full, the
curvature normals at xy are not any more able to generate the whole normal
space at xy. But as long we are interested only about height functions and
related facts, this will be no inconvenient: to any a € a we can associate
ag = a — %(tm)] € a% in such a way that the corresponding height functions
h, and h,, differ only by a constant on any isotropy orbit (also notice that, as
long our submanifolds in Euclidean spaces are allways embedded in a sphere
with center in 0, using distance functions or height functions is the same).
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We are especially interested about the symmetric space U(NN)/O(N) and
the isotropy orbits of the elements z; = Diag(1,2,....,n,n+1,...,n+ 1) and
xe = Diag(1,...,1,0,...,0) of a. Their isotropy orbits are

——
n times

F(n) =0(N)/0(1) x ... x O(1) xO(N —n),

/

Vv
n times

space we will call here the partial flag manifold, respectively the Grassman-
nian expressed as

Gn(BRY) = O(N)/O(n) x O(N — n).

Actually, there are some natural identifications which are involved here: no-
tice first that, in general, the O(N)-orbit of an arbitrary = € S(INV) is the set
of all matrices of S(IN) which have the same spectrum (i.e. the same eigen-
values with respectively the same multiplicities) as z. In this way, a matrix
of the orbit O(N).z; is completely determined if we specify the eigenspaces
corresponding to the eigenvalues 1,2, ..., n, which are supposed to be two by
two orthogonal lines in RY; in other words, we can interprete F(n) as:

F(n) ={(Ly,...,L,) : L; 1-dimensional subspace of R",
L;1L;, for any two different indices ¢ and j}

Similarly, any matrix from O(N).x5 is uniquely determined by its eigenspaces,
particularly by its 1-eigenspace, which can be any n-dimensional vector sub-
space of RY. An another way to describe the Grassmannian is:

Gn.(RY) = {z € S(N) : 2* = z and trx = n}.

Both F(n) and G,(RY) inherit a differentiable and also a Riemannian struc-
ture, as closed submanifolds of the Euclidean space S(N).

In a very few words we recall in the sequel the classical construction of
the Schubert cycles on G, (RY). We associate first to an arbitrary n-plane
a from RY the following increasing sequence of numbers: d; = dim(R N a),
dy = dim(R2 N a),..., dy = dim(RY Na) = n. We also consider s;(a) =
min{; € {1,..,N} : dim(R’ N a) = i} and obtain an another sequence
1 < si(a) < sa(a) < ... < sp(a) < N. By figuring this values in a diagram
we obtain the so-called graph of a (see Figure 1.11).

Let conversely be 0 = (s1,82,...,8,) with 1 <51 < s93 < ... <5, <N a
so-called Schubert symbol and associate
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C, ={a € G,(RY) : dim(a NR**) = k and dim(a "R+ 1) =k — 1,

forall 1 <k <mn}.

In other words, C,, is the set of all n-planes of R which have the prescribed
graph o.

di(@)

n _—

N W

I

s1ssls s

L
"N

N

[N ]
S

Figure 1.11:Schubert symbols as graphs of n-planes (s; = s;(a) and di(a)
means dim(R* N a))

Consider also Z, = {a € G,,(RY) : dim(a NR**) > k, for all 1 < k < n},
i.e. the set of all n-planes which grow faster as ¢ from the point of view
of the graph. The point e, = span{es,,€s,, ...,€5, } € C, will play later an
important role.

In a similar way we consider this time in F'(n) the subspace

Zy={(Ly,....,L,) € F(n) : L, CR%, forall1 <k <n}=

={(L1,....,L,) € F(n): L1 e P(R*), Ly € P(R*> & L), ...,
L,ePR"e(Li®...0L,1))}.

The idea is to substitute Z, by Z,, in the intention to recuperate somehow
the handicape of the first one of not admitting in general a differentiable
structure. As about Z,, it is the total space of an iterated bundle whose first
base space and succesive fibers are respectively the real projective spaces
P(Rr*), P(R®271),..., P(R**~("V) hence it admits a natural structure of
differentiable manifold of dimension (s; — 1) 4 (s —2) + ... + (s, —n). The
spaces Z, and Zo can be related through f, : ZC, — Z,, which associates to
an arbitrary (Lq, Lo, ..., L,,) € 7, the (direct) sum L; + Lo + ... + L,,. The
map is well-defined, onto and invertible on C,: more precisely, if a € C,,
then f;!(a) = (L4, ..., L,), where the lines L; are described by: L; = aNR®!,
L2 = (CL N Rs2) S, Ll,...,Ln = (a N Rs”) S, (Ll D...D Ln—l)-
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Definition A Schubert cycle on G,(RY) is a pair of the form (Z,, f,), where
o is a Schubert symbol.

An another important related object we will need later is the space
Zy={(v1,...;vn) € ®RV)™ : (v;,v;) = 0y and v; € R%, for all 1 <i,5 <n},

which is clearly the total space of an iterated bundle whose first base space
and succesive fibers are respectively the spheres $%171,5%272  §%»~"_ Notice
for later use that the map Z, — Za, (v1, V2, .oey ) — (Rug, Rug, ..., Ruy,),
(v1, V9, ...y vy) € Zy i8S & Zy X Zy X ... X Zs -covering.

The main goal of the present section is to prove that if xq =
— Diag(1,2,...N) € a then the Schubert cycles (Z,, f,) defined above are
actually cycles of Bott-Samelson type for the height function h,, : G, (RY) —
R,z (z0,2), x € G,(RY). The first question concernes the nondegene-
racy of h,,: that follows immediately from the regularity of zy in a. We
must notice, by the way, that all reasonings made during this section are still
available if z( is an arbitrary regular point in a, namely a diagonal matrix
with two by two different entries; the relevance of the choice of xq as above
will become clear only in our next section.

The normal space to G,,(RY) = O(N).z4 at an arbitrary point a is :

VoGo(RY) = {z € S(N) : [z,a] =0}

(see for instance [5], Ch.II, (7.4)). In particular, a is a critical point of
heo iff g € v,GL(RY), ie. [zg,a] = 0, hence a € a. In other words,
C(hgyy) = Gn(RY) Ma. One knows that the latter intersection is nothing
but the W-orbit of z5 (see for instance [18], Prop.2.2, Ch.VII), so the set of
all diagonal matrices obtained by permuting the entries of x5. In terms of
the identification from above, one can express that as follows:

C(hy,) = {ey : 0 is a Schubert cycle}.
. . . N
Particularly, the number of these critical points equals < )
n

Lemma 1.7.1 The restriction hy,|z, has a unique mazimum at e,.

PROOF We start with the following general remark: if a, b are two planes in
RY (as usual, identified to the orthogonal projections on them, as elements of
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S(N)), then 0 < (a,b) < dima; equality in the left hand side can be realized
iff a1 b and in the right hand side iff @ C b. In order to prove that, choose
(a;)1<i<; an orthonormal basis of a and notice that :

l l

l
(a,0) = (aa; ba;) = (a;,ba;) = Z 1ba; |12,

i=1 i=1

the last sum being clearly at least 0 and at most [: it can take the value 0 iff
ba; = 0, for all 1 < ¢ <[, respectively the value [ iff ba; = a;, for all 1 <1 </,
i.e. a C b (also see Figure 1.10).

a

d

bay

6

Figure 1.12: The decomposition of a; with respect to the plane b

We will remark now that xq decomposes as z¢y = fo:l bs, where b, = R**,
1 < s < N. Let us estimate now h,,(a), for a € Z, arbitrary: For any
0 <k <mnandany s <s < sg1, a can be expressed as (a NR%*) @& (a N
R**)~" (where 1 denotes the orthogonal complement in a) in order to obtain:
(bg,a) = (bs, aNR®) + (b, (aNR*)L") = (b, (aNR*)L") < dim(aNR®*)L" =
n—dim(a NR*) < n—k (s and s,,1 must be readed as 1, respectively N).
Consequently, f,(a) = Y00 (bs, @) = Y4 Do, oy, (s @) < Dp_g(n —
k)(sg+1— sk). Equality can occur iff a € C, and moreover, for any 0 < k <n
and any s, < s < Spy1 holds (a NR*)L" C b, hence for any 0 < k < n,
(aNR*)L C (aNR*17HL ie. anNR*171 C a MR, so, by reasons of
dimension, a NR*+171 = ¢ N R . The only n-plane a € C, which can satisfy
all these conditions is a = e,.

(I

The main result of the section is :

Theorem 1.7.2 The map f, : Zy — Gn(RN) is a cycle of Bott-Samelson
type over Zsy for hy, at the critical point e,.
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PROOF It follows from the previous lemma and the fact that f, is invertible

on C, that the function h, o f, : ZU — R has a unique maximum at f;!(e,) =
not.

{Res,, ...,Res, } = {¢o}. It remains to prove that:

(i) the function hy,o f, : 7, — R has at ¢, a nondegenerate critical point;

(i) the index of e, as critical point of hy, equals dimZ,.

(i) It will be enough to use the covering Z, — Z, mentioned a few
paragraphes above and to study the nondegeneracy at the point (es,, ..., €5, )
of the function Z, — R which associates to an arbitrary (v1, V9, ...y vy) € Z,
the number:

hag © fo(RUL, ..., RU,) = 2N (by, Span(vy, ..., v,)) =

ZZ:O Zsk§s<sk+1 <b$7 Span(vk-‘rl? T UTL>> =
ZZ:O Zsk§s<sk+1 Z?:k—i—l(bsvi? 'Ui> =

ZZ:O Zskgsqkﬂ Z?:k—i—l HbsUiH2 =

ZZ:O Zsk§s<sk+1 Z:’L:k—i-l(l - || (bS - I)UZHz)

Since the last expression is quadratic in the variables vy, vs, ..., v,, the
nondegeneracy is quite clear.

(ii)) We have already noticed in a more general context that, since the
orbit G,,(RY) = O(N).xy is contained in a sphere of S(N), the functions
hy, and f_,, (i.e. the height-function with respect to xq, repectively the
distance function from —zxg) differ only by an additive constant: it will be
enough to calculate the index of e, regarded as critical point of f_,,. The
last number can be computed by using Thm.1.6.2, being namely the number
of focal hyperplanes crossed by the line segment [—x¢,e,). This means that
we only have to count how often two entries of different indices of the vector
—txg + (1 — t)e, can be equal, for ¢ € (0,1]: a few simple calculations
show that the number of times when such coincidences can occur equals
s1— 148, —24 ...+ s, —n, and this is nothing but dimZU.

(I

We conclude by:

Corollary 1.7.3 The Grassmann manifold G, (RY) is taut-embedded in the
space S(N) of symmetric N x N matrices. In their quality of cycles of Bott-
Samelson type, the Schubert cycles { fo« [ZJ] : 0 a Schubert symbol } consti-
tute a basis of the space H,(G,(RY)).
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1.8 Schubert cycles on Grassmannians as
projected HPT-cycles

This section is intended to give an explanation to the assertion made by
Hsiang, Palais and Terng during their paper [19], which says that the cycles
constructed by them there (and which we call HPT-cycles) are ”general-
ized Schubert cycles”. From our point of view, a relationship between these
two objects can be obtained if we regard the Grassmann manifold as focal
manifold asociated to a certain isoparametric submanifold and then compare
the projected HPT-cycles considered in section 1.6 to the Schubert cycles
considered in the previous section.

We have already explained how can be the Grassmannian considered as
an isotropy orbit of the symmetric space SL(N,R)/SO(N), as well as of
U(N)/O(N). Consequently, for any principal isotropy orbit of the latter one,
all facts stipulated in Thm.1.2.3 will be supposed available. Before starting
the direct approach, we notice that, by technical reasons, we will prefere to
see this time G,,(RY) not any more as the O(N)-orbit of z (see sectionl.7)
but of —x,. Since the following diagram is commutative,

O(N).x o R
addition
of a
constant
fX
O(N).(-x2) : R

the main result of our previous section can be transposed as follows: at any
critical point e, of f,, corresponding to the Schubert symbol o, the pair
(Z,, f,) is a cycle of Bott-Samelson type for f,, at e,.

We will prefere that the role of the isoparametric submanifold which is
going to be "focalized” to be played by the orbit of xy itself. This orbit is
the full flag manifold, i.e. the classical flag manifold

F(N)={(Ly,...,Ly): Lj line in RN, L; L L; for any 1 <i < j < N}

. In the same manner as in the previous section, a flag of the form (L4, ..., Ly)
will be usually identified with the matrix of S(N) which has the line L; as
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j-eigenspace, for all 1 < 7 < N. In order to obtain concrete expressions
for the HPT-cycles on F(IN) we need, of course, the concrete form of the
curvature data (distributions, normals and, especially, spheres): these will
be all obtained in the sequel by using Thm.1.2.3.

Because of the homogeneity of F(N), it will be enough to restrict our
attention to the point xy. The normal and the tangent spaces are:

V(E(N))eo = a,  T(F(N))a, = [x0,0(N)].

The Weyl group is naturally isomorphic to the symmetric group calS 5, which
acts on the normal space a by permuting the entries of the diagonal matri-
ces. If & = a;5, 7 > 1, is an arbitrary positive root, then the value of the
corresponding curvature normal at xg is

! a — LD@
a(xg) jg—i 7
where D;; denotes the diagonal matrix whose entries are all 0, except those
of index i, respectively 7, which are 1, respectively —1. At an arbitrary point
k.xg € O(N).xo, we have v, (k.zo) = k.va(x0).

Denoting by Fj;; the matrix whose entries are 0, except this situated on the

line ¢ and column j, which is 1, it turns out that the vector y, = E;; + E;; €
TF(N),, satisfies :

’Ua<.§lf(]> = —

Av(ya) = <'vaoc>yoca
for any v € a. Because the curvature distributions are all 1-dimensional, it
follows that :

Ea(l’o) = R(Eij + E]Z) = R[l’o, Eij — E]z]
Since ¢, = R(E;; — Ej;), it follows that K, is the 1-parameter group

cost ... sint
a;;(t) = exp(t(Ey — Eji)) = : : ,
-sint ... cost
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with ¢ € R. The curvature hyperplane [,(xy) is the same as Kera and the
corresponding curvature sphere S, (xg) is described by

t — ai;(t)zoai;(t)
t € R. At an arbitrary point k.zg € F(N), lo(k.xo) = k.lo(20) and S, (k.xg) =
]{Z.Sa(l'o).

Geometrically, if z = (Ly, ..., Ly) is an arbitrary flag, then a;;.z is the
flag obtained from x by a direct rotation of the orthogonal system of lines
(Li, L;) in the 2-plane they generate. Even more general, if a is an arbitrary
orthogonal transformation, we can interprete the flag a.x as follows: if =
is regarded as as the symmetric matrix whose j-eigenspace is the line L;,
1 < j < N, then a.x means the matrix ara™, i.e. the flag (aLy,...,aLy).
Similar geometric considerations can be made for partial flags (elements of
F(n) = O(N).x1, identified to n-flags of the form (L, ..., L,) in RY) or for
n-planes (elements of G, (R") = O(N).x3).

Consider now 7 an element of W together with the corresponding critical
point z = Tz of the distance function f,, : F'(N) — R. In order to construct
the HPT-cycle at « we have first to relate the focal hyperplanes to x (since
now they were related to x¢, as the indices indicate). If « is an arbitrary
root, then the hyperplane Kera has the form I/ (z) and the curvature sphere
through x which focalizes at this hyperplane, call it S/ (z), is given by:

t— aij(t)xaij(t)_l, t €R.

If we pass from z to an arbitrary k.xz, k € O(N), the curvature sphere through
k.x which focalizes at k.l (z) is S, (k.z), described by:

t— kaij(t)xaij(t)_lk_l, t €R.

The line segment [xg, x| crosses exactly the focal hyperplanes l;ij for which

1 < j and w < 0. Going from z, to z, they are intersected in the order
given by:
T(]ll) - 7.—(@1) < T(Jg) - .7(12) < . < T(Jr.) — T(Zr) <0
J1—nu J2 — 12 Jr —

Denote «;, ;, simply by oy, and describe in this way the HPT-cycle of z as:

N(l’) = {(.fla ~-'>.fr) : .fl € S(;l(x)>.f2 S S(/)cz(.fl)? "'a.f?“ S Sfxr(.fr—l)h
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together with u : N'(z) — F(N), (f1, ..., ) — [, forany (fi, ..., f,) € N(2).
Its image in F'(N) is:

w(N () = {ai j, (51)@iyjo (52).--0ij, (S7).T 2 S1, 82, ..., Sy € R}, (1.11)

The idea is now to "project” the cycles of the form above from F(NV) to
F(n) and then to G, (RY). To this end we start with the vector v;(zg) =
x1 —xg € V(F(N))s,, extend it to a parallel normal field v; on F(N) and
notice that the corresponding focal manifold is just F'(n). Denote by 7 :
F(N) — S(N) the associated end-point map. By Lemma 1.6.1, for any
T € W holds 7(7zg) = 77(x0), or, equivalently, 7x; = 7Ty, where we usually
denote:

L kifl<k<n
“\n+l, ifk>n+1,

whenever k is a positive integer. This time by Lemma 1.6.7, 7 € W is a
minimal representative of W/W,, iff the line segments [x¢, T20] and [zg, T21)
intersect the same focal hyperplanes. Hence the set Sy of all these represen-
tatives can be explicitely described as follows:

SNZ{TGSN:M<01§M<O,pmvided1§z'7éj§N}.

i—j i—j
We can pass to G,(RY) = O(N).(—x3) in a similar way: we consider

va(xg) = xo + o, extend it to a normal parallel field on F'(N) and regard
ot. =

G, (RN) as image of the end-point map m,, = 7 : F(N) — S(N). If we
associate this time to any positive integer k& the number

(-1 if1<k<n
10, ifE>n+1,

ol

then the set of minimal coset representatives of W/W,, is

~—

?N:{TESNZ;(Q:;U) <Oiﬂ:77—(z,_@

\]

< 0,provided 1 <i# j < N}

~
<

The relation ?N C Sy which can be directly seen from the expressions
above, is also clear by the fact that v; is 7 focalizes less” than wv,, hence
W,, CW,,.
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Let us consider now an arbitrary critical point of fy, : Gn(RY) — R, of

the form 2” = 7(—x3), 7 € Sy. In order to apply Thm.1.6.9, we need the
HPT-cycle (N (x),u) in F(N) associated to © = 7x, its image through 7
being a cycle of Bott-Samelson type at z” for f,,. The focal hyperplanes
intersected by [xo, 7(—22)), counted from xq to 7(—w3), are these l,,, with

1 < j for which %;(]) < 0, in the increasing order of the value of these
expressions. Say that the roots get in this way are respectively a;,;,, ..., @ j, ,
where 7(j;) € {1,..,n}, 7(i4) € {n+1,...,N}, for any 1 < [ < n and
0 < j1—i1 < jop—ipg < ... < jp— 1. We partition the set {1,2,..., N}
in two subsets, namely J = {771(1),...,77!(n)} and its complement I =
{771 (n+1),...,7Y(IV)}. By ordering the elements of .J one obtains something
of the form
J={s1 <83 < ... <} e o,

which is a Schubert symbol. The decisive point of the section is the following
lemma:

Lemma 1.8.1 The image of the projected HPT-cycle (N (x), Tou) in G (RY)
is contained in the image Z, of the Schubert cycle (Zy, f5).

PROOF We will regard the element 7(—z3) of G,,(RY) as the n-plane p, =
@I |Reg,. Our aim is to prove that

Uiy jy Qigjy - Wiy j-Dr € Lo

where a;,;, = a;,;(t;) with ¢, arbitrary (see 1.11 above). Of course, it will be
enough to prove that:

5
iy j1 Aig g - Qi -Cs; € R,

for any 1 <7 < n. An important role in proving that will play the following
simple remark:

o _Je, ifkFrandk#
i€ _{ ce; +dej, it k=1iork=j, (1.12)

where ¢ and d are real numbers. We will prove now (1.12) by using the
following algorithmic manner:
Step 1. We can evidently suppose j,. = s;. It follows

a;,j.€s; = 1€, + di€e;j,,
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where 7, < j, = s;.
Step 2. If j,_1 > j, then i,y > i,, hence a;,_,;, , doesn’t change the
expression from the previous step. So we can suppose j,_1 < j,, consequently

! / U !/
a'irfljrfla'ir'jr"esi - Cleir' + 0267%71 + dlejr _I_ d26]'r71’

where 7,1 < j,—1 < jr = 55

Step 3. If j,_o > j, then ¢,_9 >4, and ¢,_9 > 4,_1, hence a;,_,; , doesn’t
change the expression from the previous step. So we can suppose j,_o < j,,
consequently:

o " ", ", ", ",
iy ojp—2@ip 15,1 Girg,-€s; = C1€4, + CoCi,_4 + C3€i,_, + dlejr' + d2ejr—1 + d36]7‘72’

where i, 2 < jr—2 < jp-

Final step. 1If 7, > j,, since js, ..., j-—1 is each at most j,., it follows
i > Gy 0 > Gp_1, ...,01 > 49, hence a;;, doesn’t change the expression from
the previous step. So we can suppose j; < j,., consequently

ailjl (ai2j2...airjr.esi) = cgr)eir 4+ ...+ CS,T)€Z'1 + dgr)ejr + ...+ dy)ejl,

where i1 < j; < J,.
1

To the same 7™ € ?N we associate now z' = Tx; as critical point of
the distance function on F(n) from the base-point xy. By using a similar
reasoning as before, we can prove that:

Lemma 1.8.2 The image of the projected HPT-cycle (N (), 7 ou) in F(n)
18 contained in Z,.

Remarks 1. Maybe it should be noticed that, formally, an another way to
prove the two lemmas above would has been to begin with Lemmal.8.2 and
thereafter to use the relation T = f, o7 in order to deduce Lemmal.8.1.

2. It seems difficult to get an appropriate understanding of the subsets
Sw, repectively Sy of Sy from a combinatorial point of view. Relevant
in this sense could be for instance the bijective correspondance 7 +— o =
{r71(1),...,771(n)} between Sy and the set of Schubert symbols (it follows

from here, for instance, that the cardinality of S ~ equals (]T\L[ )) In our context,
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this correspondance allows us to see precisely the identification of the critical
point 7(—zy) with the n-plane e,.

~ The main goal of the section is to show that the cycles (N (x),7 ou) and
(Z,, f,) are the same in H,(G,(RY)). Before making the last step, we must
notice an another interesting aspect:

Lemma 1.8.3 The height function h_,, (and implicitely the distance func-
tion fu,) on GL(RY) has all points of the same index situated on the same
level, for any possible value that the index could take.

PROOF Consider 7 € Sy arbitrarily, together with the corresponding criti-
cal point 2’ = 7(—x9) = e, = Diag(0, ...,0,—1,0,...,0,—1,0,...,0,—1,0, ...0),
where the value —1 occurs successively in the positions sq, $s,...,s, dictated
by o. Its level is h_,,(2") = 51 + ... + sp. By Thm.1.7.2; its index equals
sl—1—|—32—2+...—|—8n—n:sl—|—82+...+sn—@ and the conclusion
is clear.

(I

We are now in position to prove:

Proposition 1.8.4 If 0 = 7741,2,...,n} and x = 7Tx¢ are the Schubert
symbol, respectively the critical point in F(N) induced by an arbitrary T €

Sw, then : R
(T o u)u N (2)] = fou[Zo]-

PROOF We know already that both terms of the equality above are linking
cycles for h_,, : G,(RY) — R at the critical point 2 = 7(—z3) (cf. Thms.
1.6.9 and 1.7.2). We also know that all critical points of the same index as z”
are on the same level: that’s why we can move x inside A(zg) to a vector yq
in such a way that, with respect to h_,,, the level of z becomes strictly lower
than the level of all other critical points of the same index (notice that, when
passing from g to yo inside A(zg), nothing changes in the critical view of the
associated distance function: the critical set is the same and also the pairs
(N (2),T o), respectively (Z,, f,) are still cycles of Bott-Samelson type).
Let us express the Schubert cycle f,., [ZU] as sum of the projected HPT-
cycles (T o u;)«| N (Tizo)], 1 < @ < r, where 7;(—x2) are critical points of
the same index as 2”, 7, € Sy. If ¢ = h_,,(2"), one knows that the space
H.((G,(RY),,2Zy) is freely generated both by the Schubert cycles and the
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projected HPT-cycles at the critical points of level at most ¢, in their quality
of linking cycles (cf. Thm.1.1.4). On the other hand, the level of any 7;(—x2)
which is different of 2" is strictly greater than c¢. This shows immediately the
desired identity.

1

ToU

N>

N(3)

From the commutativity of the diagram above and the previous proposi-
tion follows now:

(7 0 W) [N (@)] = foulZo] = fou (T 0 ) [N (2)].

In particular, (7 o u).[N(z)] # 0. But AN (z) and ZUA are both closed

manifolds of the same dimension, hence (7 o u).[N (z)] = [Z,]. We conclude
the section by:

Theorem 1.8.5 To an arbitrary 7 € Sy associate the Schubert cycle o, the
HPT-cycle (N (tx¢),u)in F(N), the projected HPT-cycles (N (7xo),T o u)
in F'(n), respectively (N'(1x¢), T o u) in G,,(RY) and the Schubert cycle f, :
Z, — Z,. Then the maps T ou : N(120) — Z, and Tou : N(t20) — Z,
are both well-defined and surjective. The HPT-cycles (T o u)N (Tx0)] and
(T o u) N (Tz0)] projected from F(N) to F(n), respectively G,(RY) coincide
to [ZU], respectively the Schubert cycle f,. [ZU]
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Chapter 2

Cohomology of isoparametric
submanifolds

The aim of this chapter is to continue the investigations initiated by Hsiang,
Palais and Terng in the last section of their paper [19]. Their main idea was
to adapt the old methods of Bott and Samelson (cf. [5]) to the theory they de-
veloped in the first sections of their paper. Concret results are obtained only
for the cohomology ring over the field @, under the assumption of uniform
multiplicity greater than 1: an essential ingredient in their reasoning was
the using of Borel’s formula concerning the rational cohomology of principal
adjoint orbits (recall that the latter ones are isoparametric submanifolds of
uniform multiplicity 2).

But maybe the most important idea of this section 6 of [19] is that the
cohomological study of irreducible isoparametric submanifolds of uniform
multiplicity greater than 1 can be reduced to the cohomological study of a
prototype of this class, the best known being, of course, the adjoint orbit of
a simple Lie group. It seems that the same ”prototype principle” is available
in a more general context, namely for the class of irreducible isoparame-
tric submanifolds, divided in subclasses based on some natural criteria on
the marked Dynkin diagrams. The first part of the chapter is devoted to
proving this result. After ”calculating” in this way the cohomology ring of
isoparametric submanifolds, it will be very easy, by using the estimations
made in section 1.6, to obtain the cohomology of an arbitrary focal manifold.
Finally we will be interested about some quantitative estimations, mainly for
the non-focal elements of isoparametric foliations: from each of the classes
mentioned above, we will take an easy-to-handle exponent and try to say
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as much as possible about its cohomology ring. Many such descriptions are
taken from various sources: it was not easy to find the adequate information
in the enormous literature about the topology of homogeneous spaces. In-
formations about the cohomology rings of all isoparametric hypersurfaces in
spheres and their focal manifolds are given, for instance, in Miinzner’s paper
[30]. By using our own methods, we will give exact descriptions of this rings.

The same convention as since now about the ring R of coefficients is still
present during this chapter: R = Z, if both multiplicities m; and mqy are
greater than 1, otherwise R = Z (also notice that in the first situation no
torsion can occur in the spaces involved here, hence we can also find out
everything about the homology and cohomology with Zs-coefficients, simply
by tensorizing with Z,). The convention is due to the considerations made
in the first chapter about the orientability of HPT-cycles, so nothing more
can be obtained by using only the classical theory of Morse.

2.1 The representation induced by W
on Hlower(M>

We have already seen how the Weyl group associated to the isoparametric
submanifold M acts on M. An important piece of information in the coho-
mological study of M is given by the representation that this action induces
on the space:

Hm1<M) ) HmQ(M>, lf mi % mo

H,, (M), if m; =mgy =m. (2.1)

Hlower(M) dg' {

Before starting the direct approach, we would like to point out the fol-
lowing general fact, which concernes not only this section, but the entire
chapter: it seems impossible to calculate the cohomology ring of an isopara-
metric submanifold if only regarded like an abstract object, as defined by
Terng in [38] and studied also by her, together with Hsiang and Palais in
[19]. The theorem of Thorbergsson is essential, because only using it we know
that a certain symmetric space is involved and implicitely a root system, a
well-defined Cartan matrix etc., all objects that will play an an essential role,
not only during our reasonings, but even in the final expressions. We will
come back to this idea later, by supporting it with some concrete examples,
but for the moment, it is worth to anticipate and say that the Weyl group
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alone is in general not able to furnish enough information in order to calcu-
late the ring H*(M), although it has been sufficient to say everything about
the module H,(M).

That’s why we begin with an irreducible symmetric space G/K of non-
compact type, for which all considerations made during the second half of sec-
tion 1.2 are, of course, available. Also now we consider S = {vy,...,7%} C A
a system of simple roots and take xy in the interior of the fundamental
chamber A = {h € a : y(h) <0, foralll < i < k}. The isotropy or-
bit M = Ad(K).xq is an irreducible isoparametric submanifold in (p, B|,).
We have already seen how the elements of Al can serve as indices for the
curvature distributions, curvature spheres and curvature normals, under the
assumption:

Ix(zo) = Ker,

for any A € AJ. The role of fundamental indices will be then played just by
the simple roots.

Denote by b; the homology class in M induced by the fundamental curva-
ture sphere S,,, 1 < i < k. It is then quite clear that the module Hjgye, (M)
is freely generated by by, ..., br. In the cases when we can take R = Z, the
homology classes above are uniquely determined up to a sign, i.e. up to a
changing of orientation of the spheres S,,, 1 <7 < k. We associate to A the
dual root system, consisting of the elements \¥ = %, with A € A and then,

via S, the Cartan matrix of the latter one, that is the integers:

o= 208

Yy
1 <i,j < k. Werecall that they can also be defined by s,v (7)) = 7/ — ;7
for any pair of indices 1 < 4,57 < k, hence they determine completely the

representation of the Weyl group on the dual vector space a*. Also consider
the numbers d;;, 1 <7, j < k, which are given by:

0, if m,, # m,,
dij = { c¢ymod2, if m,, = m,, and M has uniform multiplicity 1, (2.2)
cij, in all other cases,

for i # j, and:

di; = { 0, if m., is odd (2.3)

2, if m,, is even.
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The representation induced by W on Hj,ye (M) is completely determined
if we know the matrix of the transformation induced by any generator ;,
1 <4 < k. The main result of the section is:

Theorem 2.1.1 We can always choose an orientation of the fundamental
curvature spheres S, ,...,S,, such that:

Pix(bj) = bj — d;ibi,
forall1 <i, 5 <k.

We prefere to treate separately the case when the rank of M is 2, mainly
because of the the case By, when no root system can be, in general, involved,
but also because we would like to consider here the non-irreducible type
Ay x A;. Of course, some superpositions with Thm.2.1.1 will occur in this
way.

Theorem 2.1.2 Let M be compact, complete, rank 2 isoparametric subman-
ifold of multiplicities my and mo and let the basis of Hipwer (M) induced by the
principal curvature spheres Sy, So be {b1, by}, which is possibly determined
only up to a sign. The representation of W on Hipper(M) is given by:

Pix(bj) = bj — djibs,

for any two 1 < i,j < 2, where d;; € R are given by (2.3). Moreover, an
orientation of the spheres S; and Sy can be chosen, such that:

a) If M is of type Ay X Ay, then diy = doy; = 0.

b) If M is of type Ay, then dip = dog = —1.

c) If M is of type B, then, up to a converse,

—1,—2), mel =My = 2
a0)7 mel =my =1
0),

1
0,0), in all other cases.

(
(d12a d21) = (
(

d)If M is of type G, then, up to a converse,

_ (_1a _3)a mel =My = 2
(daz, dn) = { (1,1), if my =mg = 1.
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Before starting to prove the theorems, we would like to notice some related
facts:

Remarks 1. Since ¢; is the antipodal map in S.,, it follows that ¢;.(b;)
equals b; or —b;, depending on whether m., is odd, respectively, even.

2. The coefficients d;; have to be readed in the corresponding R. This
remark regards for instance (2.3), where, even if m.,, is even, if it happens to
have an another multiplicity equal to 1, d; must be 0, since readed in Zs.

3. One could say that the answer given for the B, case in Thm.2.1.2 is
incomplete. In fact, ambiguities occur only when (mq,ms) € {(1,1),(2,2)}.
But in this latter situation, we have to do with an homogeneous M (cf. [8]),
and in this case Thm.2.1.1 says everything. The same would be true about
the Gy case if we would dispose of a homogeneity result: but something
like that is so far proved for uniform multiplicity 1 and only conjectured for
uniform multiplicity 2 (cf. [11]). This things will affect in no way our future
reasonings.

4. Tt is easy to notice which is the role that the marked Dynkin diagram of
G /K can play in our developement: by Thm.2.1.1, in the homogeneous case
it says everything about the action of W on Hjyyer(M). At a closer analysis
we can see that not all information given by the diagram is needed to this
end. It will be enough to resume ourselves to what we call the first coloured
Dynkin diagram; this one is obtained from the marked Dynkin diagram after
colouring its nodes by black and white following the rules:

a) if m; = my = 1, figure that by I after the letter which indicates the
case and colour all nodes by black;

b) if m; = my € {2,4, 8}, figure that by II and colour all nodes by white;

¢) if my # my and one of them equals 1, figure that case by IIT and colour
the nodes of multiplicity m; by white and the others by black, or conversely;

d) if my; # ms but both greater than 1, figure that case by IV and colour
the nodes of even multiplicity by white and the other(s) by black;
then remove the exact values of the multiplicities; take into account that the
(BC)y, case is allways under the incidence of rule d), therefore superpose it to
the CIV case; also superpose CpIII to BpIII. By using these rules, from
the list of marked Dynkin diagrams we can immediately obtain the list of all
possible first coloured Dynkin diagrams presented in Table 2 from Appendix.

5. We can restrict our attention exclusively to the coefficient ring Zs:
if M is a principal isotropy orbit of the irreducible symmetric space G/K,
then Hypwer(M, Zo) is always freely generated by the fundamental homology
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classes by,...,b; of the fundamental spheres and the representation induced by
W on Hjyper(M) is completely determined by:

@ix(bj) = bj + d};bi,

1 <4, 5 <k, where:

;) 0, if m,, #Fm,,
dji = { c¢jimod2, otherwise. (2.4)

In order to recognize this representation, only the so-called second coloured
Dynkin diagram of G/K is needed. It is obtained from the marked Dynkin
diagram after colouring its nodes by black and white, as follows:

a’) if my = my, figure that by I after the letter which indicates the case
and colour all nodes by white;

b’) if my = may, figure that by II and colour the nodes of multiplicity m;
by white and the others by black, or conversely;
remove the values of the multiplicities; notice that (BC'); has only the chance
to be followed by II, hence superpose (BC)xII to BiII; it also makes no
sense to differentiate between B,II and CiI1. The list of all possible second
coloured Dynkin diagrams can be founded in Table 3 from Appendix.

6. As we have already anticipated, if M is an isoparametric submanifold,
then the representation of W on Hj,,..M cannot be, in general, readed, as
long a certain symmetric space is not involved, together with the root system
it carries. There exist isoparametric submanifolds which have the same Weyl
group, but the representations of the latter one on the corresponding lower
homology modules are different. In order to see that, but also in order to
illustrate by concrete examples our method, let us analyse the following two
situations, the Weyl group involved in both of them being of B, type, k
supposed at least 3.

(i) The marked Dynkin diagram is

1 1 1 1. 1

B, o0 0—c0
YoV Ve—DVe-1Vk

By Thm.2.1.1, the Cartan matrix modulo 2 of the dual root sytem (namely
C%) is needed, and this is:
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101 ..000

Q{4 Y 010 ...000

(dij) = (c;ymod2) = (%mod?) =
(7597 000 ...01°0

000 ...101

000 ...000

The general rule ¢;.(b;) = b;j+d;;b;, 1 < 1,5 < k gives the representation of W

on Hy(M,Zs). Direct calculations made for k = 3 show that in this case the

representation is faithfull: concretely, it is sufficient to look at the matrices of

wy, w € W, and to stop after obtaining 10 different such matrices, having in

mind that |IW| = 18. Probably the faithfullness of the representation remains

valid for any value of k, but for the moment we are not able to prove that.
(ii) The marked Dynkin diagram is

1 1 1 1.1
Cr  o0—0- 0—0xt0
Y1 Y2 Ve-gk-1vk

The modulo 2 Cartan matrix of the dual root system is this time:

010 ...00°0
1 01 .0 00
010 ...000
000 ...010
00 0 . 1 00
000 ...010

and consequently, by the usual rule, ¢, acts identically on Hy(M,Zs). At
least for k = 3, we have to do with a representation different from the one
obtained at (i), although the Weyl group of both isoparametric submanifolds
is the same, namely Bj,.

7. The assumption made in section 1.5 about the orientation of the
fundamental curvature spheres becomes only now clear. The only reason
because these orientations have to be fixed is that we need a precise control
of signs for the coefficients d,; above.
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It is now the moment to start the proof of the two theorems.

PROOF OF THEOREM 2.1.2 Without specializing yet to one of the
types mentioned in the enouncement, take i € {1,2} and denote by m; :
M — M; the end-point map corresponding to the focal manifold M;: more
precisely, take v;(zo) € v(M),, with zo + v;(zo) belonging to [;(z) and no
other other focal hyperplane from v(M),, and put m; = 7,,. By Thm.1.2.2,
m; is a sphere bundle whose fiber through z € M is the m;-sphere S;(x). If
{7} = {1,2} \ {i}, then, from the commutativity of the following diagram:

it follows that 7.0 (bj) = m(bj), 1.e.0i(bj) — b; € Ker(m;,). As an imme-
diate application of Thm.1.6.9, Ker (7 |n,,,,..(m)) = Rbi, so that there exists
dj; € R with ¢;(b;) = b; — dj;b;. A similar relation holds for ¢ = j, with
d;; € {0,2} (see Remark 2. from above), so it remains to determine d;o and
doy. It is the moment where we begin the case by case analysis.

a) M is of type A; x A;. The only curvature spheres are this time the
fundamental ones, S and Sy. By Lemm1.5.1, ¢2(S1(x0)) has to be a curva-
ture sphere through ¢s(zo). In order to decide which one is that, it is maybe
enough to look at the picture 2.1. It follows ¢5(S1(x)) = S1(p2(x0)).

b) M is of type As. One knows in this case that m; = my € {1,2,4,8}.
From (p102)% = idys follows 014090102« (D2) = ©ou014(b2). Since ;. (b;) is
always —b;, i € {1,2}, a few simple calculations lead to djads; = 1, i.e. dip =
dy; € {—1,1}. The only question is now what happens when m; = my > 1
and dis = do; = —1: in this case, from

901*((?2) =0by — by

902*((?1) =0y — by
we are led to the right coefficients by simply changing the orientation of one
of the fundamental spheres.

c) M is of type By. We distinguish here the following three subcases:
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(X
0,0 (x,) ¢.(x,)

[\ sm/\ "

?, (%) S, (x,)

Figure 2.1: The case A; x Aj.

cl) my # mg. There is nothing more to be proved.

c2) my = my = 2. By a result which goes back to E. Cartan, uniform
multiplicity can be encountered in the Bs case only if M is homogeneous.
Uniform multiplicity 2 means M principal adjoint orbit of a compact con-
nected Lie group of By type (for instance SO(3)). That’s why we must
anticipate the proof of Thm.2.1.1, more exactly the 5th step of it, where the
problem of adjoint orbits is solved. All it remains is to use correspondingly
the Cartan matrix of the C5 type, namely:

(%)

c3) m; = mge = 1. Once again we use the fact that M is homogeneous,
that is a principal isotropy orbit of the symmetric space SO(5)/SO(2) x
SO(3). As we will see in a detailed manner at the 6th step of of the proof
of Thm.2.1.1, a such orbit can be identified to S* x SO(3) = S' x PR?,
From Lemma 1.5.1 and Figure 2.2 we can easily deduce that ps¢1S2(z0) and
152(x0) represent the same curvature sphere.

Consequently ©1.(b2) = @o.p14(b2), which is equivalent, after some ele-
mentary calculations, to diads; = 0.

What we will show in the following , is that the alternative dis = do; = 0
can never occur. So, let us suppose that p1.(bs) = be and o, (b1) = b;.
We must now anticipate the method of calculating H*(M, Zy) which will be
largely developed in section 2.3: the iterated sphere bundle F); considered
there would have the cohomology ring
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9, ¢500)
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S (%)
X ()

1, (%)

Figure 2.2: The case B,.

H*(F4, Zg) = Zo [51, 52, £3, 54]/(5%, 5%, 5%7 52) Since Hl(M, Zg) is the SU.bI'iIlg
of HY(Fy,7y) generated by w; = & + & and wy = & + &4, it follows w? = 0,
for any w € H'(M). On the other hand, in H*(M) = H*(PR3) x H*(S') we
can take the generator of the ring H*(PR3, Z,), which is an element of order
4.

d)M is of type Go. There are two possibilities concerning the values of
the multiplicities: m; = mg = 2 or m; = mg = 1. We treate them separately:

dl) m; = my = 2. As long a proof of the homogenegeneity result in
this case does not exist so far, we can not simply invoke Step 5 of the proof
of Thm.2.1.1. We notice first that pop15(zg) and p1p9¢152(x¢) represent
curvature spheres with the same index (see Figure 2.3), consequently the
homology classes @o,p1.b2 and ©1,p92.p1.bo are, up to a sign, the same. It
turns out that, if this sign is =", then dyo = dy; € {—1,1} and then, in both
cases, that (¢1.(9,)? is the identity on Ho(M,7Z). But that would contradict
Lemma 6.9 of [19], which states just the faithfullness of the representation
of W on H,,(M,Zy) when m; = ms = m > 1. Consequently, the sign is 7+
and it will be not difficult to deduce do1di2 = 3.

d2)m; = my = 1. This time it is quite clear that @o.p1.bs = P1.P2:01:b2
and this is equivalent to d3,di» = dy;. But similarly holds d2,dy = dio.
Hence we have to prove that dis and ds; are not simultaneously 0. Suppose
that this happens: by the same reasons as at c¢3), it follows w? = 0, for
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0098 (x)
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é S (%)
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1,(6)
Figure 2.3: The case Gbs.
any w € H'(M). In order to contradict this assertion, we will need some of

the considerations made by Abresch in [1]: Denote by M’ the image of M
through the usual covering map ® : S” —PR’.

M M’

The restriction @[y, : M — M’ is also a two-fold covering (M being complete
and totally geodesic) and the diagram above is commutative (the vertical
arrows are the corresponding inclusions). If w is the image in H'(M’) of the
generator of H*(PR"), then there exist ., x_ € H*(M’), such that

HY(M') = Zofos, oo, 0]/ (0, + 2z +2%,28,2%)  (25)

Associate to the bundle S° — M — M’ its Gysin sequence and consider the
following segment from it:
HY (M2 H2 (M) 2 HX(M).
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Coming back to our supposition, from ®*(z,)* = ®*(23) = 0 must follow
now that 2% €Im(Uw). On the other hand, it is clear from (2.5) that some-
thing like that is not possible.

(I

PROOF OF THEOREM 2.1.1 Something similar to what we said at the
beginning of the previous proof is still available: for i € {1, ..., k} arbitrarily
chosen and fixed, take v;(xo) € v(M),, such that z¢ + v;(z) belongs to
the only focal hyperplane l;(zo) from v(M),, and then m;, = m,, : M —
R"* whose image will be denoted by M;. Once again we use the relation
m; 0 p; = 7; in order to deduce that ¢.(b;) — b; € Ker(my|p,,,,..(m)). Among
the fundamental curvature spheres, only .S; has the property that the cycle it
induces in Hjpyper (M) is vanished through m;,: we have W, = {1, s;}, hence
for j # i, s; is a minimal representative of W/W,, and we apply Thm.1.6.9.
Consequently, for any two indices i, j € {1, 2, ..., k}, holds:

%*(bj) = bj - djibia (2-6)

with dji c R.
We prefere from now on to divide the proof into several steps:

Step 1. If ord(yp;p;)=2, then d;; given by (2.6) equals 0.

We have already noticed in section 1.5 (see Lemma 1.5.5) that if v is a
parallel normal field with xg 4+ v(zg) belonging to the only focal hyperplanes
li(xg) and [;(x), then the connected component S;;(xg) of g in 7, (7, (o))
is a rank two isoparametric submanifold. The fundamental curvature spheres
of the latter one, through any point z of it, are S;(2) and S;(z). It remains
only to apply the point a) of Thm. 2.1.2. for S;;(zo).

Step 2. If ord(p;p;)=3, then dj; given by (2.5) equals —1, provided that
the spheres S; and S; are oriented in an adequate way.
One uses the same reasoning as before.

Step 3. The cases Ay, Dy, E.

From the list of all possible marked Dynkin diagrams (see Table 1 from
Appendix), it follows that these cases are always characterized by uniform
multiplicity m € {1,2,4,8}. The previous two steps arrange almost every-
thing; the only problem regards the eventual nonconcordance in choosing the
orientations of Si,...,Sg, provided m > 1. The standart form that a such acci-
dent could have is: 1, (be) = ba+by and in the same time @3, (—by) = —by+bs3.
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But that also means s, (b3) = b3 — by, so we only have to reverse the orien-
tation of S5 in order to obtain @3, (by) = bs + (—bs) and @o.(—bs) = —bs + bs.
It is now easy to imagine a recursive method to choose orientations for fun-
damental curvature spheres, adequate in the sense of Thm.2.1.1.

Step 4. The case (BC).

We only have to notice the form that the marked Dynkin diagram can
have (particularly that m; is always different of msy): apply Step 1., Step
2. and the reasoning above concerning a suitable choose of orientations for

Sb“wsk—b

Step 5. The action of W on Hy(G/T, 7).

This is one of the main ingredients that Bott and Samelson used in [5] in
order to calculate the the ring H*(G/T,Z). In the sequel we will reproduce
their method, translated in the language of isoparametric submanifolds .

Let G be a compact, connected, simply connected and semisimple Lie
group of Lie algebra g, 7" C (G a maximal torus and t the Lie algebra of
the latter one. Denote by R C t* the set of real roots of G with respect
to T' (as a basic reference can be consulted [6]). The Killing form B of
g is strictly negative definite , hence (g, —B) is a Euclidean space. Also t
and consequently t* inherit an inner product and moreover, R becomes in
a natural way a reduced root system in t*. Choose {71, ..., 7} a system of
simple roots and associate RT the set of positive roots. For an arbitrary z
inside the Weyl chamber {h € t: v;(h) > 0, for all 1 <i < k}, consider the
adjoint orbit M = G.zg, which is the same as the homogeneous space G/T.
We described in section 1.2, Remark 2., in which way can be M regarded as
an isoparametric submanifold in (g, —B). We would like to have now some
more informations about that. If

g=t+zg°‘
a€Rt

is the root space decomposition of g, then

[x()vg] = Z [x(bga]

a€ERt

is the decomposition of the tangent space of M at zy as sum of the cur-
vature distributions. For any a € R, the space t & g* is the commutator
of the hyperplane Kera C t, hence a subalgebra of g. The corresponding
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Lie subgroup G, of GG is the AdG-centralizer of the same hyperplane. The
(2-dimensional) curvature sphere through z, corresponding to the curvature
distribution which has E,(zg) = [zo,g%] as value at zg is clearly the orbit
Go.x9g = Go/T. The focal hyperplanes from v(M),, = t are l,(xy) = Kera,
a € RT. When passing from 1z, to an arbitrary point g.xg of M, the curva-
ture distributions, curvature spheres and focal hyperplanes are obtained by
simply applying Adg respectively to the same objects corresponding to .
The action of the Weyl group on M can be interpreted as given both by the
antipodal maps as well as by:

k.(Adg)(zo) = (Adg)(k.xo),

for any g € G and any k € Ng(T).

The fundamental indices are 7i,..., Ve if ©1,...,¢0r denote the corre-
sponding elements of the Weyl group regarded as diffeomorphisms of M,
our task is to express ¢ [G,,/T], with 1 < i,j < k, in terms of the basis
{IG,,/T) : 1 <1 <k} of Hy(G/T,z). In order to do that, we identify first
Hy(G/T,z) to m(G/T) by the Hurewicz isomorphism and then mo(G/T)
to m1(T) by the boundary map O of the homotopy sequence of the bundle
T — G — G/T. The isomorphism ¢ : Hy(G/T,Z) — 7 (T') obtained in this
way is W-invariant (cf. [5],Ch.IV, section 8).

Since the exponential exp|, : t — T is a covering map, we can identify
7m1(T") with the group of covering transformations, which can be further
naturally identified to the integral lattice I =Ker(exp|,). But G was supposed
simply connected, hence I is the same as the lattice generated by the inverse
roots oV = ((3%‘(;), a € R (cf. [6], Thm.7.1, Ch.V). Consequently, we can
regard m1(T) as the free Z-module generated by the loops p; : s — exp(s7,’),
sef0,1],1<i<k.

On the other hand, for any 7 € {1, ..., k} we can consider the bundle 7" —
G,, — G, /T together with the following piece of the associated homotopy
long exact sequence:

72(Goy /T) 2 1 (T) & 1 (Gy),

where j denotes the inclusion T — G.,. Since Kerjy is the lattice generated
by 7, (by the same [6], Thm.7.1, Ch.V), it follows that the map ¢ considered
above associates to the fundamental homology class of the sphere G, /T the
loop p;, up to a sign. Choose the orientation of the fundamental curvature
sphere G.,/T in such a way, that ¢[G., /T] = p;, for all 1 < ¢ < k.
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Finally, we only have to notice that ¢;(p;) is the loop s — ;p;(s) =
piexp(sy,) = exp(pi(s7))) = exp(s(v] —¢;i7;’)), which is clearly homotopic
to pj — ¢jipi-

Before passing to the next step, we would like to make a remark about
the action of W on Hy(G/T,R), when G is of By, respctively Cj, type and
R equals Z or Q. From our previous Remark 6. follows that for R = Z we
have to do with two different representations of the same Weyl group W. As
about R = Q, we can easily see that these representations are identic: For
G of By type, from the associated marked Dynkin diagram

2 2 2 2 2
B, 606 6—0¥0
7V Ve-Dk-1Vk

we can read:

{ Phs (br—1) = br—1 + bk (2.7)

Or—1+(bg) = b + 2bj_1.
If g is of C} type, the sense of the arrow in the diagram above is reversed
and consequently:

Prx(br—1) = bp—1 + 20y
Or—14(bk) = bp + bp_1.
From our point of view, the only difference between the two situations con-

sists only of these sets of relations and that can be easily annihilated by the
following ”change of variables”:

(2.8)

bi—2b;, 1<i<k—1, and by > by.

The coincidence of these two representations is not surprising if we take
into account the classical W-equivariant isomorphism

H*(G/T,Q) ~ Qlzy, ..., x]/(Q 21, ..., 2x]"),

where GG is a compact connected rank k Lie group, 7' C G a maximal torus,
W the associated Weyl group and QT [z, ..., zx]" the set of all homogeneous
W-invariant polynomials of positive degree, deg(z;) =2, 1 <i <k (cf. [3]).

Step 6. The case By with m; =mgy =1
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The action of W on Hy(M,Z,) in this case is given by:

14(b2) = by + b
{ 52*(171) = by, (2.9)

up to a converse (see Thm.2.1.2, especially its proof, point ¢3)). We intend
in the sequel to give an exact answer.

The only noncompact symmetric space which can furnish our M is
S00(2,3)/50(2) x SO(3). We recall that if I5 3 denotes the diagonal matrix
Diag(—1Is, I3), then the group SO(2,3) = {z € R>*® : 2! 130 = I3, detx =
1} has two connected components and usually SOg(2,3) denotes the com-
ponent of the unit. The involutive automorphism o953 : © +— Iy32ls3,
x € S0y(2,3), has SO(2) x SO(3) as fix point set. Without getting into
details (they can be founded for instance in [18], Example I, §2, Ch.V),
we only mention that, in the usual notations adopted in our section 1.2,
K =S0(2) x SO(3) and

_ O A . 2x3
,,_{(_A 0).A6R }

K acting on p by conjugation. As a maximal abelian subspace of p can be
chosen:

0O 0 06 0
0O 0 0 0 6
0= 0 0 00 0 |:60,6€Rr
6, 0 0 0 0
0 —6, 0 0 0

The corresponding root system consists of +60; + 65, +6;, +6,; as a simple
root system we choose vy, = 6 — 6, 72 = 6. Notice that ||v1]] > |72
We fix now xy € a with v1(zg) > 0 and 72(xg) > 0 and associate the
isoparametric submanifold M = (SO(2) x SO(3)).x¢. The walls of the fun-
damental chamber are [, (z9) = Kery; and l,,(z9) = Kerys; as usual, the
fundamental indices will be 7; and 5. Expressed as a homogeneous mani-
fold , M has the form
SO(2) x SO(3)
A(Z) x {1}

where A(Zy) x {1}denotes the set {Diag(e,e,e,6,1) : € € {—1,1}}. We are
also interested about the form that the focal manifold M, obtained after
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focalization with the parallel normal field v; has , where v, (zg) € v(M),, such
that zo + v1(zo) belongs to the only focal line I, (z(). A simple calculation

shows: S0(2 503
L _ S0(2) x S0B)

A (SO(2)) x {1}

and moreover, the endpoint map m : M — M, is just the natural projection
induced by the inclusion A(Zy) x {1} — A(SO(2)) x {1}. Decisive for the
current step is the following claim:

Claim. The circle bundle 7y : M — M is trivial. Consequently, ¢1.(bs) = bo
and (pg*(bl) = bl + bg.

Before proving it, let us convince ourselves that the claim gives the right
answer: The marked Dynkin diagram involved here is:

1.1
B omue
T V2

hence the matrix we are expecting to use is

(dz'j):<8 (1))

in the sense that ;. (b;) must be b; +d;;b;, i, j € {1,2}. We are evidently on
the right way.

In order to prove the claim, we start with the following two diffeomor-
phisms:

SO(2) x SO(3)
A(zz) x {1}

SO(2) x SO(3) _ y _
ASO@) x {1} = S02)/50(2) x 50(3) = S03),

both given by the same correspondance law, namely:

[(g. k)] = ([g], k(g™ 1)),

for any g € SO(2), any k € SO(3) and equivalence classes adequate to each
situation. They also furnish the following commutative diagram:

~ SO(2)/Zy x SO(3) = S* x SO(3)

and
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Sx SO(3) projection Se6)

which proves the first assertion. In order to prove the two relations, we can
suppose that M = M,, x S* and ¢; : M, x S' — M, x S' maps an arbitrary
pair (z,z) € M,, xS* to (z, —z). But then ¢; is homotopic to the identity by
iz, 2) = (z,e™2), (x,2) € M x S', t € [0, 1], hence ¢y, equals the identity.

Step 7. The cases By, and C} with different multiplicities.
From the form that the Dynkin diagrams involved here can have, every-
thing can be easily arranged by using only the first two steps.

Step 8. The cases By, and C}y, with mq = mo = 2.
We apply the previous Step 5.

Step 9. The cases By, and Cy with my = mo = 1.

We consider for instance the By case, namely we take G/ K the symmetric
space of noncompact type whose marked Dynkin diagram is that from below
(without being interested about the exact expression of this space), together
with the corresponding principal isotropy orbit M = K.xq, x¢ € a regular.

1 1 1 1.1
B, o606 o0—co
T V2 Ve-Hk-1k

The first two steps say everything about the action of W on Hjyyer (M),
except the the values of @g.(br_1) and @r_1.(bx).In order to obtain them,
as usual, we consider a corresponding rank 2 slice. More precisely, we take
v(z0) € V(M) such that z "% xq + v(x) € A(zp) is contained in the only
focal hyperplanes [, ,(x¢) and [, (zo), we extend it to a normal parallel
field v and consider the slice S, through zy, i.e. the connectd component
of 71 (7, (o)) which contains xo. In the same time, S,,, can be interpreted
as connected component of the orbit K,x.7o, given by the adjoint action of
the stabilizer K,: on p,; = {z € p : [v,25] = 0}. It is clear that Sy, is
an isoparametric submanifold in p,;. Maybe less clear is how could we get
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a symmetric space whose principal isotropy orbit is S,,,. An interesting
geometric approach to this problem is given by Heintze and Olmos in [17].
We will not get into the details of their construction: relevant for us is
only the fact that the isotropy representation of this symmetric space, call
it P, is the same as the adjoint representation of (Ky;/Ls)o on p’, where
Ly = {k € Ky : Ad(k) = id on p,+} and p’ = o’ + Zx(x;;):o p», the space o
spanned by H,, |, and H,, being maximal abelian in p’. In order to see our
Szow as an orbit of this representation, we must actually choose v(zg) € o
(in fact, form the very beginning we can choose —v(zg) to be the orthogonal
projection of xg onto o’ = (I,,_, (N, )+) and then consider the orbit of z
via the action of (K:/Lax)o on 2o + p’. The roots of P’ are the restrictions
to o of the roots A € A with A(z}) = 0. This means that P’ is of By type,
ie. P'=50¢(2,3)/S0O(2) x SO(3) and Vi_1|a/, Vi|o form a system of simple
roots. Since ||vx—1|| > ||7&/|, it follows from Step 6. that @r_1.(bx) = bx and
gok*(bk_l) = bk—l + bk, QED

Step 10. The case Fy with mi # ms.
We apply the results proved in the first two steps.

Step 11. The case Fy with m; = my = 2.
We have to do with an adjoint orbit, or this case is done by Step 5.

Step 12. The case Fy with m; = my = 1.
We apply Step 1, Step 2 followed by a reasonoing similar to those made
during Step 9.

Step 13. The case G5 with m; = mq = 2.
We apply Step 5.

Step 14. The case G5 with m; = mq = 1.
We are done by the point d) of Thm.2.1.2.

2.2 Homology and cohomology of F),

We anticipate the results founded at the beginning of the next section (espe-
cially Lemma 2.3.1) by saying that a basic object in investigating the coho-
mology ring of M is the F-cycle associated to a minimal gallery of maximal
length. We will came back temporarily to the general situation considered in
our first chapter: M™ will be in this section an arbitrary irreducible, compact
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and full isoparametric submanifold of R"**, without any assumption of ho-
mogeneity. As usual, we fix z9 € M together with its Weyl chamber A(zg)
(distinguished as the fundamental one) and its walls ly(xg),...,[x(zo). Let
wy be the longest element of the Weyl group W. To an arbitrary reduced
expression of wy we associate the corresponding minimal gallery, say it of
type f = i1%2...ip. This gallery ends clearly at the chamber corresponding to
wy = sy, namely the opposite of A(zg) and its length p equals the number
of focal hyperplanes. Denote the corresponding F-cycle by (F,, u), with

Fp = Ff = {(Zl, ...,Zp) e M*P . 21 € Sil(l’()),ZQ € Si2(21), .y 2p € Sip(zp—l)}

and u = uy : F, — M, (21,...,2y) — 2p, (21,...,%,) € F,. Since wyx, is
the maximum point of the distance function f,, on M, it follows that the
cycle uy, [Fy] must be the generator of the top-homology module of M, in its
quality of cycle of linking type at woxzo. In particular, F}, is a closed manifold
of the same dimension as M and u is a map of degree +1 between F, and
M.

The study of F), is facilitated by the fact that it is the total space of an
iterated bundle, whose first base space and fibers at each level are spheres,
each bundle involved here admitting a section. More precisely, for any 1 <
r < p, take

F.={(z1,22,..,2) € M*" : z1 € S;,(x0), 22 € Si,(21), ..y 20 € S (20-1) }-

Then 7, : F, — Fr_1, (21, .., 2:) & (21, 0 2v-1), (21, .., 2,) € Fp, is an S™ir-
bundle and s, : Fr._1 — F,, (21, .., 20-1) ¥ (21, oo0s 2r-1, 2r—1), (21,20, 2r_1) €
F,._4 is a section of it. The aim of this section is to use all these parti-
cularities in order to prove that, from the homological and, up to a certain
point, cohomological viewpoints, [}, has the same behaviour as the product
of spheres S™i1 x ... x S™ir,

We fix for the moment r € {1, 2, ..., p} and denote by Z, the set {1, 2, ...,7}.
To any I C Z, of the form [ = {j; < ... < j;}, we associate the subspace

ay ={(21,.,2,) E M 121 = ... = zj, 1 = Xo, 2, = ... = 2j1 € Sy, (o),
Zjy = o = Zjs1 € Sy (21), s Zje oy = o = 25,01 € iy (250), 25, = 0 =
2 € Si; (%,,)}

of F.. By convention, aj means the set consisting of one point. By an
inductive argument, we will prove first:
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Proposition 2.2.1 The set {a} : I CI.} form a basis of the module H.(F).

The assertion is quite clear for r = 1. In order to make the induction
step, we consider the bundle 7w, : F, — F,_;, together with the section
S, : F._1 — F, described above and use the following two lemmas:

Lemma 2.2.2 The map s, is injective and H,(F,) = Ims,.. ® Kerm,,.

PROOF We are resumed to a purely algebraic fact: A = H,(F,) and B =
H,(F,_1) are Abelian groups, 7 = 1« : A — B and s = s, : B — A are
morphisms of groups with 7 o s = idg. It must follow A = Im(s) & Ker(n).
We notice that if p: A — Kerm, a — a—s(n(a)), a € A and i : Kerm — A is
the inclusion map then poi = idgerr, pos =0, toi=0andiop+sonm =
id4. Consequently, we can use [10], Prop.2.16, Ch.I, and obtain the desired
equality.

1
Lemma 2.2.3 For any [ C 7, holds:

a) If r ¢ I, then m..(a}) = a7 and s..(a} ") = af.
b) If r € I, then m,..(a}) = 0.

PROOF The only fact that really needs a proof is the assertion made at
point b). Consider the commutative diagram from below, where the arrow
which starts at a’l";{lT} represents the inclusion map and the horizontal arrow

is described by the same law as 7. Since dimaK{lr} <dima?, the conclusion
follows immediately.

1

In order to accomplish the induction step, we must consider the Gysin ho-
mology sequence of the bundle S™» — F, 5 F._; namely:

- *+mi7«+1(F7"_1) - H*(Fr—l) = *+my, (FT’) = *+m, (Fr’—l) ..
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in order to deduce that Kerm,., =Im7r. Whenever [ is a subset of Z, with
r € I, we take the Gysin sequence of the bundle S™r — af = ag\_{lr}, namely
the following piece:

r—1 T r r-l
Hyynar=t (@ngy) = Haimap)(a7) = Haim(ap) (@5y,y) = 0

and deduce that T[a;\_{lr}] = +[a}]. Finally we invoke the naturality of the
transfer map 7.

Remark 1. Remember that, by our convention, R = Z iff the values of both
multiplicities are greater than 1. In this situation, all manifolds involved
above (namely F, and a}, with 1 <r < p and I C Z,) are simply connected
(as can be seen inductively by using the homotopy long exact sequence),
so orientable: their precise orientation is given by the assumption made in
section 1.5 and became concrete later, in section 2.1, Remark 7.

We are interested now about the cohomology ring of F,,. At any iteration
7« . — F,_y we consider &. € H™ir(F,) uniquely determined by: &, (al) =
Land &, (a}) = 0, for any 1 < j < r with m;; = m;,. Of course, the restriction
of & to any fiber generates, together with the unit 1, the cohomology of
this fiber. It follows from the theorem of Leray-Hirsch that the map 7 :
H*(F,_1) — H*(F}) is injective and

H*(FT’) :W:H*(Fr—l)@ng:H*(Fr—l) (210)

Via the monomorphisms of the form ;,, we will interprete all rings H*(F}),
1 < k < r as subrings of H*(F}): in particular, any &; with 1 < j < r is
regarded as an element of H*(F}).

Definition Let A* be a sqew-commutative R-algebra
(ie. zy = (—1)de9@des®W)yq for any two x, y € A*) We say that A* is simply
generated by its elements x1, X9, ..., x, and denote that by A* = A(zy, ..., x,)
if:

a) as R-algebra, A* is generated by zy, o, ..., x,;

b) as R-module, A* has a basis consisting of the products z; e TjTjy ... Ty,
with J = {j1 < jo < ... < ji} CZ,.

An algebra A* simply generated by 1, xs, ..., z, is clearly completely de-
termined only when all squares ZE?, 1 < j < r, can be expressed as linear
combinations of products of the form z; x;,, with j; < j2. As a particular
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case, if A* = A(zy,xa, ..., x,) with :L'? =0, for any 1 < j < r, then A* is the
exterior algebra A(zy, ..., z,).

It follows from the previous considerations that H*(F,) = A(&y, ..., &),
with degf; = m;;, 1 < j < r. So the only missing piece of information is
the expression of 5]2 as linear combination of monomials of the form §; &;,,
1 < 71 < jo < r. We will solve this problem in our next section. For
the moment, we are interested about an another aspect, namely the duality
between the basis {{; = &;,..§;, : J = {j1 < ... < it} CZ.} of H*(F,) and
the basis {a’; : J C 7.} of H,(F,). We will solve this problem in two steps
as follows:

Proposition 2.2.4 For any subset J of I, holds &;(ay) = (—1)'), where:

1) = 0, if J consists of only one element
> Ami; miy, g1, J2 € J, i < ja}, otherwise.

PROOF It will be sufficient to prove that &7, ([F,]) = (—=1), where [, de-
notes 0 if r = 1, respectively » , <jr<jocr Mi; My, , otherwise. We will do that
by an inductive argument. For r = 1, the equality is evident.

We show now that if ¢ denotes simply &7,_,, then from £[F,_1] = (—1)b—1
follows &7, ([Fy]) = mi ()& ([Fr]) = (—1). As usual, a’ € H,,, (F,) denotes
the fundamental homology class of the fiber in the bundle . : F, — F,_;. Let
¢ denote the Poincaré dual of @] in H*(F,). Since the submanifold s,(F,_;)
and a fiber intersect at only one point, the intersection number being +1 (see
Remark 1, section 1.5), it follows from [14], Prop.31.7, that

¢ (spu[Fr]) = (1), (2.11)

where ¢, = dima’. - dimF,_; = m;, (Z;: mi;).

On the other hand, one can easily see that m,..([F,]N7(€)) = 0, hence by
Lemma 2.2.3, [F,]N7}(§) = ka, with k € Z. But then k = &,.([F,]N7}(€)) =
(mx(€) UE)([Fy]) = (=1)}, for a certain integer | (we used in the last step
the theorem of Leray-Hirsch). Consequently, 7*(§) = (—1)!¢’ and by (2.11),
l=q,+1,_1,ie. [ =1,.

(I

The second step is made by:

Proposition 2.2.5 Whenever I and J are different subsets of I, with dima; =
dima’;, holds &;(a}) = 0.
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PROOF Once again we will use an inductive argument by » > 1. Forr =1,
everything is clear. Let us suppose that the assertion is true forany 1 < k < r
and prove it for r.

Case 1: v ¢ J. Ifr ¢ I, then £5(a}) = w5 (&) (s (a]™h)) = E(Mpuspu(a)™h))
= &s(ay") and we can use the induction hypothesis. If r € I, then &;(a}) =
w5 (&5)(a}) = &s(mpway) = 0, by Lemma 2.2.3.

Case 2: r € J. Take J of the form J = J |J{r}, with J' C Z,_;.

We have to prove that £;(a}) = &, U &y (af) = 0.

I£ J' & I, notice that &{a7) = (&,U&,)(if.[a7]) = (i7)*(€:)U(5)" (6r) ([ag),
where 7} : a7 — F, is the inclusion map. The idea is to show that the
element (i7)*(£;) of H*(a}) is zero. As long as the module H,(a}) is freely
generated by the cycles al, with K C I, we only need to take a such K with
dimaj=dima’;, and to observe that (i})*(&;)(a’) = £y (a)) is zero, by using
Case 1. (it is impossible to have K = .J').

If J/ C I and and 7 ¢ I, then (& U&p)(ay) = (& UEp)(spmal ™) =
s:(&) U st (Ex)(ay) =0, since s%(&,) = 0 (& has been chosen in such a way
that it vanishes any m; -dimensional element of Ims,.).

From J' C I and r € [ would follow .J é I, hence dima’; <dima7,
impossible.

1

2.3 The ring H*(M,,R)

If our object of study, the manifold M, was considered in the previous section
from the abstract perspective of isoparametric submanifolds, we must now
come back to the position adopted in the first section of the present chapter:
M will be again a principal isotropy orbit of a certain irreducible symmetric
space or a rank 2 irreducible isoparametric submanifold (this two viewpoints
of seeing M are, of course, identic). Our goals in this section are:

a) to elucidate completely the structure of the cohomology ring of F,;

b) to relate the cohomology rings of M and F,, sufficiently close in order
to be able to use point a) and give a precise description of H*(M);

¢) to obtain the cohomology ring of an arbitrary focal manifold M,,.

As we already declared at the beginning of the chapter, the start-point
of our investigations is the paper [19] of Hsiang, Palais and Terng. In an
incipient stage, many ideas of our present developement can be founded in
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the 6-th section of this paper. Maybe some concrete delimitations have to
be made:

a’) In order to calculate the cohomology of the highest dimensional F-
cycle, we will use the same method as the authors above used to calculate
the cohomology of the highest dimensional HPT-cycle (actually, we have
to look for the origins of the idea in Bott and Samelson’s paper [5]). Their
convention concerning the choice of the ring R is just slightly different of ours,
in the sense that they allowded R to be Z only if the two multiplicities are
equal and greater then one, and that, only in order to gain the commutativity
of the rings H*(M) and H*(F,). By our method, we will manage also with
the integral cohomology in the case (BC)i IV = Cy IV (see Table 2. from
Appendix). On each level F, of the iterated bundle acts naturally a certain
element of the Weyl group: the action induced on Hjyyer(F;) plays here
an important role and can be directly deduced from what we already know
about the action of W on Hjgye(M). That’s not the case in the paper [19]:
very similar descriptions of these two representations are given also there,
but they are not complete (now we know that it would has been impossible
to get these descriptions completely, as long a certain root system was not
involved).

b’) In relating M and the highest dimensional HPT-cycle, firstly from the
homological viewpoint, Hsiang, Palais and Terng restricted themselves only
to Hiower- By dualizing this relationship, they could, of course, only relate
the lower cohomology modules. That’s a too small piece of information to
furnish general descriptions: only under the severe restrictions m; = mgy > 2
and R = Q concrete estimations have been achieved (and that is because
their reasoning is essentially based on the result of Borel result which says
that the rational cohomology ring of a principal adjoint orbit is generated by
its degree two elements). At our turn, we will be able to obtain a closer re-
lationship between the homology modules of M and our highest dimensional
F-cycle, thanks to the descriptions we gave to this two modules in our previ-
ous sections 1.5, respectively 2.2. By using the duality stated in Prop.2.2.1,
this relationship will be immediately transposed in cohomology.

¢’) The cohomology ring of a focal manifold is obtained in [19] under the
same severe restrictions described above (uniform multiplicity greater than 1
and rational cohomology): the method is still based on Borel’s results and a
dimension-comparing argument. In a totally different way, we will be leaded
to general estimations. Namely, we will transpose in cohomology the results
of section 1.6, especially the surjectivity of 7,,, which implies the injectivity
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of 7} and describe the image of 7} in H*(F,), the latter one being already
known, by a).

Let us begin now with a simple topological consequence of the fact already
noticed at the beginning of section 2.2, which says that the map u : F,, = M
is of degree +1:

Lemma 2.3.1 The map u* : H*(M) — H*(F,) is injective and its image is
a direct summand of the free R-module H*(F,).

PROOF (cf. [5]). We denote both Poincare duality maps asoociated to M
and F, by d (they are actually isomorphisms). Since u has degree £1, the
following diagram is,up to a sign, commutative:

U*

H*(M) H*(Fp)
d d
Hn«(M) = Hn «(Fp)

This means further that (d~'ou,od)ou* = %idy- (), hence u* admits an
inverse from the left. The algebraic reasoning made in the proof of Lemma
2.2.2 will furnish now the direct complement of Imu* in H*(F),).

1

Remark 1. It is maybe worth to notice that, a subalgebra of a Z-algebra is
not necessarily an additive direct summand: take for instance the subalgebra
{ko + 2k1x + ... + 2k, 2™ : n € N, k; € Z} of the polinomial algebra Z[z]|. Of
course, such problems cannot occur if instead of Z, the field Z, is involved.

We mentioned in the last section that H*(F,) = A(¢,...,&,) without
going further in getting the complete ring structure. We fix again r €
{1,2,...,p} in the intention to obtain the decomposition of £2 in terms of
products of the form &;¢;,, with j; < js. As usual, our main instrument
will be the sphere bundle S™r — F. 55 F_, together with its section
sy F._1 — F,. Also consider the involutive automorphism @, of F,., which
associates to an arbitrary (zi,...,2.) € F, the element (z1,..., 21, ¢; (2))
of F.. Notice that m. o, = m,.. It follows that for any generator aj of
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Hipwer(Fr), 1 < j <7, holds m.@r.(a}) = mpu(a}), ie. B,.(a}) —aj belongs to
Kerm,.|m,,,..(7) By Lemma 2.2.3, the latter one is Ra/. and we get in this
way:

Pra (a;) = a; + 63'7*@:7
for any 1 < j <r, where 3}, are coefficients from R. The following diagram
Is commutative:

Uy

F, M
6[' ¢||’
H u, M

Hence from u,.(a}) = by, it follows now @;,.(b;;) = bs, + B;rb;,. By com-
paring this relation to Thms. 2.1.1 and 2.1.2, we immediately identify the
coefficients f3;, and get:

@T*(a';) = a’; - dijira:a (212)
for any 1 < j < r. Since the basis {¢; : 1 < j < r} of Hlower(F) is dual to
the basis {CL; 11 <j <r}of Hpper(F,), a simple calculation leads to:

r—1
Br&) = (1 —dii))er = > dii,& (2.13)
j=1
The following technical result will be needed later:

Lemma 2.3.2 Let 7 : E — S' be a circle bundle over the circle S* and
s: St — E a section of it. Let B denote the involutive automorphism of the
total space E induced by the antipodal maps of the fibers. Let & be the element
of HY(E, Zy) uniquely determined by the fact that it generates, together with
the unit, the cohomology of the fiber and it vanishes s,H,(S*, Zy). Then:

§07 (&) = 0.

PROOF One knows that there are only two bundles of the form described
in our enouncement, namely the trivial one and the bundle induced by the
Klein bottle (see for instance [36], §26).
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In the first case, £ = S' x S, 3 associates to any pair (21, 23) from
St x St the pair (z1, —22), being homotopical to the identical map (we use
the same argument as in Step 6. of the proof of Thm. 2.1.1). It follows
&0 (&) = €2 = 0, since this time & is simply the generator of H'(S!).

Consider now E the Klein bottle. It will be convenient for us to take the
isoparametric submanifold of type Ay with uniform multiplicity 1, together
with the F-cycle F;, associated to the gallery of type 12 and the projection
7 =my: Fy=FE — F; + S In our previous notations, £ = & and @ = $,.
It is clear that the bundle my : F» — Fj is nontrivial, since from (2.12),
Do (a2) = ag + a;. From (2.13) follows $5(&) = & + &. By using the
description of the ring H*(E, Zs) (see for instance [28], Example 2, p.295),
we can see that &2 = &¢;, and the lemma is completely proved.

1

The decesive step in obtaining the ring structure of H*(F},) is:
Lemma 2.3.3 [t holds &5 (&) =0, for any 1 <r < p.

PROOF For any subset I of {1,2,...,p} which do not contain r holds

&Epi(&)(ar) = &D5(&)(sp(ar)) = 0, since si(&.) = 0. It follows that we
have the description:

r—1
&or (&) = chfj&- (2.14)
=1

We will show that all coefficients ¢; involved in the formula above vanish, by
taking separately the following situations:

Let’s consider first the case when m; > 2. Take J ={1 <j <r: m;, =
m;, } and J' = J\ {r}. Then the restriction map

T Qg — aj (215)

is also a S™i-bundle, which is clearly orientable (since a; is simply con-
nected). The restriction
Sp iy — ayg (216)

is a section of this bundle. If 2 : a; — F), is the inclusion map,

having in mind equation (2.14), it will be enough to show that +*(&,75(&,)) =
(1*(&)Pi(e* (&) = 0. To this end, we will restrict our atention to the ori-
ented S™r-bundle given by (2.15), with the section described in (2.16) and
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the involutive automorphism @, on a;. Associate to this bundle the Gysin
sequence, which has the form:

= Hiay) ™ Hi(ay) 5 HI ™ (ay) — HI Y (ay) — ...

By using Thm.21.9 of [24], 7i7((+*¢.)@(1*E,.)) = 0. But in our case, 7}
is injective, hence there exists u € H*(ay) with (¢*¢,)@;(1*¢,.) = 7} (u). By
applying s’ to both terms of the last equality, one gets u = 0, since s%(2*¢,) =
0 and 7, o s, = id.

When m,;. = 1, we have only to take an arbitrary 1 < j < r with
m;; = 1 and to notice that if j : agj,) — F, is the inclusion map, then
&71(E) @) = EPHEN0-(apm)) = (7671076 agia) = 0, because of
Lemma 2.3.2.

(I

We are now in position to state:

Proposition 2.3.4 The algebra H*(F,) is simply generated by &, &,....&p,
where deg&, = m;, and :

r—1
(1- dim-)fz = Z dijir-grgja
j=1
foralll <r <np.

We know now that, via w,, H*(M) becomes a subring of H*(F},). Fix
GO a set of representatives of G,,/ ~. Recall that we stated in Thm.1.5.9 a
natural identification of H,(M) with the free R-module [G%]. Consider now
the dual basis {wy : f € G2} of H*(M), i.e.:

sl ={ e

0, otherwise.

Since the ring H*(F},) is already known, it only remains to express an ar-
bitrary wy, f € G2, in terms of the basis {&; : J C Z,} of H*(F,). In
order to do that, it will be enough to estimate the value of uw*(wys)([as]),
for any J C Z,. If J is of the form {j; < j» < ...,J-}, we associate the
gallery ¢g(J) € G,,, uniquely determined by its type i;,i;,...1;, and then the F-
cycle (Fyc), ug(s)) (see section 1.5). Consider the degree 41 diffeomorphism
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a U3

3 Fa
\ Ug)

M

Yy ay — Fyyy which maps an arbitrary (yi,...,y,) € ay to (y;,,...,y;.) and
makes the following diagram commutative:

It follows from here that u.([as]) # 0 iff g(J) € G,,. Whenever this latter
condition is satisfied, we take f the element of G% homotopic to g(J) and
denote s(J) = s(f,g(J)) (see (1.10)); it holds then by Prop.1.5.7:

w([ag]) = g Fyn] = (1) f. (2.17)

Hence we have for any f € G°:
u(wr)(las]) = wr(uilas]) =

(=1)*), if g(J) € G and g(J) ~ f

= uJf(ug(J)*[Fg(J)]) = { 0, otherwise.

From Propositions 2.2.4 and 2.2.5 follows now the exact form of w;. We
conclude by:

Theorem 2.3.5 The R-algebra H*(M) is the subalgebra of H*(F,) which is
additively freely generated by the set of elements of the form:

wp = S{(=1)!Ue, T C T, with g(J) ~ f1, (2.18)

for all f € G°.

Let us consider now v a parallel normal field on M and associate to it
the focal manifold M, as image of the end-point map m,. In the same way
as we did in section 1.6, we associate to v the subgroup W, and the system
of minimal representatives W". If we combine Thm.1.5.9 and Thm.1.6.9 we
immediately obtain:

Proposition 2.3.6 The subset {f : s; € W} of GO is mapped by . bijec-
tively onto a basis of H.(M,). If f € GO, such that s; & W, then mu.f = 0.

84



Whenever R = Z is possible, no torsion occurs in homology, neither for
M, nor for M,. Hence H*(M) =Hom(H.(M),7), H*(M,) =Hom(H.(M,),Z)
and since m,, is surjective, it follows that 7} : H*(M,) — H*(M) is injective.
The same argument which we used in order to prove Thm.2.2.4 will give now:

Theorem 2.3.7 The R-algebra H*(M,) is the subalgebra of H*(F,) addi-
tively freely generated by those elements wy, with f € GY | for which sy is in
we.

Remark 2. As we are expecting at, the set of generators of H*(M,) in
H*(F,) described by (2.15) is independent of the choice of representatives in
G° C G,,. This is quite clear when only the ring R = Zj, is involved. In order
to see that also when R = Z is allowded, notice first that whenever f, g and h
are types of homotopical minimal galleries from G,,, holds s(f, g) + s(g,h) +
s(h, f) = 0(mod2). Consequently, if f and f’ are minimal and homotopic,
f' ~ f, then w; differ of wp only by the sign (1)),

Remark 3. The last two results furnish the R-cohomology ring of any
element of an irreducible isoparametric foliation in terms of the root system of
the corresponding symmetric space, the multiplicities and the position of the
”initial” focalizing vector in the fundamental Weyl chamber (in other words,
in terms of the marked Dynkin diagram, the nodes where ”one focalizes”).
This is what we could call the quantitative side of these estimations. But
it is not easy to deduce from here usual algebraic descriptions of H*(M,) in
terms of generators and relations: for instance, we will be interested in our
next chapter about the R-cohomological length of M, and there are not too
many chances to calculate that directly from the descriptions above. Very
helpful in this intention is the other side that we would like to point out in
this context, namely the qualitative one. It will constitute the subject of the
next statement. The arguments which support it are clear, but it is maybe
worse to point out what happenes when R = Z: when we have uniform, even
multiplicity, the exact values of [(J) and s(J) does not matter, since they are
even; when the multiplicities are different and both greater than 1, namely
in the (BC),IV and CiIV situations, we have the marked Coxeter graph of
the form:

my MMy My 1My Mo
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where m; and my are greater than 1, m; always even and msy always odd.
In order to have the certitude that m; and msy are also relatively prime, we
will suppose k& > 3 (the case k = 2 will be however analysed separately in
the next section).

Corollary 2.3.8 If M is a homogeneous isoparametric submanifold of rank
at least 3, then the ring H*(M) is uniquely determined, up to a shifting
of the dimensions of generators, by the first coloured Dynkin diagram, and
the choise of a minimal gallery of mazximal length in W. The same data,
together with the subset 1(v) of the set of nodes, furnish in a unique manner
the R-cohomology ring of M,.

We reduced in this way the calculation of H*(M,) to a very few number
of cases. One of the main goals of our paper (unfortunately, only incomplete
achieved) is to obtain the R-cohomology at least for the isoparametric ele-
ments of the foliations, i.e. H*(M). We will take one by one the 17 first
coloured Dynkin diagrams and find for each of them a reasonable represen-
tative, which will say everything about all other elements of its class.

As can be easily seen, in the case of a rank two Weyl group, two minimal
galleries with the same start-point which are homotopic, must be necessarilly
equal, provided they are not of maximal length: if J and J’ are subsets of Z,
with ¢g(J) ~ ¢(J') minimal of non-maximal rank, then g(J) = g(J’), hence
s(J) = s(J') and I(J) = (J'). We have proved:

Corollary 2.3.9 Let M be a rank two isoparametric submanifold.
(i) The cohomology algebra of M is the subalgebra of H*(F),) (see
Prop. 2.3.3) which is additively freely generated by the elements:

waZ{EJJng ’wlth g(J)N-f}’

fegn.

(ii) If v is a parallel normal field, then the cohomology algebra of the
corresponding focal manifold M, is the subalgebra of H*(F,) which is freely
generated by those elements wy described above for which sy € W*.

We will come back and use this statement in our next section, in order to
calculate the cohomology ring of all isoparametric hypersurfaces in spheres.
But for the moment we would like to prove two main results of Bott and
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Samelson’s paper [5], actually slightly generalized, by our own methods.
The intention is to describe the integral cohomology of the elements of an ir-
reducible isoparametric foliation with uniform, even multiplicity. Concretely,
the spaces involved here are the adjoint orbits of compact simple Lie groups,
the flag manifolds over the quaternion algebra H and Cayley algebra O, the
isoparametric submanifold of type G5 with multiplicity 2 and its two focal
manifolds (as we already noticed, the fact that the latter one is also an adjoint
orbit is, for the moment, only conjectured). Directly inspired by Thm.III of
[5], we state for these spaces:

Corollary 2.3.10 Let M be an isoparametric submanifold of uniform even
multiplicity. Then, via u*, H*(M,Z) is the smallest subalgebra of H*(F),,Z)
with the following two properties:

(1) it contains the unit and all elements of the form w; = X{&; : i; = i},
with 1 < i < k;

(2) it is additively a direct summand.

PROOF Let us denote by A the smallest subalgebra of H*(F},Z) which
satisfies (1) and (2). By Lemma 2.3.1 and Thm. 2.3.5, it is clear that all we
have to show is H*(M,Zy) C A.

Consider first the case when M is a principal adjoint orbit. By a classical
result of Borel we know that H*(M,Q) is generated by 1 and H?(M,Q).
This means that if w is an arbitrary element of H*(M,Z), then we can find
an integer p with pw € A. Since the same w can be decomposed as w; + wo,
with w; € A and wy in its complement, it follows pwy = 0, hence wy = 0,
(there are no torsioned elements in H*(F})).

If M is not any more an adjoint orbit, consider GG a connected and compact
Lie group whose Weyl group is the same as of M and M’ = G/T a principal
isotropy orbit (7' denotes a maximal torus in G). To the same minimal
gallery of maximal length in W correspond in M and M’ the cycles of highest
dimension F,, respectively F). Up to an eventual shifting of the dimensions
of generators &;, 1 < < p, the cohomology rings of F;, and F} are the same,
over Z and implicitely over Q. Since the elements w!, 1 < i < k generates,
together with the unit 1, the rational cohomology of M’, it follows that the
corresponding elements w; generate, together with 1, the algebra H*(M, Q).
We conclude by applying once again the same argument as in the previous
case.

(I
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Once again inspired by Bott and Samelson, this time by their Thm.III" of
[5], we describe the cohomology algebra of an arbitrary focal manifold, in the
same context as before. We must notice that this time, our proof is totally
different of their proof: instead of their spectral sequences argument (which
actually works only for adjoint orbits), we founded a purely geometric one.

Corollary 2.3.11 Under the same assumptions as in the previous state-
ment, we consider v a normal parallel field on M and associate the focal
manifold M,. Then H*(M,,Z) is the subalgebra of H*(M,Z) consisting of

the W, -invariant elements.

PROOF We have already explained why the map = : H*(M,) — H*(M)
is injective; we identify H*(M,) to the image of this map. For any i € I(v)
holds ¢; o m, = m,, hence any element of H*(M,) is W,-invariant.

Suppose now that there exists a linear combination of the form w =
> cqwy, where g € GO, ¢, € 2\ {0} and s, ¢ W such that ¢}(w) = w for
all i € I(v). Fix a certain f among the elements of GY involved in the sum
from above, together with the corresponding F-cycle (Ff,uy). Since for an

arbitrary g € G° holds:

el =) ={ g B oL,

it follows that uj(w) = cfuj(wy). The fact that sy ¢ W means that the
word f is of the form f = f’ig, with f’ the type of a minimal gallery and
io € I(v). Let @;, be the involutive automorphism of Fy which associates to
an arbitrary (21, ..., 2,) € Fy the element (21, ..., 2,1, ¥, (2-)), the latter one
being clearly also in Fy. From the commutativity of the diagram below

= Y M
qii 0 ¢i o
F Ut M

follows ©; uj(w) = u}(w), hence
Prup(wr) = up(wy).
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Notice that u}(wy) generates the top-cohomology of Fy. The map p : Fy —
Fp, (21,0 20) = (21, s 2r21), (21, o, 2) € Fy, s an S™o-sphere bundle for
which s : Fpr — Fp, (21, .0, 201) = (21, 00y Zr—1, 2r—1), (215000 2p21) € Fpry 8
a section. The same reasoning as in Proposition 2.2.1 shows that H,,, (FY)
is generated by the fundamental homology classes of all m,; -dimensional
fundamental curvature spheres whose indices are involved in the word f.
It a € Hy, (Ff) generates the top-homology of the fiber for the bundle
above, take £ € H™o(Fy) uniquely determined by £(a) = 1 and the fact
it vanishes the fundamental homology classes of all other fundamental cur-
vature spheres regarded in H,, (Fy) . It follows that the restriction of §
to any fiber generates, together with the unit , the cohomology of this fiber

By the theorem of Leray-Hirsch, the map p* is injective and H*(F),) =
P (H*(Fp))®&p*(H*(Fy)). In particular, if 6 generates the top-cohomology
of Fy, then {p*(f) is a generator of the top-cohomology of F;. Hence
D5, (Ep*(0)) = £p*(0). Since my, is even, @, ,(a) = —a. Consequently, ¢} (&)
must be of the form —& + p*(¢), ¢ € H*(Fy). But then &y (§p*(0)) =
—&p*(0) + p* (A1), and the latter sum can be {p*(f) only if Ep*(0) = 0. That
is clearly impossible.

(I

In the remaining part of the section we will restrict our attention ex-
clusively to the coefficient ring Z,. It makes no sense any more to fix the
reduced expressions for all elements of W (recall that their only use was to
distinguish the signs (—1)/)).

Theorem 2.3.12 Let M be an arbitrary isoparametric submanifold endoubted
with a minimal gallery of maximal length. Denote by i;...1, the type of this
gallery and by F,, the corresponding F-cycle.

a) The Zy-cohomology of F, is given by:

H*(Fpa Z2) - Z2[€17 sy gp]/la
where degf; = my;, 1 < j < p and I is the ideal generated by {&% +
S d! &€ 1 <r <p}, the coefficients dj; being described by (2.4).

i=1 %iji,
]b) The algebra H*(M,Zy) is the subalgebra of H*(F,,Zs) which is addi-
tively freely generated by all elements of the form:

¥{& : J CI, with g(J) ~ f},
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with f € G,.

c¢) If v is a parallel normal vector field on M, then the Zy-cohomology al-
gebra of the focal manifold M, is the subalgebra of H*(F,) which is additively
freely generated by all elements described at the point b) with sy € W.

d) If M is a homogeneous isoparametric submanifold of rank greater than
2, then the multiplicities my and ms are equal or relatively prime. The alge-
bra H*(M,Zs) is uniquely determined, up to a shifting of the dimensions of
generators, by the second coloured Dynkin diagram of the corresponding sym-
metric space and the choise of the minimal gallery of maximal length in W.
The same data, together with the subset I(v) of the set of nodes, determine
uniquely the cohomology ring of the focal manifold M,.

The last statement will be later our basic tool in "solving” the case of
uniform multiplicity 1 via uniform multiplicity 2 (i.e. adjoint orbits) and
then the generic case CpII1 via CiIV (see sections 2.5 and 2.6 below). But
for the moment we will exemplify the general methods exposed in this section
in order to obtain the R-cohomology ring of all isoparametric hypersurfaces
in the sphere and their focal manifolds.

2.4 Isoparametric hypersurfaces in spheres

Talking about isoparametric hypersurfaces in spheres or about rank 2 isopara-
metric submanifolds in Euclidean spaces is the same (cf. [32], Prop.6.3.17).
We would like now to use this well-known context (see for instance [29],
[30], [1]), in order to test here the general methods of the previous section.
Our basic tool will be, of course, Cor.2.3.9. After a case by case analysis,
the R-cohomology of the isoparametric submanifold M and of its both focal
manifols M; and M, will be obtained. We have in this case only two focal
manifolds, say them M; and M, with the indices chosen in such a way, that
the end-point map m; : M — M; an S™i-bundle, for each i € {1, 2}.

1. M is of Ay type.

We consider the minimal gallery whose type is fo = 121 (see Figure 2.4
below) and associate the F-cycle

Ffo =F;= {(21,22,2’3) € M3 z21 € Sl(l'o),ZQ € 52(2’1),2’3 € 51(2’2)}

Distinguish the following situations:
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Vs,
i1 =1

1,06) X0 15(x,)

Figure 2.4: The case A,.

ot.

la) my =my = m € {2,4,8}
It follows by Prop.2.3.4 and Thm.2.1.2, b), that:

H*(F3,2) = Z[&1, &, &5 /1

where I is the ideal generated by &3 — && + 2831, €3 — &€ and £2. By
Cor.2.3.9, H*(M,z) is the subalgebra of H*(F3,Z) additively generated by
the following elements: 1, w1 = fl + 53, Wy = 52, W12 = 5152, Wo1 = 5253 and
wia1 = £1£2&3. A few elementary calculations lead to:

H*(M,2) = Z|wy, wa] / (W} + Wi — wiws, w?, W), (2.19)

with deg w; = degws = m. We can also use the variables: n; = wy, 170 = —ws,
M3 = we — wy in order to obtain an expected expression (cf. section 2.5,
point 1.):

H*(M,Z) = Z|m, n2,m3]/ (. + 12 + 03, mne + mns + n2ms, mnens).  (2.20)

In order to calculate H*(M;), consider W,, = {1, s;} and consequently
W = {1, s9, 8152 }. The point (ii) of the same Cor. 2.3.8 furnishes H*(M;, Z)
as the submodule generated by 1, we and wyo inside H*(F,,Z). This means
concretely:
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H*(My,7) = Z[ws)/(wd) (2.21)

and similarly:
H*(My,7) = Z]w]/(w?). (2.22)

lb) mip = Mo = 1.

We apply Thm.2.3.12 and use the informations already obtained at the
previous point in order to obtain:

H*(M, Zy) = Za[n,m2,m3)/ (1 + 2 + 03, 2 + mins + m2m3, mmens), (2.23)

as well as
H*(Ml,Zg) = Zg[ujg]/(wg) (224)

and
H*(My, Zy) = Zofwr]/(w?), (2.25)

the dimension of the generators being this time 1.
2. M is of By type.
We associate this time to fo =1212 (see Figure 2.5) the F-cycle

Fy={(#1, 22,23, 24) 1 21 € S1(20), 22 € Sa(21), 23 € S1(22), 24 € Sa(23)}

2a) my = mgy = 2.

The coefficients d;; are given this time by the Cartan matrix:
2 -1
(dw> - ( —92 9 )
and we obtain in this way

H*(Fy,7) = Z[&1,&2,&3,&4] /1

with the ideal I generated by £ —£4&3+28480— 41, §3—28360+285&1, £5—E26,
&2, Additively, H*(M,7z) is generated by 1, w; = & + &, wy = & + &,
wiz = &6 + §& + §38, wa = §83, wiar = §i6283, wae = §26384 and

wio1e = £16263&,4. After some calculations we get:

H*(M,z) = Z]wy, ws] /(w1 — w2)? 4 w3, (w1 — wa)?w3)),
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i4=1

Figure 2.5: The case Bs.

where w; and wy are both of degree 2.

To W,, = {1,s1} we associate W = {1, 39,5152, 525152} and obtain
in this way H*(M;,Z) as the subalgebra of H*(Fy,Z) which is additively
generated by 1, ws, wis, waa. More precisely:

H*(M,,7) = Z[ws]/ (wy). (2.26)
By a similar method, the cohomology of Ms will be obtained as:

H*(MQ, Z) = Z[wl, Wat, wlgl]/(wf — 2w, wf — 4wqa1, wil), (227)

with degw, =2, degws; =4 and degw,2; =6. Notice that, even if the principal
adjoint orbit M has the integral cohomology generated as ring by 1 and its
elements of degree 2, not the same can be said about the subprincipal orbit
M;. Somethig like that cannot happen any more if the rational cohomology
is involved. It follows indeed from (2.23) that:

H*(M3,Q) = Qlwi]/(w1)- (2.28)
2b) miy = Mo = 1.

By Thm.2.3.11, we only have to take the results from the previous step,
to tensorize with Zs and to shift the degrees of the generators from 2 to 1.
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One obtains:

H*(M, Zy) = Zo|wr, wa] / (W], w5) (2:29)
H* (M, Z2) = Zolws]/(w5) (2.30)
H*(My, Zy) = Zo[wy, wo, wm]/(wf, W1Wa1, WiWial, w§1, W%21)> (2.31)

with degw; =degw, =1, degwy; = 2, degwio; =3.
2c) my # ma, both greater than 1.

One knows that one of the multiplicities, say it mq, is even and the other
is odd (this follows easily from the main result of [1]). This time we have:

(%’)Z(é 8)

H*(Fy,Z) = A(&1, 62,63, 64),
degé =degés = m; and deg€y=degé, = m,, with the relations: £2 = 0,
242658 =0, & =0, & = 0. We can see H*(M,z) inside H*(Fy,2)
as generated additively by the same elements wi,...,w1212 as at the previous
point. Hence

and consequently

H* (M, 2) = Aw, wa, wi2), (2.32)
with degw; = mq, degws = my and degwis = my+my. Once again H*(M;,7Z)
is generated by 1, ws, w1z and woqo, hence:

H*(My,7) = Mwa, wia), (2.33)

with degws = my, degwia = my + my and H*(Ms,Z) is generated by 1, wy,
wo1 and wioq, i.€.:
H*(My,2) = Awr,wa), (2.34)

with degw; = my, degwy = my + ms.
2d) 1=m; < mas.
This time R = Z, and all d;; must be 0. It follows:

H*(F47 Z2) = A(gla 527 537 54)
with deg¢; =degés = mq, deg€y =degéy = mo,

H* (M, Z3) = Mwr, w2, w12) (2.35)

94



H*(My,Z3) = Awa, w2) (2.36)
H*(My, Zs) = Aws, wa), (2.37)
with degw;=1, degws = Mo, degwis=degws; = 1 4+ mo.
3. M is of G4 type.

Take fo = 121212 as in Figure 2.6 and associate to it
F6 = {(Zl, e 26) AR~ Sl(l’o), 29 € Sg(zl), 23 € 51(22),
Z4 - 52(23),25 - 51(24), 26 - 52(25)}.

5(Xo) o |I11(Xo)

Figure 2.6: The case Gbs.

3a) my = my = 2.

We have
2 =3
(dw> - < -1 2 ) :

H*(Fs,2) = Z[&, ..., & /1

where I is the ideal generated by : &2 — 3&&5 + 266€4 — 3E6E3 + 2662 — 38661,
€7 — &8a+ 26583 — Es&a + 26561, £F — 3Eabs + 26480 — 36481, &5 — E3&a + 2658,
£2 —3&¢, and €2 and H*(M, Z) is the subring additively freely generated by:
wr =& + &+ &,
we = &2+ & + &6,

hence
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wiz = &8 + §184 + 186 + §384 + E386 + &5,

war = &283 + §2&5 + &,

wio1 = 18283 + §16285 + £18485 + E384Es,

w12 = §2€381 + 28586 + 48586 1 §28386

wiatz = 1828381 + 1828386 + 1848586 + §3648586 1+ §1628586,
w121 = £283848s5,

wiz121 = £1£2838485,

w1212 = £2€3848586,

w1212 = £1£28§3848586-

After some calculations we recover the result stated in Thm.III’ of [5] (even
if it is still possible to have a such M which is not the principal isotropy
orbit of the connected Lie group of G5 type, this M must have the same
integral cohomology as the up-mentioned orbit): H*(M,z) has an additive
basis consisting of 1, wy, wo, w?, wiws, Wiwa, 1/2w3, 1/2w}, 1/2w3ws, 1/2w?,
1/2wiws, 1/2wiw,, where wy , wy are subjects of the only relations : 3w? +
w3 — 3wiwy = 0, wf = w§ = 0. We can also express H*(M,Z) in the same
manner as since now:

H*(M, ) = Z|w;, w2, 1]/ (3wi + wi — 3wiws, 27 — wi, Wl Wh), (2.38)

with degw; =degwy =2, degn=6. We will use this particular situation to
convince ourselves once more that the situation becomes more simple if the
coefficient ring is Q:

H*(M,Q) = Qlwi,ws]/ (3w} + wj — 3wiwy, w?, w$). (2.39)

As about the cohomology of Mj, notice that W,, = {1,s1}, W" =
{1, s9, 5182, $25152, $15251 82, S251525152 } and conclude that H*(M,Z) is freely
generated by 1, wy, wig, wara, Wigiz and wayare, i.e. by 1, we, 1/3w3, 1/6ws,
1/18ws, 1/18ws. Similarly, H*(M,,Z) has an additive basis consisting of 1,
wi, wi, 1/2w3 1/2wi, 1/2w?. The following expressions are, of course, not at
all surprising:

H*(M1,Q) = Q[wa]/(w3) (2.40)
H*(M3,Q) = Qwi]/(wy)- (2.41)

3b) m; =my = 1.
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From the results obtained at 3a) we get immediately:

H*(M,Zy) = Zo[w, wa, wara] / (W? + wi + wiwa, Wi, w3 wiy) (2.42)
H* (M, Z3) = Zo|wz, wara] / (w3, wh») (2.43)
H*(Mz, Zo) = Zolwr, wia] / (w7, wiy), (2.44)

where degw; =degwy, =1, and degws1o =degwi; =3.

2.5 Uniform multiplicity 1 or 2

Two types of homogeneous spaces will be considered here: principal adjoint
orbits of connected compact simple Lie groups and principal isotropy orbits
of the so-called symmetric spaces of maximal rank (i.e., in our usual nota-
tions, irreducible symmetric spaces of non-compact type of the form G/K for
which a maximal abelian subspace a of p is also maximal abelian in g). The
first ones constitute the class of homogeneous isoparametric submanifolds of
uniform multiplicity 2, so we will be interested about their cohomology with
coefficients both in Z and Zy; it is also clear that the other ones have uniform
multiplicity 1 (they are actually the only isoparametric submanifolds with
this property), so all could we hope is only to describe their cohomology
with coefficients in Z,. The reason because they are considered together is
that they are the same from the viewpoint of the second coloured Dynkin
diagram and implicitely of their Zs-cohomology rings (cf. Thm.2.3.12, d)).
Explicitely, we will use the following statement, which follows trivially from
the theorem cited above:

Proposition 2.5.1 Let G be a compact connected simple Lie group which
has the same root system as the symmetric space of mazimal rank G'/K.
Then the Zy-cohomology ring of a principal isotropy orbit of G'/K can be
obtained from the Zy-cohomology ring of a principal adjoint orbit of G after
dividing the dimensions of generators by 2.

Even if it has no relevance for our present developement, we mention
that in the assertion above the symmetric space could has been supposed of
compact type (cf. Remark 1., section 1.2) and in this case, we could have
supposed that G = G’: one can associate to any simple, compact, connected
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and simply connected Lie group G in a standard manner an involutive auto-
morphism of fixpoint set K, such that G/K is a symmetric space of maximal
rank; any compact symmetric space of maximal rank can be obtained in this
way (see [25]).

As about the principal adjoint orbits, they are quotients of the form G/T,
where 7' is a maximal torus in G, and it is maybe useful to follow briefly
the progresses that have been made during the time in investigating the
cohomology of this spaces. For the rational cohomology, a very interesting
formula has been obtained by A. Borel in [3], namely:

H*(G/T,Q) = Qla1, ..., 1] QT [z1, ..., z4]) (2.45)

where &k =dimT is the rank of G, W its Weyl group and (Q*[z1, ..., zx])
the ideal generated by the W-invariant homogeneous polynomials of positive
degree in Q[zy,...,x;]. Also to A. Borel is due the remark that a similar
formula holds if Q is replaced by Z, but only under the assumption that
H*(G) has no torsion, G being supposed simply connected (see Prop.29.2 of
the paper cited above). But in order to have no torsion, G must be of A; or
Cy type, i.e. SU(k+ 1) or Sp(k). As we already mentioned in our previous
section, a formula for H*(G /T, Z) when G is of G5 type was obtained by Bott
and Samelson in [5]. The types By, Dy, Fy and Eg were elucidated by Toda
and Watanabe in [41], also from the point of view of the integral cohomology
of G/T. As about the remaining cases when G is of type E7 or Eg, Kono and
Ishitoya obtained in [23] formulae which describe the cohomology of G/T,
but only when the coefficient ring is Z,, and probably precise descriptions of
their integral cohomology are not known so far.

We will consider in the sequel one by one all “monocolor” second coloured
Dynkin diagrams with at least three vertices, denote for each of them by M;
and M, the corresponding isoparametric submanifolds of uniform multiplicity

1, respectively 2, and, whenever possible, give descriptions of H*(Mj, Z,) and
H* (M, 7).

1. The Ay type.

Taking into account that SU(k 4 1) has no torsion, it follows easily from
the already mentioned Prop.29.2 of [3] and some considerations regarding
the action of the Weyl group on the set of homogeneous polynomials, that:

H*(Ms,7) = Z|xy, ..., xp41] /{01 (x), 02(x), ..., Ok 1 (2)), (2.46)
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where 0;(x) denotes the j-th elementary symmetric polynomial in the vari-
ables x1,...,x541 and degr; =2, 1 < j <k + 1 (see for instance [27], Ch.III,
Thm.5.5). Consequently,

H*(My,Z2) = Zalyr, -, Yrs1)/(01(y), 02(¥), -, Okt (1)) (2.47)

where y; is this time of degree 1, 1 < j <k + 1.
2. The CY% type.

Also Sp(k) has no torsion, hence, in the same manner as before, we obtain:

H* (M, Z) = Zlr, ..., 1] (51 (2), T (), s Fu(2)), (2.48)
where ;(z) means o; (2%, ..., 2%), degr;=2, 1 < j < k and
H*(My, Zs) = Zolys, - yi] /(@1(y), 02(y), -, Tk (1)), (2.49)

with degy;=1,1 < j <k.
3. The By, and Dy, types with uniform multiplicity 2.

The following two descriptions are obtained in [41]:

H*(SOQ2k+1)/T,z) = Z[t1, ..., tx, €2, ..., e / I, (2.50)
I}, being the ideal generated by

{Ui — 2622', €q4; + Z (—1>j62j€4i_2j T = 1, 2, ceey ]{7},

0<j<2i

where degt; =2, deges; = 2i, ey; = 0, for j > k. As about the D, type, the
following description can be founded in the same paper:

H*(SO(QI{?)/T, Z) = Z[tl, ceny tk, €2, ..., 62k_2]/Jk, (251)
Ji the ideal generated by

{O'i — 262i, €4i + Z (—1)j62j64i_2j 1= 1, 2, ceey k— 1} U {O’k}
0<j<2i

where degt; =2, degey; = 21, ey; = 0, for j > k. As usual, 0; = 0;(t1, ..., t)
denotes the i-th elementary symmetric polynomial in q,....t;, 1 < i < k.
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4. The By and Dy types with uniform multiplicity 1.

All we need is the Zs-cohomology of SO(2k 4+ 1)/T and SO(2k)/T. We
could, fo course, tensorize with Z their integral cohomology rings, known
by the formulas above. By reasons that will become clear only later, when
we will try to calculate the so-called cup-length of the cohomology rings
obtained in this section, we prefere to choose an another method, in order to
get formulas which are more convenient with this respect.

Namely we begin by the description of the Zy-cohomology of the symmet-
ric space SO(2k)/U (k) given in [27], Ch.III, Th.6.11: this algebra is simply
generated by certain elements es,....eo_o, subjects of the only relations:

e4; + E €2i€45—2; = 0,
0<i<j

for all 1 <j <k — 1, where ey; must be readed as 0, whenever j > k. Then
we notice that for both of the following two bundles:

U(K)/T — SO(2k)/T — SO(2k)/U(k),
SO(2k)/U(k) — SO2k +1)/U(k) — S*

the base-space and the fiber have vanishing Zs-cohomology in odd dimen-
sions. It follows by a trivial argument of spectral sequences that the cohomol-
ogy of the total space is in both cases the tensor product of the cohomology
algebras of the base-space and the fiber, i.e.:

H*(SO2k)/T, o) = H*(U(k)/T, 25) ® H*(SO(2k)/U(k), Z2),  (2.52)

H*(SO(2k +1)/T,2y) = H*(SO(2k) /T, Zy) @ H*(S*,75). (2.53)

All factors of the products from the right-hand sides above are already known.
If the Weyl group of M is of By, respectively Dy type, then H*(M;) can be
obtained from (2.49), respectively (2.48) after dividing the dimensions of the
generators by 2.

5. The Fy and FEg types.

Precise formulas for H*(M,,Z) are given in [41], Thms.A and B. It is
also clear how can be derived from here H*(My, Zj).

6. The E; and FEjy types.
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The Zy-cohomology of M, is described in [23], Thm.3.10; divide by 2 the
dimensions of the generators in order to obtain H*(Mj, Zs).

Remark Although it doesn’t belong strictly to the context of the present
section, consider here also the situation when M is of A, type with uniform
multiplicity 4: by Cor.2.3.10, we obtain a description of H*(M,z) if we shift
in (2.42) the common value of the degrees of z;, 1 < j < k+1, from 2 to 4.

2.6 The Weyl group of B; type and different
multiplicities

The goal of the present section is to apply what we like to call the ”pro-
totype principle” (more precisely, Cor. 2.3.8 ) in order to calculate the R-
cohomology ring of all homogeneous isoparametric submanifolds whose first
Dynkin diagram has one of the types ByIII = CyI1I or (BC) IV = CIV.
As an immediate consequence, the Z; cohomology of all isoparametric sub-
manifolds of second Dynkin digram ByplI = CyII = (BC)iII will be ob-
tained. Which are exactly the symmetric spaces whose principal istropy
orbits are involved here, it can be easily seen by consulting the three tables
from the Appendix together with Table VI and Table V from [18]. It will
be enough to find among this spaces a satisfactory one, if possible one whose
isotropy orbit is accessible from the viewpoint of the Z-cohomology. As we
will see in the sequel, a such representative is furnished by the symmetric
space SU(2k +m)/S(U (k) x U(k +m)).

We will not get into the details concerning this symmetric space: they
can be founded for instance in [18], Ch.X, § 2, §§ 3.Mention only that it is
a symmetric space of (BC)y type, whose marked Dynkin diagram is:

2 2 2 22 1
(BC), 6—5-- o—o:%Jr

and the concrete form of a principal isotropy orbit is :

S(U (k) x U(k +m))
S(A(S! x ... x ST) x U(m))

My = (2.54)

where A(S! x ... x S1) = {Diag(21, ..., 2x, 21, .-, 2&) © 21| = ... = || = 1}
We simplify the expression of M, in two steps. First we apply the following

101



general result:

Lemma 2.6.1 Associate to the closed connected subgroups H and L of U(m)
the subgroups

SH ={z € H : detx = 1}
and

SL={x e L:detx =1}.

If any matriz of the form Diag(z,1,...,1), 2€ C, |z| = 1, is in H and H is
a subgroup of L, then the homogeneous spaces L/H and SL/SH are diffeo-
morphic.

PROOF A such diffeomorphism is given by:

L/H — SL/SH, [1] — [xDiag(@, 1,.1), zeL.

Consequently,

U(k) x Uk +m)
A(ST x ... x STy x U(m)

Then we notice that the correspondance [(g, h)] — ([g], [h(¢7*, 1)]), (g,h) €
U(k) x U(k 4+ m) gives the diffeomorphism

M(]ﬁ

Uk) xUk+m _ Uk)  Ulk+m Uk .,
A(Sl X ... X Sl) X U(m) o Sy . xSt U(m) - T m-+k,k»
where T' = S x .. x S' = {Diag(z1,..., %) : || = ... = || = 1} is a

maximal torus in U(k) and W,y r = U(k + m)/U(m) the complex Stiefel
manifold consisting of systems of & orthonormal vectors in CF+™.

Both W4, and U(k)/T have no torsion and moreover, by Prop.9.1 of
[3], we have:

H* (W ipp, 2) = H*(SHMHR=1 5 G2mER)=3 o x §2m+L 7) (2.55)

If in our previous formula (2.42) we replace k+ 1 by k, we obtain the integral
cohomology of U(k)/T. Conclude by:

H*(My,7) = Z|xy, ..., xk] [ (01(x), ..., o0 (x)) @ Aleq, ..., ex),
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with degz;=2 and dege; =2m + 25 — 1, forany 1 < j < k.
Let now M be an arbitrary isoparametric submanifold of rank k at least
3 whose marked Coxeter graph is of the form:

my My My My Mo

with my # msy. Consider first the case when m; and msy are both greater
then 1. By a direct observation of Table 1. from the Appendix it follows
that m; is even, my is odd and they constitute relatively prime integers. We
conclude from Cor.2.3.7 that:

H*(M,z) = Z[zy, ...,xi) [ (01(2), ..., ok (z)) @ Aleq, ..., ex), (2.56)

with degz;=m, and dege; = my + (k — j)mq, for any 1 < j < k.
Let us allowd now to my or msy to be equal to 1 and estimate the Zo-
cohomology of M. By Thm.2.3.11, d), follows:

H*(M,Zy) = Zo|1, ..., i) [ (01(2), ... o () @ Aeq, ..., ex), (2.57)

where once again degzr;=m; and dege; = mg + (k — j)my, forany 1 < j <k
(of course, A denotes in (2.53) the exterior algebra over Z and in (2.54) the
exterior algebra over Z,).

2.7 The Weyl group of F; type and different
multiplicities

In order to have a complete image about the Zs-cohomology of irreducible
isoparametric submanifolds, the only missing piece of information regards the
situation when the second Dynkin diagram is of FyII type. More precisely,
there are three such principal isotropy orbits: the corresponding symmetric
spaces, together with brief descriptions of the orbits we are talking about
are given in [19], section 3. By our Thm.2.3.12, it would be enough to
obtain the Zs-cohomology for any of these orbits, and then to apply the
same scheme as in the previous section. Unfortunately, none of them seems
us accessible enough with this respect. First of all it is not easy to understand
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the exact structure as quotient spaces of these isotropy orbits, even with the
indications given in the paper cited above. Supposing that this task would be
finally done,we can expect to obtain quotients whose cohomology is difficult
to be described.

All could we done in this direction was to describe completely the prin-
cipal isotropy orbits of one of these three symmetric space, but without
succeeding in calculating its cohomology. Namely, the symmetric space is
Eg/SU(6) x SU(2). A certain amount of calculations is needed in order to
obtain a principal stabilizer in the corresponding isotropy representation of
SU(6) x SU(2): Denote by T? the standard maximal torus in SU(3), namely
the set of all matrices of the form Diag(z1, 29, 23) with |21]| = |22| = |23] =1
and 21223 = 1. A principal stabilizer is then H = Hy| |(J, j)Hy C SU(6) x
SU(2), where the connected component of the unit Hy is:

_ nt 0\ . 2 4
{8} rer gee o]

and
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Chapter 3

Lusternik-Schnirelmann
category of isoparametric
submanifolds

After evaluating their homology module and cohomology algebra, we would
like now to investigate the isoparametric submanifolds from the point of
view of other topological or differential invariants, namely the Lusternik-
Schnirelmann category and the functional category. Among the isopara-
metric families, we distinguish the class of adjoint orbits and for these ones
we will be able to calculate both of these invariants.

3.1 Basic results and primar estimations

In a very brief manner we summarize in the sequel some classical facts of the
Lusternik-Schnirelmann theory, together with some related results of Takens’
paper [37] concerning the so-called functional category.

Recall that the Lusternik-Schnirelmann category cat(X) (or simply, the
L.S.-category) of a topological space X is the minimal cardinality & of an
open covering {Xj,..., X} of X such that each X is contractible in X; if
it happens that a such covering does not exist, we take cat(X)=o00. It is a
homotopical invariant, difficult to calculate for concrete examples (although
the two general results which will follow in the sequel can be often helpful
in furnishing lower, respectively upper bounds). Closely related is also the
notion of cup-length: If R is an arbitrary ring, we call the R-cup-length (or
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the R-cohomological length) of the space X and denote by cuplengthy(X)
the maximal number of elements of H*(X,R) of degree at least 1 whose
cup-product is nonzero.

Theorem 3.1.1 For any space X and any ring R holds:
1 + cuplengthy (X) < cat(X).

Theorem 3.1.2 Let X be a finite CW-complex. If X is r — 1-connected,
where r is an integer greater than 1, then:

1
cat(X) <1+ —dimX.
r

Proofs of these theorems and other facts concerning the notion of L.S.-
category can be founded for instance in the monography [21] of I.M. James.

Let us restrict now to the case of finite dimensional, closed manifolds. If
M is a such one, by following [37] we denote by F(M) and call the
F'.-category of M the minimal number of critical points that a real function on
M can have. Relevant for the difficulties encountered in calculating F (M)
is the fact that the statement ”cat(M™)=2 imply F(M™)=2" is equivalent
to the conjecture of Poincare (without getting into details, we only notice
that cat(M™)=2 iff M™ is a homotopy n-sphere and F(M™)=2 iff M" is
homeomorphic to a n-sphere).

The following statement goes back to the original work of Lusternik and
Schnirelmann from 1934; it can also be interpreted as a topological obstruc-
tion for the differentiable structure that M could carry.

Theorem 3.1.3 For any closed manifold M holds:
cat(M) < F(M).

It is interesting to notice that there exist so far no examples of closed
manifolds for which the inequality above is strictly. On the other hand, it
seems difficult to prove that the equality holds in general (some progresses
in solving this problem have been recently made by O. Cornea in [9]). All
could be done for the moment is probably to analyze from this perspective
particular classes of closed manifolds: one of the aims of this chapter is to
do that for the class of adjoint orbits of compact connected semisimple Lie
groups. An important tool we will use to this end is the theorem stated
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below, which represents one of the main results of [37]. Consider first the
following list list of properties that a set E can satisfy relatively to M:
a) E C z;
b)n—3,n—2n—-1€kFE;
c) if H;(M )#OthenZEE
d) if H;(M) has torsion, then i + 1 € E.

Theorem 3.1.4 Let M be an n-dimensional, p-connected closed manifold
with n > 6 and p > 1. If there exists a set E which satisfies the conditions
a)-d) of above, E contained in the union of s closed intervals of length p,
then F.(M) < s.

We will try in the remaining part of the section to apply the results
exposed above to the particular context of isoparametric submanifolds and
to see how far can we go in investigating them when using only such general
facts. The first thing that can be done is, of course, to use the results obtained
during the sections 2.4, 2.5 and 2.6: they reduce the problem of calculating
cuplength, (M), M irreducible isoparametric submanifold, to an algebraic
case-by-case computation.

Let us begin with the case when M is of rank 2: even the value of
cuplengthy (M) can be then obtained, with R chosen in the usual manner in
terms of the values of multiplicities (mention that, at least theoretically, for
spaces without torsion, the Z-cuplength approximates L.S.-cat better than
Zs-cuplength). We arrange the informations obtained in this way in the
following table:

Type || Multiplicities | R | Cuplengthy
mi1 = Mo Z 2| Z 3

A

2 my=mo=1|7Z
m1:m2:2 Z

B, mp = my 2

l<mi<mg | Z
l=m1 <mg | Zs
my=me=2|7%
G2 1 2
m1:m2:1 ZQ

| o] wof cof x| | o

We will come back with some more facts about the L.S.-category of these
spaces in the last section of the chapter.
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The next case that we consider is that when the multiplicities are equal
and the rank greater than 2. As we already explained in section 2.5, we can
uniquely associate to any irreducible root system two symmetric spaces whose
principal isotropy orbits M;, respectively My, have uniform multiplicity 1,
respectively 2. We can easily see that if M, is the principal adjoint orbit of the
Lie group G, then cuplength, (M) equals the number of positive roots of G.
The obtention of the common value of cuplength,, (M) and cuplength,, (M>)
is generally not any more so simple, although reduced to a certain amount
of algebraic calculations. The most reasonable cases are A and C}, since
then cuplength,, (M;) and cuplength, (M) are the same. The latter identity
fails to be true in general, as can be seen for instance in the Dy and By
cases: from (2.52), respectively (2.53) it follows that cuplength, (M;) equals
1/2(k — 1)(k + 2), respectively 1/2(k —1)(k + 2) + 1, which is smaller than
k(k—1), respectively k%, provided k > 3. In the remaining situation when the
common value of multiplicities is 4, the isoparametric submanifold M must
be of Ay type; associate the corresponding M5 and notice that by Cor.2.3.10,
cuplength, (M) = cuplength, (My).

Finally, when the Weyl group of M is of By, type and the two multiplicities
are different, we apply (2.57) and deduce immediately that cuplength,, (M)
equals 1/2k(k + 1). We recall that none of the three isoparametric subman-
ifolds with Weyl group of F; type and different multiplicities was acessible
from the point of view of the Zy-cohomology, hence we see no way to calculate
the (common) value of their Zy-cohomological length.

Of course, the estimations just made can offer only a lower bound for
the L.S.-category of the spaces involved in our discussion. The obtention
of cat(M), where M is an arbitrary irreducible isoparametric submanifold,
seems to be in general a difficult problem and we cannot expect to obtain too
much in searching this value with the minimal background of L.S.-theory that
we only dispose for the moment. But something still can be done, namely we
can, in a quite elementary manner, determine the L.S.-category for adjoint
orbits of compact Lie groups and that, not only for principal orbits of simple
groups, but, in general, for arbitrary adjoint orbits of connected semisimple
Lie groups. Singhof pointed out in [35] that if G is a compact connected
semisimple Lie group and 7" C G a maximal torus then on the one hand,
H*(G/T,Q) is generated as algebra by 1 and its elements of degree 2 and on
the other hand, G/T is simply connected. Hence Thms.3.1.1 and 3.1.2 can
be invoked in order to obtain:
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cat(G/T) =1+ 1/2dim(G/T) = 1 + Card(A™),

where AT denotes a system of positive roots of G. Of course, we cannot hope
that any adjoint orbit of the form Ad(G).z, with = in the Lie algebra of G, has
the cohomology algebra generated by its elements of degree 2 (mention only
that the Grassmannian G,,(CY) of complex n-planes in CV is a such orbit).
So the idea to reproduce ad literam the argument above doesn’t work. An
another interesting particularity of the adjoint orbits of G is that they are
all Ké&hler manifolds (see for instance [4], Thm.2), hence on each of them
there exists a closed 2-form whose apropriate power is the volume form. The
R-cuplength of Ad(G).x must be in this way at least half of its dimension.
Since these orbits are also simply connected, we can state:

catAd(G).x = 1+ 1/2dim(Ad(G).x).

The previous reasoning can be summarized by saying that, for the L.S.-
category of adjoint orbits, the lower bound given by Thm.3.1.1 and the upper
bound given by Thm.3.1.2 coincide. By Thm. 3.1.4, the same value consti-
tutes also an upper bound for the F-category (hence its exact value), provided
that the dimension of the orbit is at least 6. In fact, if n = 2m denotes the
dimension of Ad(G).x, we take into account that In fact, we must only notice
that the arbitrary adjoint orbit Ad(G).x has no torsion and vanishing integral
homology in all odd dimensions. Hence, if n = 2m denotes the dimension of
the orbit, then the set £ = {0,2,4,....n—4,n—3,n—2,n—1,n} satisfies the
properties a)-d) above. But E can be covered in a trivial manner by m + 1
closed intervals of length 1. Consequently:

Proposition 3.1.5 Let Ad(G).z be an arbitrary adjoint orbit of the compact
connected semisimple Lie group G. Then:

1 + cuplength, Ad(G).x = catAd(G).z = 1+ 1/2dimAd(G).x.

Moreover, if the dimension of the orbit is at least 6, then also its F.-category
equals the same value.

The question is now which is the F.-category for adjoint orbits of dimen-

sion 2 or 4. The goal of the next section is to prove that the equality between
F-category and L.S.-category still remains valid for these orbits.
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3.2 Adjoint orbits of dimension less than 6
and their F.-category

The following two technical results will be needed to obtain restrictions on
the structure of adjoint orbits of dimension 2, respectively 4. All root systems
we are referring here are supposed to be reduced.

Proposition 3.2.1 Let R be a root system of rank at least 2 in the Euclidean
space V. Let R =J R,, V = @V, be the splitting of (R, V) as a direct sum of
irreducible root systems. Let Rt be the set of of positive roots and letT'y C R™
be the complement in RT of a certain positive root . If spanl’y # V', then
a belongs to a direct summand of type A;.

Proposition 3.2.2 Let I'y be the complement in R of the two different
positive roots « and [ in the same root system (R,V) as before. Suppose
that spanl’y # V. Then one of the following statements is true:

a) both oo and (3 belong to the same summand, which is of type As;

b) a or B belongs to a summand of type A;.

Both propositions are direct consequences of :

Lemma 3.2.3 Let R be an irreducible root system of rank at least 3 in the
Euclidean space V' and let m be the number of positive roots. Then the
subspace spanned by any m — 2 positive roots is the whole V.

PROOF The positive roots we are refered are related to a certain system
of simple roots, say it S = {7,...,7}. Take o, § two positive roots and
consider I' = R\ {a, #}. Suppose that the span of I" is V1 # V. Distinguish
the following two situations:

(i) a and (3 are both simple. Say a = y,_1 and f = ;.

For any 1 <1i < k—2, we have (v;, ) = 0: Otherwise v; + « € R™, hence
v; +a € I' and that means o € V. It follows that for any 1 < 5 < k — 2,
(v, 8) = 0 (otherwise 8 € Vp and further Vp = V). If (8,a) = 0, then
( is orthogonal to S\ {4}, which contradicts the irreducibility of R. Since
(B,a) #0, B+« € T" and in this way, 8 € V; but we have already seen that
this is impossible.

Similarly, (v;, ) = 0, for any 1 <1i < k — 2. But this contradicts clearly
the irreducibility of R.
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(ii) among « and (3, only one is simple. Say (3 = ;.

Clearly § ¢ Vi (otherwise Vi would contain all simple roots, being equal
to V).

There exists a certain i € {1,...,k — 1}, with (3,~;) # 0: for this one,
holds also 5+, € RT\ T, so 4 7; = a. In other words, there exists in
S\ {A} a unique root, say it v,_1, with (3,vx_1) # 0; it must also satisfy
a = 3+ y_1. Notice that o ¢ Vp: otherwise, from ~,_; € Vi, would follow
B =y € Vr.

Let’s prove that for any 1 < i < k — 2, (a,7) = 0. Suppose that
(a,7y;) # 0, for a certain 1 < i < k — 2. It would follow that a + 7; must be
in R*, so in I' and implicitely in Vp, hence a € Vi, contradiction.

The conclusion is te same as in the previous case, namely that for any
1<i<k—2, {(vi,v-1) = (7, %) = 0, and this is, of course, impossible.

(I

We are now in position to give the expected estimations (the Lie groups
whose orbits are involved in the following enouncements are supposed, as
usual, compact, connected and semisimple). The main question of the section
has a trivial answer if the dimension of the orbit is 2:

Proposition 3.2.4 Any 2-dimensional adjoint orbit of a compact connected
Lie group is diffeomorphic to the sphere S%; consequently, its category equals
2.

As about the four dimensional situation, we will prove:

Proposition 3.2.5 On any four dimensional istropy orbit of a compact con-
nected semisimple Lie group there exists a function with 3 critical points.

PROOF Let G be a compact connected semisimple Lie group, 7' C G a
maximal torus and t C g their Lie algebras. Equipped with the restriction
of the negative of Killing form, t becomes Euclidean space: the set A of all
real roots is a reduced root system in t*. The duals of the elements of A,
constitute the set A*, which is a root system in t. If x € t, then the dimension
of Ad(G).z equals the number of positive roots which do not vanish z. Hence
dim(Ad(G).x)=4 means that there are in A* exactly two positive roots, say
o, 3%, which are not orthogonal to x. By Prop. 3.2.2, only the following
two situations are possible:
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Figure 3.1.

a) o and [3* are both in a direct summand (Vy, Ry) of type Ay. Also x
must be in Vj, orthogonal to the third positive root from Ry (namely those
different of o* and *).

If a is a regular point in t, then the distance function f, : AdG.x — R has as
critical set the orbit W.z, where W is the Weyl group of G. The number of
these critical points is clearly 3 (also see Figure 3.1).

b) a* and 3* is each in a direct summand of type A; and x €span{a*, *}
(we can suppose, by Prop.3.2.2, that o* is in a direct summand (V;, R;) of
type Ay; if (Va, Ry) is the summand which contains 5%, then the orthogonal
projection of z onto V5 is a vector from V5 orthogonal to all positive roots of
Ry, except (3%, which means, by Prop.3.2.1, that also (V3, Ry) is of type A;).

This time x is a regular point, hence G has only two positive roots,
ie. it is of type A; x A;. The adjoint orbit is evidently the product of
the corresponding two principal adjoint orbits, so just a product of two 2-
dimensional spheres.

One can obtain a fonction on S? x S? which has only 3 critical points, by
the same method which Takens used in [37], Statement 1, p.209, in order
to construct a function with the same property on S' x S? (without getting
into details, we only mention that the construction can be, in fact, easily
extended to any product of two positive-dimensional spheres).

1

We can now conclude by:

Corollary 3.2.6 Let G be a compact connected semisimple Lie group and
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Ad(G).x an arbitrary adjoint orbit. Then:

F.(Ad(G).7) = cat(Ad(G).z) = 1 + 1/2dim(Ad(G).z).

3.3 Open questions

We come back to the general question of finding out the L.S.-category for
all isoparametric submanifolds. As we have already seen, a lower bound
given by the Zs-cohomological length can be, at lest theoretically, obtained.
The particular situation when multiplicities are equal and even is a fortunate
one, the multitude of particularities present here furnish even the value of
F.-category. We cannot expect to obtain similar results for the other cases,
at least not by using the same methods.

It would be interesting to know the L.S.-category of the isoparametric
submanifolds of type By (i.e isoparametric hypersurfaces in the sphere with
4 distinct principal curvatures). This is the only situation where nonhomo-
geneous examples are known, namely these constructed by Ferus, Karcher
and Miinzner in [13]. Moreover, it is conjectured that the only isoparametric
submanifolds of this type are those who occur in the paper mentioned above.
The study of this case from various points of view, can be, of course, useful.
Actually, the case is classified from the point of view of the so-called rational
homotopy type. It makes no sense to get now into the details of the rational
homotopy theory: we just mention that to any simply connected space X we
can associate, together with the usual L.S.-category, the so-called it rational
L.S.-category, denoted by catg(X ), which depends only on the rational ho-
motopy type of X and is, in general, smaller or equal to cat(X) (for more
details, can be seen for instance [2], Ch.V). In [15] the authors obtained the
rational hotopy type for all rank 2 isoparametric submanifolds: in the case
Bs, for instance, when the multiplicities m; and ms are different and greater
than 2, the corresponding manifold M has the rational homotopy type of the
product S™ x S§™2 x S™+™M2 (this means simply that the homotopy groups
of these two spaces are the same, up to a tensor product with Q). It follows
cato(M) = 4, hence cat(M) > 4 (the same lower bound could have been
obtained by using the Zy-cuplength, see the table from section 3.1).

On the other hand, we can obtain on the same M a function with only
5 critical points, in the following way: At an arbitrary point z of M, we
consider the normal space v, (M), together with the four focal hyperplanes.
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Without loss of generality we can suppose that x is at equal distances of the
walls /1 (x) and l3(z) which bounds its Weyl chamber (we can eventually map
M diffeomorphically, by an easy to imagine end-point map, onto a manifold
which satisfies this request). The distance function from z restricied on m
has as critical set the W-orbit of = (see Figure 3.2 below). Notice that the
two points of index 1, 2, and 3, are respectively on same levels.

Figure 3.2

By the convexity theorem of Terng (see for instance [32], Thm.8.6.4),
the orthogonal projection of M on the affine 2-plane v, (M) is the octagon of
vertices x, x1,..., 7. Consequently, we can find a smooth curve in M, whose
orthogonal projection is the segment [z7, 7|, and is consequently contained
in the same level of f as x; and x7. The same can be said about the pairs of
points xo, g and x3, x5. We appply now the result stated by Takens during
the proof of Prop.2.9 of [37] in order to collapse successively each of the
pairs (z1,x7), (%2, z6), respectively (xs,zs5) of critical points respectively to
only one critical point and obtain in this way the desired function.

We conclude that cat(M) € {4,5} and meantime we conjecture that, in
fact, cat(M) = 4.
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APPENDIX

TABLE 1 : The marked Dynkin diagrams for irreducible symmetric spaces

Ay,

Cy

Eg

Fy

Go

m m

o0—o0 -

my my
O_O cee

m m m

- O0—0O0—-=0

my my Mo
o—C0O_ O

my 1My, Mo

my 1My Mo
- O—O—

m € {1,2,4} or k=2 and m =8

my = mg = 2 or my = 1, my arbitrary

my =ms € {1,2} or my =2, my =1
orm; =4, my=3orm; =4, my=1

mip =2, mg=2r+1or m =4,
mo =4r+3ormy =4, my=>5
or k=2and m; =6, my=9

m € {1,2}

ke€{6,7,8} and m € {1,2}

mp = Mo € {1,2}

or m; =1, my € {2,4,8}

m € {1,2}
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TABLE 2: Thefirst coloured Dynkin diagrams

Al o—o o6 o ©
V1 20 Y2 k%
Al O—O  O—0—=O0

Y1 \7 Yo 1 X

N oo o @ o

Y1 \7 Yo Y1 %

Ml O—O  O—Q_JO

Y1 Y Yo Y1 %

B,im=c gn  O—0  O—0O @
i 2 Y2 kX

o o—o o @ (o

Y1 Y Yo W1 X

ol Oo—=0O - O—CZ<Z)

Y1 Yo Yo W1 X
= S o—O __®
(BO)lv=C, IV O—=O

D, Il O—O - O0—=0O
% s e
Y2
E,! oo
k=6,7,8 e oo Y Y4 0% ¥

116



R

% Y%
% Y%
% Y%

C I=(BO) /1=

=B, I

k=6,7,8

F,

F, 1

oO——0O0—=0
%2 %1 ¥
%2 %1 ¥
oO—C @
%2 %1 ¥
%2 %1 ¥
Yk

%3 Y2

Y, Yk-1
Ya % Y
Y3 Vi
¥ Vi
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Ein beriithmter Satz von Thorbergsson gibt eine vollstandige Charakterisierung
isoparametrischer Untermannigfaltigkeiten von Rang grosser als 2 in Euk-
lidischen Raume. Die seien die Hauptorbiten von Isotropiedarstellungen der
symmetrischen Raumen. Die Homologie dieser Raume lasst sich leicht durch
Morse-Theorie erhalten. Das Hauptziel der vorliegenden Arbeit ist, die Koho-
mologie von beliebigen Isotropieorbiten zu bestimmen. Man verallgemeinert
auf diese Weise Ergebnisse von Bott und Samelson, bzw. Hsiang, Palais und
Terng.
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