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Vorwort

Die vorliegende Arbeit verbindet zwei mathematische Disziplinen: Geometrie
und Topologie. Die Topologie beschreibt, wie sich ein Raum aus einfachen
Bausteinen, ”Zellen” genannt, zusammensetzen lässt. Ein Mittel hierfür ist
eine in den 30’ger Jahren von M. Morse entwickelte Theorie, die sich am
Beispiel einer (unebenen) Fläche F erklären lässt: Man betrachtet nicht
ganz F auf einmal, sondern nur den Teil F h von F , der unterhalb einer
bestimmtem Höhe h liegt, und man untersucht, wie sich F h verändert, wenn
wir h grösser werden lassen. Nur wenn es auf F Berge, Täler oder Pässe mit
Höhe h gibt, sogenannte kritische Punkte, wird sich der topologische Typ
von F h dabei ändern und eine weitere Zelle aufnehmen. Mit der Morsetheo-
rie erhält man also eine Zerlegung einer Fläche oder eines Raumes in Zellen.
Man möchte aber noch mehr wissen, nämlich wie die Zellen sich untereinan-
der schneiden (”Cup-Produkt”), und dafür ist die Morsetheorie i.a. nicht
ausreichend. Augustin-Liviu Mare beschreibt in der vorliegenden Arbeit,
wie diese Aufgabe für eine bestimmte Klasse von Räumen durch genauere
Untersuchung ihrer Geometrie dennoch gelöst werden kann.

Die untersuchten Räume sind die Untermannigfaltigkeiten mit konstanten
Hauptkrümmungen, sicher eine der interessantesten Klassen von Räumen in
der ganzen Geometrie; zu ihnen gehören die Bahnen der Drehgruppen von
Symmetrischen Räumen (”Isotropie-Orbits”). Ein solcher Raum M zeich-
net sich u.a. dadurch aus, dass jeder seiner Punkte auf einer Reihe von
Kugelflächen liegt, die ganz in M enthalten sind. Die Untersuchung dieser
Kugelfamilien und der von ihnen gebildeten mehrfachen Sphärenbündel bildet
die wichtigste Grundlage der Arbeit. Für Sphärenbündel lässt sich das Cup-
Produkt nämlich mit dem Satz von Leray-Hirsch berechnen und dann auf
M übertragen. Dies konnte in frühren Arbeiten nur in sehr speziellen Fällen
durchgeführt werden; durch Verfeinerung der Methoden gelingt Herrn Mare
die Lösung im allgemeinen Fall. Als ein Nebenprodukt enthält die Arbeit
auch eine neue Sichtweise und eine Verallgemeinerung der klassischen Schu-
bertzellen in Grassmann-Mannigfaltigkeiten.

Die Arbeit stellt keine hohen Anforderungen an das Vorwissen des Lesers.
Wer Interesse an der Verbindung von geometrischen und topologischen Meth-
oden hat, wird diese Arbeit mit grossem Gewinn lesen.

Augsburg, im Mai 1998



Professor Dr. Jost-Hinrich Eschenburg
Institut für Mathematik

Universität Augsburg



Zusammenfassung
Das erste Zugang zur Topologie von Liegruppen und homogenen Räumen
war vielleicht gemacht von A. Borel am Anfang der fünfziger Jahre. Die
Homologie oder Kohomologie solcher Räume waren bekommen von ihm mit
Hilfe hauptsächlich der Theorie der Spectralsequenzen von Prinzipalbündeln
(sehe z.B. [3]). Ein total anderes Zugang zur gleichen Thema ist enteckt
geworden ein paar Jahre später von R. Bott und H. Samelson. Sie haben
bemerkt, dass die Theorie von Morse ein sehr nützliches Instrument für die
Nachforschung der Homologie und sogar Kohomologie einer breiten Klasse
von Homogenen Räumen sein könnte, nämlich von Orbiten so-genannter vari-
ational vollständigen Operationen kompakter Liegruppen. Ähnliche Ideen
waren später benützt von Hsiang, Palais und Terng für die Nachforschung
der Homologie isoparametrischer Untermannigfaltigkeiten in Euklidischen
Räumen. Sie haben auch versucht, die Methoden von Bott und Samelson
zu erweitern, um die Kohomologie solcher Räume zu bestimmen, aber sie
haben das nur teilweise geschafft. Das Hauptziel unserer Arbeit ist, diese
Aufgabe vollständig aufzufüren. Wir sind fähig, Formeln die die Kohomolo-
gie geben, nicht nur für isoparametrische Untermannigfaltigkeiten, sondern
auch für beliebige Elemente einer isoparametrischen Blätterung (d.h. für
fokale Mannigfaltigkeiten).

Summary
Maybe the first direct approach to the topology of Lie groups and homoge-
neous spaces was made by A. Borel at the beginning of the 50’s. Homology
or cohomology of such spaces were obtained by him by using as basic tool
the theory of spectral sequences of principal bundles (see for instance [3]). A
totally different approach of the same subject was given a few years later by
R. Bott and H. Samelson. They noticed that the theory of Morse could be a
very useful instrument in investigating the homology and even the cohomo-
logy of a large class of homogeneous spaces, namely the orbits of the so-called
variational complete actions of compact Lie groups. Similar ideas were later
used by Hsiang, Palais and Terng in investigating the homology of isopara-
metric submanifolds in euclidean spaces (see [19]). They also tried to extend
the methods of Bott and Samelson in order to determine the cohomology of
such spaces, but they succeeded only partially. The main goal of our present
paper is to achieve completely this task. We are able to give formulas which
describe the cohomology not only for isoparametric sumanifolds, but also of
arbitrary elments of an isoparametric foliation (i.e. for focal manifolds).
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Introduction

The main idea of the theory of Morse is to relate the topology of a finite or
infinite dimensional manifold M and the critical data of a nondegenerate real
function defined on it (namely the set of its critical points and their indexes).
Roughly speaking, we are going along the real axis and follow the changes
which occur in the topology of the sublevel sets during this process. By the
two so-called deformation lemmas, one notice no change as long no critical
points are met in this way and we simply have to add a cell of dimension k
after passing through a critical point of index k. At the ”end” (recall that
M is not necessarily compact) of this process we obtain the space M as a
cellular complex . A lot of things about the homology module of M can be
proved in this situation : for instance, the inequalities of Morse say that the
rank of the homology module must be at least the number of critical points
of f . But it is in general impossible to see in this way which is exactly the
rank of H∗(M).

It follows easily from some elementary reasonings that the latter one
equals the number of critical points (i.e. f is perfect), provided that at each
critical point, the cell added to the lower sublevel can be extended to a
homological cycle which is closed in the upper sublevel: the origins of this
idea go back to the early papers of M. Morse (see for instance [34], Satz, p.26).
One of the major contributions of the classical work [5] of Bott and Samelson
is the remark that the extension we were talking about can be obtained as
a cycle ”hanging over” the corresponding critical point. We will call it cycle
of Bott-Samelson type (see section 1.1 of our paper for the exact definition).
The two authors above considered then loop spaces over orbits of so-called
variationally complete actions togther with the energy function defined on
this space. At each critical point (i.e. geodesic segment) they were able to
construct a cycle hanging over it and to determine in this way completely
the homology of this loop space. It turned out then that the isotropy action
of any symmetric space is variationally complete and everything can be said
in this way about the Z2-homology of the orbits of this representation.

The idea to prove that certain nondegenerate functions are perfect by
using cycles of Bott-Samelson type seems very tempting by its naturality.
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But it is in general hard to obtain them and, at least when nondegenerate
distance functions are involved, they probably exist only in some very partic-
ular situations. In his paper [39] G.Thorbergsson proved that any complete
Dupin hypersurface embedded in a simply connected space form is taut (i.e.
any non-degenerate distance function is perfect) by an ingenious construction
of cycles of Bott-Samelson type.

After defining in 1985 the notion of isoparametric submanifold in a
Euclidean space (see [38]), Terng, this time together with Hsiang and Palais
will use in [19] the same construction as Thorbergsson in order to prove
that these submanifolds are also taut embedded. The cycle that the first
three authors mentioned above associated to any critical point of a distance
function (and which we will call in our paper HPT-cycle) has a very simple
structure: it is an iterated sphere bundle which admits a section at each
iteration. Having in mind that any isotropy orbit of a symmetric space is
element of an isoparametric foliation, it can be estimated that all results
of [5] concerning the homology of isotropy orbits were recovered by Hsiang,
Palais and Terng without using any more the Morse theory for loop spaces,
but directly for the submanifolds which are involved and the corresponding
distance functions. The basic tool of their paper is the using of certain
integrable distributions whose leaves are full spheres which, at their turn,
can be employed in constructing the cycles of Bott-Samelson type.

After obtaining the homology module for isotropy orbits, Bott and Samel-
son considered the particular case of adjoint orbits of compact Lie groups and
determined completely their integral cohomology. Hsiang, Palais and Terng
tried in the last section of their up-mentioned paper to extend this method,
but they succeeded only partially, in some particular cases. In fact, by the
homogeneity theorem of Thorbergsson (which says that, with some isolated
exceptions, any isoparametric foliation is in fact the orbital foliation of the
isotropy representation for a certain symmetric space) it can be seen that the
cohomological estimations of [19] bring nothing new: the only spaces whose
cohomology is exactly evaluated are just the adjoint orbits of simple Lie
groups. The real value of section 6 of [19] stays, from our viewpoint, not in
the direct evaluations made there, but in its qualitative side: concretely, the
authors obtained the cohomology of isoparametric submanifolds of uniform
and even multiplicity by reducing the problem to well-known representatives
of this class, namely the adjoint orbits of Lie groups (as we mentioned above,
it turned out later that the class of isoparametric submanifolds with uniform
even multiplicity reduces almost entirely to the adjoint orbits, but the idea

ii



of ”prototype” remains).
The main goal of our paper is to go further in the direction initiated in

[19], in the new light of Thorbergsson’s homogeneity theorem, and to give
in this way a natural continuation of Bott and Samelson’s paper. Namely,
we will obtain precise formulas for the R-cohomology rings of all elements of
irreducible isoparametric foliations in Euclidean spaces, where R can be Z

or Z2 if the multiplicities of M are greater than 1, and only Z2 when there
exists a multiplicity equal to 1. Our basic tool will be still the notion of cycle
of Bott-Samelson type, which is indispensable to us. In particular, the only
reason because we are not able to calculate the integral cohomology when a
multiplicity equals 1, is that in this case the HPT-cycles are not necessarily
orientable, so they cannot constitute cycles of Bott-Samelson type over the
ring Z. In other words, nothing more can be obtained about the cohomology
of the spaces we are refered here by employing only the classical theory of
Morse. We must mention here the approach of Kocherlakota (see [22]) who
obtained the integral homology for all isotropy orbits of symmetric spaces,
by using the so-called Witten-Morse complex. But the problem of finding a
general result which describes the integral cohomology of these orbits remains,
for the moment, open.

We will also try to consider the isoparametric submanifolds from the
point of view of other invariants: the Lusternik-Schnirelmann category and
the so-called F.-category (in the sense of Takens). The exact value of these
two invariants will be obtained only for adjoint orbits of compact connected
semisimple Lie groups. Upper or lower bounds in some other situations (most
notably, for isoparametric hypersurfaces in spheres) will be obtained.

There are two major goals that we intend to reach in the first chapter:
a) to show how and why could be the HPT-cycles replaced by what we

called F-cycles;
b) to obtain a closer relationship between the homology of an isoparamet-

ric submanifold and the homology of its focal manifolds, in terms of so-called
projected cycles (subsidiarily, we will obtain the well-known Schubert cycles
on Grassmannians as projected HPT-cycles).

The essence of the paper is concentrated in section 3 of the second chapter.
An essential ingredient will be the representation induced in homology by
the action of the Weyl group on the isoparametric submanifold, described
in section 2.1. We consider then an arbitrary F-cycle Fp associated to the
critical point of maximal index: it is the total space of an iterated sphere
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bundle with sections at each level, and it will be relatively simple to obtain
its homology and cohomology. The evaluations obtained in section 2.3 will be
then exemplified in the particular case of the isoparametric foliations of the
sphere. The last three sections of Ch.II are intended to use the ”prototype
principle” we mentioned above in order to obtain a complete picture of the
R-cohomology rings for all irreducible isoparametric submanifolds. We will
succeed that up to some exceptions.

The main result of Ch.III gives the F.-category of an arbitrary adjoint
orbit of a compact connected semisimple Lie group (see Cor.3.3.6), and states
that it equals its Lusternik-Schnirelmann category. So in this very particular
situation, the answer to the general conjecture which states the equality of
these two invariants for any closed finite-dimensional manifold is positive.
Finally, we consider the isoparametric submanifolds of type B2 (that repre-
sents a very important class, because only in this situation non-homogeneous
examples are known, and no classification has been obtained so far): we prove
that the L.S.-category must be 4 or 5 and we conjecture that, at least when
both multiplicities are different and greater than 1, the value of this invariant
is 4.

I would like, also on this way, to express my deep gratitude to
Prof. Dr. Jost Eschenburg for the enormous amount of energy and time he
spent in helping me to elaborate this theses. By stimulating conversations,
scientific and moral support, he offered me generously his help during all the
time when I prepared the paper. Almost all main ideas was suggested by
him. I must mention that section 1.7 reproduces almost entirely ideas that
he exposed during one of his lectures and he communicated me later.

I owe thanks to the Graduiertenkolleg ”Nichtliniare Probleme in Analysis,
Geometrie und Physik” from the University of Augsburg, which admitted
me as member and supported financially the research during the time when
the present paper was elaborated. For helpful discussions, bibliographical
informations and moral support, I must thank Prof. Dr. Ernst Heintze. I
am greateful to Prof. Dr. Kazumoto Kojima, who indicated me many of the
bibliographical sources which I needed in section 2.5. One of the main ideas
of the paper, namely the use of galleries in the construction of what I called
later F-cycles, was suggested to me by Robert Bock; I am obliged to him for
that. I also thank Andreas Kollross for the help offered during the search of
the exact expression for the principal isotropy orbit presented in section 2.7.
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Chapter 1

Homology of isoparametric
submanifolds

1.1 Elements of Morse theory

The theory of Morse in its classical form will constitute one of our basic tools
in investigating the topology of isoparametric submanifolds. In the following
we will try to summarize some notions and results used during this chapter.
The main sources are [32] and [26]. Because of the context of our paper it
will be enough to restrict our atention exclusively to closed finite-dimensional
manifolds, even if a theory in a much more general context is available, as
can be seen for instance in [32].

Let’s fix such a manifoldMn and take a real function f onM . A point x ∈
M is called critical if the differential (df)x vanishes identically. Otherwise,
x will be called regular. A real number is a critical value if it is image of a
critical point; if not, we call it a regular value. The corresponding levels are
also called critical , respectively regular.

If p is now a critical point of f , then there exists a uniquely determined
symmetric bilinear formHess(f)p on TpM (called the Hessian of f at p), such
that for any two vector fields X and Y we have Hess(f)p(Xp, Yp) = Xp(Y f).
The index of the critical point p is simply the index of this bilinear form. A
critical point is said nondegenerate if the associated Hessian is nondegenerate.

One knows that the expression of f around a regular point is well-determi-
ned. The question is what happens at a critical point. If this is a nondegen-
erate one, we still have a complete answer, given by the lemma of Morse:
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Theorem 1.1.1 ( Morse lemma) Around any critical point p, nondege-
nerate of index k, there exists a local parametrisation of M of the form (V, ψ),
with ψ(0) = p and

(f ◦ ψ)(x1, x2, . . . , xn) = f(p) − (x1)
2 − . . .− (xk)

2 + (xk+1)
2 + . . .+ (xn)2.

Consequently, the nondegenerate critical points are isolated in the set of
all critical points. We will restrict ourselves exclusively to functions with only
nondegenerate critical points, so-called Morse functions. Their critical sets
will be, of course, finite. By technical reasons and without loss of generality
we will suppose during this section that the critical levels corresponding to
any two distinct critical points are also distinct.

For any number a , denote Ma = {p ∈ M : f(p) ≤ a}. The basic idea
of Morse theory is to describe the topology of M ”inductively” going along
the real axis and looking at the evolutions ocurred in the topology of the
sublevel sets Ma, a ∈ R. Two steps are needed to see that:

Theorem 1.1.2 Suppose a ≤ b are finite and there are no critical points in
f−1[a, b]. Then:

(i) Ma is diffeomorphic to Mb.
(ii) Ma ⊆Mb is a strong deformation retract.
(iii) The inclusion map Ma →֒ Mb is a homotopy equivalence.

In other words, nothing changes in the topology of M when passing only
through regular levels. But there are also a certain number of critical levels.
Let‘s now see what happens after passing a such one. If p is a critical point
of index k with c = f(p), fix (V, ψ) a Morse chart and consider the k-cell

ek = {p ∈ ψ−1(V ) : x1(p)
2 + ...+ xk(p)

2 ≤ ǫ, xk+1(p) = ... = xn(p) = 0},

where ǫ > 0 is enough small, such that the ball B(0, ǫ) is contained in V and
no critical point different from p lies in f−1([c− ǫ, c+ ǫ]).

Theorem 1.1.3 The set Mc is a strong deformation retract of Mc+ǫ and
Mc−ǫ ∪ e

k is a deformation retract of Mc.

In other words,from the point of view of the homotopy type, after passing
through the critical level corresponding to an index k critical point, a k-cell
is attached.A classical consequence says that any closed manifold has the
homotopy type of a finite CW-complex: by Whitney theorem we can embed
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the manifold in a Euclidean space, and then take into account that almost
all associated distance functions are Morse functions.

Consider now a < b two finite numbers such that in f−1(a, b) there ex-
ists just one critical point p. We have just seen that, up to a homotopy
equivalence, Mb is the same as Ma ∪ ek, where ek is a k-cell, in other words
one has to add a cell in the CW-complex. The question is now what conse-
quences could that have for the evolution of the homology module. Consider
to this end the usual singular homology with coefficients in an arbitrary ring
R and the long exact sequence in homology for the pair (Ma,Mb), related
to the long exact homology sequence of the pair (ek, ∂ek) through the in-
clusion map G : (ek, ∂ek) → (Mb,Ma).In the following diagram, the map
G∗ : H∗(e

k, ∂ek) → H∗(Ma,Mb) is always an isomorphism.

... −→ Hm(Mb,Ma)
∂m−→ Hm−1(Ma)

im−1

−→ Hm−1(Mb)
jm−1

−→ Hm−1(Mb,Ma) → ...

... −→ Hm(ek, ∂ek) −→ Hm−1(∂e
k) −→ Hm−1(e

k) −→ Hm−1(e
k, ∂ek) −→ ...

? ?? ?
G∗ G∗ G∗ G∗

One also knows that Hm(ek, ∂ek) equals R for m = 0 and m = k, and
{0} otherwise. Denote by [ek, ∂ek] the fundamental cycle of the pair (ek, ∂ek).
Since im is an isomorphism for m 6= k and m 6= k − 1, we can consider the
following exact sequence:

0 → Hk(Ma)
ik−→ Hk(Mb)

jk−→ R[ek, ∂ek]
∂

−→ Hk−1(Ma)
ik−1

−→ Hk−1(Mb) → 0

Distinguish the following two situations:

1. The boundary ∂ek is not homologous to 0 in Ma, in other words the
map ∂ from the sequence above is non identically zero (see the picture below).

When R is a field, this implies ∂ injective, so jk = 0 and the following
exact sequence is obtained:

0 −→ R[ek, ∂ek] −→ Hk−1(Ma) −→ Hk−1(Mb) −→ 0.

Because this sequence splits, it follows

Hk−1(Ma) ≃ Hk−1(Mb) ⊕R[ek, ∂ek].

In the same time, ik is an isomorphism, so the only change in the homology
module arises at the level k − 1, namely the rank of this level decreases
by 1. Intuitively, we can feel that something ”wrong” happened. A similar
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Figure 1.1: Bad Morse theory

analysis can be, of course, made for an arbitrary ring R. We will not get
into these details; our only intention was to convince that that the present
case case is an ”unreasonable” one.

2. The (k − 1)-cycle ∂ek is homologous to 0 in Ma (geometrically, the
phenomenon can be easily visualized in the following classical picture) .

p

e
pM

M

µ

a

b
k

Figure 1.2: Good Morse theory

This simply means ∂ =0 and from the splitting exact sequence

0 −→ Hk(Ma)
ik−→ Hk(Mb) −→ R[ek, ∂ek] −→ 0

one deduces ik injective and Hk(Mb) = Hk(Ma)⊕ R [ek, ∂ek]. One notes in
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this situation a ”positive” change, that in an increase of rankH∗ of one unit,
at the level k. It seems very clear that, as long a Morse function presents
at any of its critical points a such behaviour, a good Morse theory can be
developed in investigating the homology of M .

Remark and definition.The second situation is equivalent to the existence
of a cycle [µp] ∈ H∗(Mb) whose image is [ek, ∂ek]. Geometrically, µp is a
full cycle in Mb (i.e. ∂µp=0) which extends the relative cycle [ek, ∂ek] ∈
H∗(Mb,Ma).If it exists, a such cycle will be called a linking cycle over R.
The critical point p is said of linking type over R if there exists a linking
cycle at p. We say that f is of linking type over R if all its critical points are
of linking type.

It turns out easily from the previous considerations how a Morse function
of linking type on M determines the homology of M :

Theorem 1.1.4 Let f : M → R be a Morse function of linking type over
R. For each critical point p of f , denote by k(p) its index and by [µp] ∈
Hk(p)(Mf(p)+ǫ) ⊂ Hk(p)(M) the corresponding linking cycle. Then for any
a ∈ R , the module H∗(Ma, R ) is freely generated by the set {[µp] : p ∈
C(f), f(p) ≤ a }. Particularly, the module H∗(M , R ) is freely generated by
the set of all linking cycles.

Morse functions of linking type have a nice behaviour from the point of
view of the Morse inequalities. Recall that if f : Mn → R is an arbitrary
Morse function, cj = cj(f) the number of index j critical points of f and
bj = bj(M) = rankHj(M,R),R being an arbitrary ring, then:

Theorem 1.1.5 (Morse inequalities ) For any 0 ≤ k ≤ n holds:

ck − ck−1 + ...+ (−1)kc0 ≥ bk − bk−1 + ...+ (−1)kb0.

Moreover, for k = n the corresponding inequality is actually an equality:

χ(M) := b0 − b1 + ...+ (−1)nbn = c0 − c1 + ...+ (−1)ncn.

Consequently, for any 1 ≤ j ≤ n, cj(f) ≥ bj(M).

A Morse function is called R -perfect if it realizes equality in all Morse
inequalities, in other words, it has a minimal number of critical points. From
Th.1.1.4 above follows :
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Corollary 1.1.6 Any Morse function of linking type over R is R -perfect.

Now, that we just have seen how advantageous a Morse function of linking
type could be, a natural question is how often a such function can occur.
Everything reduces to the obtention of the linking cycles: we will describe in
the sequel a way to get them. Concretely, the linking cycles will be obtained
as so-called Bott-Samelson cycles, in the form defined for the first time in
[19]. From now on, R will be always Z or Z2.

Definition If p ∈ M is an index k critical point, a cycle of Bott-Samelson
type over R at p is a pair (Y, ϕ), where Y is a closed, k-dimensional, R-
orientable manifold and ϕ : Y →M such that f ◦ϕ has a unique maximum,
which is nondegenerate, at y0 = ϕ−1(p).

Note that in this case ϕ is an immersion at y0 and (dϕ)y0
maps TYy0

isomorphically onto the negative space of f at p .

Theorem 1.1.7 If (Y, ϕ) is a cycle of Bott-Samelson type over R at p, then
ϕ∗[Y ] is a linking cycle over R at p.

PROOF. (see [32]).

Corollary 1.1.8 A Morse function f : M → R any of whose critical points
admits a cycle of Bott-Samelson type is a linking type function.

So as long as we are able to construct cycles of Bott-Samelson type, a
good Morse theory could be developed. In concrete applications, the only
problem will be only to obtain the cycles explicitely: an ingenious construc-
tion, belonging to Hsiang, Palais and Terng (see [19]) furnishes cycles of
this type for nondegenerate distance functions associated to isoparametric
submanifolds in Euclidean spaces (we will come back with more details in
section 3).

A last aspect we would like to consider in this preliminary section con-
cernes the Morse theory of distance functions for submanifolds of Euclidean
spaces. Let X : Mn → R

n+k be an immersion of the closed manifold M .
One can immediately associate the so-called endpoint map Y : ν(M) →
Rn+k, Y (x, v) = x+v, for any x ∈M and v ∈ ν(M)x. For any v ∈ C∞(ν(M))
and any x0 ∈ M one associates the shape operator Av : TMx0

→ TMx0
,

Av(u) = −((Duv)(x0))
T , u ∈ TMx0

, where D denotes the usual derivative
in Rn+k. This is a linear selfadjoint map and its (real) eigenvalues are the
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principal curvatures at x0 in direction v. On the normal bundle ν(M) one
considers the normal connection ∇ν , which associates to u ∈ C∞(TM) and
v ∈ C∞(ν(M)) the normal field (∇ν)uv = (Duv)

ν , i.e. the orthogonal pro-
jection of Duv on ν(M). Directly from the definition follows:

Duv = −Av(u) + (∇ν)uv.

We call a ∈ Rn+k focal point of multiplicity m ≥ 1 with respect to p ∈M
if dim(Ker dY(p,v)) = m, provided (p, v) ∈ ν(M) with Y (p, v) = a.

Theorem 1.1.9 Let p ∈ M , v ∈ ν(M)p and a = Y (p, v) = p + v ∈
Rn+k.Then:

(i) p is a critical point of the distance function fa : M → R,
fa(x) = 1

2
‖x− a‖2, x ∈M .

(ii) the Hessian of f at p is (Hessf)p = I − Av, by assimilating the
selfadjoint linear operators on TMp with symmetric bilinear functionals.

(iii) p is nondegenerate if and only if a is nonfocal with respect to p.
(iv) the index of fa at p eqals the number of focal points with respect to p

situated on the line segment [pa], each counted with its multiplicity.

From (iii) is now clear that fa is a Morse function iff a is non-focal,
i.e. a is a regular value of Y ; by Sard theorem, that happens for almost all
a ∈ Rn+k. In studying immersions in Euclidean spaces, the notion of tautness
is fundamental; for the moment we will restrict ourselves to the definition,
and the anticipative remark that isoparametric submanifolds offer the most
illustrative examples of taut-immersions.

Definition The immersion X : M → Rn+k is called taut if any distance
function which is nondegenerate is Z2-perfect.

1.2 Basic facts about isoparametric

submanifolds

We will give in the sequel a brief exposition of the main notions and results
concerning isoparametric submanifols in Euclidean spaces. Detailed treate-
ments of this theory can be founded in [38] , [19] or [32]. Even if it’s maybe
too soon, we must say from the very beginning that the objects involved here
are mainly homogeneous, namely isotropy orbits of symmetric spaces . Such
orbits are the objects of study in [5], and it’s one of the main goals of our
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paper to show that the investigations initiated there can be continued by
using the techniques developed by Hsiang, Palais and Terng in [19].

Definition An immersed submanifold X : Mn → Rn+k is called isopara-
metric if the normal bundle is flat (with respect to the normal connection)
and the principal curvatures in the direction of any parallel normal field are
constant, as values and multiplicities.

The definition assumes flateness only locally, but it turns out that M is
globally flat. Even from the local flatness it follows that for any x ∈M , the
set {Av : v ∈ ν(M)x} is a commutative family of selfadjoint endomorphisms
of TMx and so it determines a decomposition of TMx as direct sum of the
common eigenspaces E1(x), E2(x), ..., Ep(x). The normal vectors v1, v2, ..., vp

which satisfy the following relations:
(a) Av|Ei

= 〈v, vi〉idEi
, for any v ∈ ν(M)x.

(b) if i 6= j, there exists v ∈ ν(M)x with 〈v, vi〉 6= 〈v, vj〉. arise in a natural
way. The situation can be immediately globalized, in the sense that one can
consider the smooth distributions E1, E2, ..., Ep on M (called the curvature
distributions) and the parallel normal vector fields v1, v2, ..., vp (called the
curvature normals ) such that (a) holds at any point of M . The numbers
mi= rankEi ,1 ≤ i ≤ p, are called the multiplicities of M .

Without loss of generality we will make the following assumptions, always
avilable during this paper :

1. M is complete.
2. M is full, in the sense that it is contained in no proper affine subspace

of Rn+k. Equivalently, the curvature normals v1, v2, ..., vp at any point x
generate the normal space ν(M)x. The number k is now uniquely determined
and we will call it the rank of M .

3. M is compact, or equivalently, all curvature normals are nonzero.
Moreover, M is a closed submanifold of the sphere Sn+k−1.

Any distribution Ei, 1 ≤ i ≤ p, is integrable. Its leaf through the point x
is a standart sphere of radius 1

‖vi‖
and center x+ vi(x)

‖vi‖2 , contained in the affine

plane x+ Ei(x) ⊕ ν(M)x and called the i-th curvature sphere through x.
One of the basic ingredients of this theory is the very particular structure

of the focal set (i.e. the set of all focal points) of the embedding X : M →
R

n+k. If Γ is this focal set, and νx(M) = x+ν(M)x denotes the affine normal
space at x, then Γ ∩ νx(M) is the union of hyperplanes l1(x), l2(x),...,lp(x),
where li(x) is perpendicular to vi(x) at the distance 1

‖vi‖
from x.

It turns out that any distribution Ei, 1 ≤ i ≤ p is integrable and moreover,
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its leaf through an arbitrary point x ∈ M , denoted by Si(x), is a round
sphere, called the curvature sphere through x. It is a full sphere in x +
Ei(x) + ν(M)x, which focalizes at li(x).

The reflection Rx
i in νx(M) with respect to li(x) leaves the set of all focal

hyperplanes invariant, hence the group W x generated by {Rx
i : 1 ≤ i ≤ p} is

a finite reflection group of rank k. Because the normal holonomy is trivial,
the same construction can be parallely transported from x to any other point
of M . In this way, we associated to M a finite reflection group W , which
doesn’t depend any more on the choosing of x. We will see later that W
is in fact a crystallographic group; that’s the reason because we call it the
Weylgroup of M .

Also consider for any i ∈ {1, 2, ..., p} the map ϕi : M → M which asso-
ciates to any x the antipodal ϕi(x) of x in the sphere Si(x). Of course, any
ϕi is an involutive automorphism of M . We can express ϕi(x) analytically
as

ϕi(x) = x+
2vi(x)

‖vi‖2
= Rx

i (x). (1.1)

The group generated by {ϕi}1≤i≤p is naturally isomorphic to W , and one ob-
tains in this way an action ofW onM . An interesting geometric particularity
of this action is given by :

Theorem 1.2.1 For any x ∈ M we have M ∩ νx(M) = W.x. If x1 ∈ W.x,
then the affine normal spaces at x and x1 are the same.

We consider now in νx(M) the chamber (i.e. closure of a connected com-
ponent of νx(M) \ ∪{li(x) : 1 ≤ i ≤ p}) which contains x, denoted by ∆(x).
The group W x is generated by the set of reflections at the walls of ∆(x).
Moreover, the walls of ∆(x) are always ”the same”, in the sense that the
set {1 ≤ i ≤ p : li(x) bounds ∆(x)} is independent of x ∈ M . Choose the
indices in such a way, that l1(x), l2(x),..., lk(x) bound ∆(x), for any x ∈M .
The indices 1, 2,..., k and also the corresponding curvature spheres will be
called fundamental.

Let now v be a parallel normal vector field, such that x + v(x) ∈ ∆(x).
Associate first the end-point map πv : M → Rn+k, y 7→ y + v(y), y ∈ M and
then:

I(v) = {1 ≤ i ≤ k : x+ v(x) ∈ li(x)},
J(v) = {1 ≤ j ≤ p : x+ v(x) ∈ lj(x)}={1 ≤ j ≤ p : πv(Sj(x)) reduces to

a point},
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kv = cardI(v), nv =
∑

j∈J(v)mj ,

ξx
v = (

⋂

i∈I(v) li(x))
⊥
νMx

, i.e. the orthogonal complement of
⋂

i∈I(v) li(x) in
νMx;

finally, W x
v denotes the subgroup of W x generated by {Rx

i : i ∈ I(v)},
i.e. the stabilizer of x + v(x) in W (notice that I(v), J(v) and implicitely
kv and nv do not depend on the choosing of x). We do not exclude the case
when x+ v(x) lies in the interior of ∆(x), situation that can be equivalently
expressed by any of the following conditions: I(v) = φ, or J(v) = φ, or
kv = 0, or nv = 0, or W x

v = W .

Theorem 1.2.2 (i) The map πv : M → Rn+k has constant rank n− nv and
its image Mv is an embedded submanifold in R

n+k. The tangent, respectively
normal spaces at an arbitrary point x∗ = πv(x) ∈Mv are:

ν(Mv)x∗ = ν(M)x +
∑

j∈J(v)

Ej(x),

respectively

(TMv)x∗ =
∑

j /∈J(v)

Ej(x).

(ii) Regarded as a map from M to Mv, πv is a fiber bundle. If Sx,v is the
connected component through x of the fiber π−1

v (πv(x)), then Sx,v is an
nv-dimensional isoparametric submanifold of rank kv in ξx

v +
∑

j∈J(v)Ej(x)

having ξx
v as normal plane at x. Its focal hyperplanes at x are lj(x) ∩ ξx

v ,
j ∈ J(v) and the Weyl group is W x

v . The curvature distributions of Sx,v and
consequently the curvature spheres and multiplicities are naturally inherited
from M.

The manifold Sx,v will be called the slice corresponding to v through x.
As a particular case of this theorem, consider the situation when I(v) = φ, in
other words when no focalisation occurs: then πv maps M diffeomorphically
onto the isoparametric submanifold Mv. Such Mv will be called a parallel
manifold. In the opposite case, when v focalizes M at least once, we call
Mv a focal manifold. The family {Mv : x + v(x) ∈ ∆(x)} is called the
isoparametric foliation of Rn+k induced by M .

An another particular case is given by choosing i, j two different funda-
mental indices and taking a normal vector v at x such that x + v(x) be-
longs to li(x), lj(x) and to no other fundamental focal hyperplane, that is
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I(v) = {i, j}. For the rank 2 isoparametric submanifold Sx,v, li(x) ∩ ξx
v and

lj(x)∩ξx
v are fundamental focal lines regarded from x. But the angle between

li(x) and lj(x) is the same as the one between the two lines above, and the
latter one, by a result of Münzner (see [29]), must be π

p
, with p ∈ {2, 3, 4, 6}.

It follows the result that we have already anticipated, namely that W is a
crystallographic group.

The second part of the section concernes an important class of isopara-
metric submanifolds, namely the principal isotropy orbits of symmetric spaces.
Consider X = G/K a simply connected symmetric space of noncompact
type. Essentially we have here a simply connected semisimple noncompact
Lie group G together with an involutive automorphism θ whose fixed point
set K is a connected, maximal compact subgroup of G, or equivalently, in
terms of Lie algebras, with the Cartan decomposition

g = k ⊕ p

where g and k are the Lie algebras of G, respectively K and p = TXeK .
By [18], Prop.7.4, Ch.III, Cartan decomposition means that the following
conditions are fullfilled:
a)[k, k] ⊆ k, [k, p] ⊆ p, [p, p] ⊆ k;
b) the Killing form B of g is strictly negative definite on k and strictly positive
definite on p.
It follows that K acting on g through the adjoint representation leaves p

invariant. The representation of K on p induced in this way is the so-called
isotropy representation of X, and its orbits are called simply isotropy orbits.

Consider now a maximal abelian subspace a ⊆ p and x ∈ a a regular point
(i.e. the centralizer of x in p reduces to a) .The corresponding isotropy orbit
M = Ad(K).x is called principal and will be regarded as a compact, embed-
ded submanifold of the Euclidean space (p, B|p). The tangent, respectively
normal spaces of M at an arbitrary point Ad(k).x are:

T (M)Ad(k).x = [Ad(k).x, k], ν(M)Ad(k).x = Ad(k).a, (1.2)

so the codimension of M in p equals the rank of X. We associate to any v ∈ a

the normal vector field v̂ defined by v̂(Ad(k).x) = Ad(k).v, for any k ∈ K.
The derivative of this field in the direction [ξ, x] ∈ TMx, ξ ∈ k, is given by:

D[ξ, x]v̂ = (dv̂)x([ξ, x]) = [ξ, v]. (1.3)
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It follows that v̂ is parallel with respect to ∇ν and consequently (ν(M),∇ν)
is flat. The shape operator at x is described by Av : TMx → TMx, [ξ, x] 7→
−[ξ, v], ξ ∈ k.

Recall now that a linear real functional λ : a → R is a root if the space
gλ = {z ∈ g : [x, z] = λ(x)z, ∀x ∈ a} is not zero. If Λ ⊂ a∗ denotes the set of
nonzero roots and k0 the commutator of a in k, then g decomposes as:

g = a + k0 +
∑

λ∈Λ

gλ. (1.4)

Since B|a is is strictly positive definite, we can associate to any λ ∈ Λ a vector
Hλ ∈ a uniquely determined by B(x,Hλ) = λ(x), for any x ∈ a. Identifying
a∗ with a, we can associate to any λ ∈ Λ ( the same as Hλ ) the reflection sλ

of a in the hyperplane lλ = {x ∈ a : λ(x) = 0} and obtain in this way on Λ
a structure of root system in a, which is not necessarilly reduced. The Weyl
group W = W (X) corresponding to a is defined as

W = NK(a)/CK(a) = {k ∈ K : Ad(k).a ⊆ a}/{k ∈ K : Ad(k).x = x, ∀x ∈ a}.

Via the adjoint representation Ad, W acts faifhfully on a; it is generated by
the reflections sλ, λ ∈ Λ.

If gC = g⊗C denotes the coplexification of g, then gc = k⊕ ip is a compact
real form of gC. Denote by ∆ the set of nonzero roots of gc with respect to a
maximal abelian subalgebra a′ ⊇ ia. Any such root is an R-linear functional
on a′ with values in iR and all elements of Λ are, up to a multiplication by
i, restrictions to a of elements of ∆. The multiplicity nλ of an arbitrary
element λ ∈ Λ represents the number of elements of ∆ which restrict to λ on
a.

Consider now S = {γ1, ..., γk} the simple root system consisting of the
roots which correspond to the walls of the Weyl chamber containing x and
associate Λ+ the set of positive roots. Also distinguish in Λ the subsets
Λ0 and Λ+

0 of indivisible, respectively positive indivisible roots. Together
with gλ, one associates to any λ ∈ Λ the space kλ = {z ∈ k : (adx)2(z) =
λ(x)2z, ∀x ∈ a} = (gλ ⊕ g−λ)∩ k. The direct decomposition k = k0 +

∑

λ∈Λ+ kλ

gives for any regular x ∈ a:

[x, k] =
∑

λ∈Λ+

[x, kλ]. (1.5)

Notice that if λ ∈ Λ, then the space k0 ⊕ kλ ⊕ k2λ is a subalgebra of k.
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Let’s now come back to our principal isotropy orbit M = Ad(K).x, x ∈ a

regular. Take v ∈ a a normal vector, v̂ the parallel normal field induced by
v and notice that for any yλ ∈ kλ holds Av̂[yλ, x] = −[yλ, v] = −λ(v)

λ(x)
[yλ, x],

because yλ ∈ gλ ⊕ g−λ. The decomposition (1.5) rewritten as

[x, k] =
∑

λ∈Λ+

0

[x, kλ] ⊕ [x, k2λ] (1.6)

is just the eigenspace decomposition of TMx corresponding to any shape
operator Av̂ and its eigenvalues −λ(v)

λ(x)
, λ ∈ Λ+

0 .

It is now clear that M is an isoparametric submanifold of (p, B|p). A
synthesis of the previous considerations concerning the structure of M as an
isoparametric submanifold is made in the following theorem:

Theorem 1.2.3 Let M = Ad(K).x be a principal isotropy orbit of the rank
k symmetric space X = G/K.Then:
(i) M is an isoparametric submanifold of rank k in p whose corresponding
isoparametric foliation is just the orbital foliation of the isotropy representa-
tion of K on p.
(ii) the curvature distributions at x are Eλ(x) = [x, kλ] ⊕ [x, k2λ], with the
induced multiplicity mλ = nλ + n2λ, λ ∈ Λ+

0 .
(iii) the curvature normals at x are − 1

λ(x)
Hλ, λ ∈ Λ+

0 .

(iv) the curvature spheres through x are the orbits Ad(Kλ).x, where Kλ de-
notes the closed subgroup of K corresponding to the Lie subalgebra k0⊕kλ⊕k2λ.
(v) the Weyl group of M is W (X) and its action on M through antipodal maps
is the same as the action of W on Ad(K).x from the right. More precisely,
for any λ ∈ Λ+

0 and any k ∈ K holds

ϕλ(Ad(k).x) = Ad(k).(sλ(x)).

(vi) M is irreducible if and only if the symmetric space X is irreducible. In
this situation, we have at most two distinct values of the multiplicities.

The last statement follows immediatly from the list of all possible marked
Dynkin diagrams of irreducible symmetric spaces. What we call here the
marked Dynkin diagram is simply obtained from the Dynkin diagram of the
root system Λ by if we figure out for each node γi ∈ S the value mγi

of its
corresponding multiplicity. Directly from [18], Table VI, p. 532 and some
elementary calculations can be deduced:
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Lemma 1.2.4 The only possible marked Dynkin diagrams for irreducible
symmetric spaces of rank greater than 2 are these given in Table 1 from
Appendix.

Among the isoparametric families in Euclidean spaces, the orbital folia-
tions of isotropy representations play an essential role, as can be seen in the
following theorem:

Theorem 1.2.5 Any compact, connected, complete, irreducible and full
isoparametric submanifold of rank at least 3 is a principal isotropy orbit
of an irreducible symmetric space.

Three different proofs of this theorem are known so far. These were
done, successively, by Thorbergsson (see [40]), Olmos (see [31]) and Heintze
and Liu (see [16]). In fact, the last two authors proved in [16] a more
general result, namely the homogeneity for infinite dimensional isoparametric
submanifolds in Hilbert spaces. In the theorem above it is essential that M
has rank greater than 2, in the sense that there exist examples of rank 2
isoparametric submanifolds in Euclidean spaces (equivalently, isoparametric
hypersurfaces in spheres) which are not homogeneous (see [13]). Anyway,
by [29], the number of distinct multiplicities for isoparametric hypersurfaces
in spheres is still at most 2. Consequently:

Corollary 1.2.6 The number of distinct multiplicities of an irreducible iso-
parametric submanifold is at most 2.

We will usually denote their values by m1, m2 or, when it happens to be
equal, by m.

Remarks 1. Instead of the symmetric space X = G/K of noncompact
type, the dual symmetric space X ′ = G′/K could has been considered. The
only difference consists in the fact that the Lie algebra g′ of G′ decomposes
this time as g′ = k ⊕ ip, hence up to a multiplication by i, the treatement is
equivalent.

2. It is a classical fact that if G is a compact connected semisimple Lie
group, then G×G/∆(G) is a symmetric space of compact type with respect
to the automorphism (g1, g2) 7→ (g2, g1) of G × G. The two terms of the
corresponding decomposition of the Lie algebra g × g of G×G are this time
k = {(x, x) : x ∈ g} respectively p = {(x,−x) : x ∈ g}. If t ⊂ g is a maximal
abelian subalgebra, then a = {(x,−x) : x ∈ t} is a maximal abelian subspace
of p. If ∆ denotes the set of roots of G, then the roots of the symmetric space
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G × G/G are of the form α̃ : a → iR, (x,−x) 7→ α(x), x ∈ t, with α ∈ ∆.
The only roots of G×G which restrict to α̃ are α+0 and 0+α. The isotropy
representation is this time

∆(G) × p → p, (g, g).(x,−x) = (Ad(g).x, Ad(g).(−x)),

for g ∈ G and x ∈ t, that is nothing but the adjoint representation ofG. So we
can finally conclude that any principal adjoint orbit of G is an isoparametric
submanifold of uniform multiplicity 2 in g.

1.3 The homology module of M

Let X : Mn → Rn+k be a compact, connected, complete and full isoparamet-
ric submanifold. In the sequel, we would like to analyse this embedding from
the point of view of the notions presented in our first section: the tautness
will be proved in terms of cycles of Bott-Samelson type for nondegenerate
distance functions. The only aim of the present section is to reproduce the
construction of these cycles, preceeded by some preliminary considerations,
from [19].

We begin with the description of the critical set for nondegenerate dis-
tance functions.:

Theorem 1.3.1 Let a ∈ Rn+k be an arbitrary point, fa : M → R the corre-
sponding distance function and C(fa) its critical set. Let also be x0 ∈ C(fa),
i.e. a ∈ νx0

(M).
a) The W-orbit of x0 is contained in C(fa).
b) If a is W x0 −regular (or, equivalently, a nonfocal point of the embedding),
then fa is a Morse function and C(fa) = W.x0.
c) Under the same assumptions as at the point b), the index of fa at any
x ∈ W.x0 equals the number of focal hyperplanes from νx0

(M) intersected by
the line segment [ax], each counted with its multiplicity.

PROOF (see [19], Th.5.1)

The construction of the cycles of Bott-Samelson type for fa at x0 be-
longing to Hsiang, Palais and Terng is described in the following theorem
(the ideas of this construction will be later imporant for us; that’s why we
consider useful to reproduce also the proof of the theorem, cf [32]:
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Theorem 1.3.2 Let a ∈ Rn+k and x0 ∈ Msuch that a ∈ νx0
(M) is W x0-

regular. Consider the focal hyperplanes intersected by the line segment [ax0]
be li1(x0), li2(x0), ..., lir(x0), going from a to x0. Then:
a) The negative space of fa at x0 is ⊕{Eij (x0) : 1 ≤ j ≤ r}.
b) Take N = {(y1, ..., yr) ∈ M × ...×M : y1 ∈ Si1(x0), y2 ∈ Si2(y1), ..., yr ∈
Sir(yr−1)} and u : N → M , (y1, ..., yr) 7→ yr. Then (N,u) is a cycle of Bott-
Samelson type over R for fa at the critical point x0. The ring R is Z if all
values of the multiplicities are greater than 2, respectively Z2 otherwise.

PROOF a) Remember that (Hessfa)x0
= I−Aa−x0

. If v denotes the normal
vector a − x0, then Av|Ei

= 〈a − x0, vi〉idEi
, so that the negative space of

the Hessian at x0 is the direct sum of those Ei for which 〈a − x0, vi〉 > 1.
Geometrically, this latter fact means that [ax0] crosses the hyperplane li(x0).

b) It will be sufficient to prove the following:
(i) y0 = (x0, ..., x0) is the unique maximum point of fa ◦ u.
(ii) (du)y0

maps TNy0
isomorphically onto the negative space of fa at x0.

(iii) if mij are all greater than 1, then N is orientable.
The point (ii) is quite clear, since TNy0

= ×1≤j≤rEij (x0) and (du)y0
is

the matural identification of the latter product with the direct sum of the
same spaces. Also (iii) follows immediately from the fact that N is the total
space of an iterated bundle whose fibers and initial base space are spheres of
dimensions mij and consequently is simply connected. In order to understand
the idea of proving (i) it will be enough to take r=3, i1 = 1, i2=2 and i3=3.

For an arbitrary y = (y1, y2, y3) ∈ N \{y0} we shall prove that (f ◦u)(y) <
(f ◦ u)(y0), i.e. d(a, y3) < d(a, x0). In order to do that, consider zj =
[ax0]∩lj(x0), 1 ≤ j ≤ 3. Take a1 = y1+v(y1) and look at the intersections of

[a1y1] with l1(y1), l2(y1) and l3(y1): z
(1)
j = [a1y1]∩ lj(y1), 1 ≤ j ≤ 3. Since the

parallel transport from x0 to y1 in the normal bundle of the sphere S1(x0) is
an orthogonal transformation which fixes l1(x0) pointwise, it follows l1(y1) =

l1(x0), so z
(1)
1 = z1 and also |a1z1| = |az1|, |z

(1)
1 z

(1)
2 | = |z1z2|, |z

(1)
2 z

(1)
3 | = |z2z3|,

|z(1)
3 y1| = |z3x0|. The same reasoning is then used for the parallel transport

from y1 to y2 in the normal bundle of S2(y1). We consider this time a2 =

y2 + v(y2), [a2y2] ∩ lj(y2) = z
(2)
j , 1 ≤ j ≤ 3 and notice that l2(y2) = l2(y1),

so z
(2)
2 = z2(1), and also |a2z

(2)
1 | = |a1z

(1)
1 |, |z(2)

1 z
(2)
2 | = |z(1)

1 z
(1)
2 |, |z(2)

2 z
(2)
3 | =

|z(1)
2 z

(1)
3 |, |z(2)

3 y2| = |z(1)
3 y1|. Finally we invoke the parallel transport from y2

to y3 in ν(S3(y2)) in order to see that if a3 = y3 + v(y3), [a3y3]∩ lj(y3) = z
(3)
j ,

1 ≤ j ≤ 3, then l3(y3) = l3(y2), hence z
(3)
3 = z

(2)
3 , and also |a3z

(3)
1 | = |a2z

(2)
1 |,
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|z(3)
1 z

(3)
2 | = |z(2)

1 z
(2)
2 |, |z(3)

2 z
(3)
3 | = |z(2)

2 z
(2)
3 |, |z(3)

3 y3| = |z(2)
3 y2|. The key of this

construction is to notice that the union [az1] ∪ [z
(1)
1 z

(1)
2 ] ∪ [z

(2)
2 z

(2)
3 ] ∪ [z

(3)
3 y3]

is a polygonal line in Rn+k which joins a to y3, having the same length as
[ax0]. It follows d(a, y3) ≤ d(a, x0). We could have equality only if the
broken line above is the same as [ax0], in other words, at each step of the
previous construction nothing ”moves”, i.e.y1 = x0, y2 = y1, y3 = y2, so
y = (x0, x0, x0).

Definition The cycle (N, u) constructed above is called the HPT-cycle
of fa at x0.
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By Corollary 1.1.8, everything is known about the R-homology of M :

Corollary 1.3.3 a) If all multiplicities of M are greater than 1, then:
(i) M is simply connected;
(ii) H∗(M, Z) has no torsion;
(iii) the dimension of Hi(M, Z) equals the number of index i critical points
of fa;
(iv) dimH∗(M, Z) = |W |.

b) The manifold M is always taut-embedded in Rn+k and dimH∗(M, Z2) =
|W |.
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The central point of the section was to present the so-called HPT-cycles.
Although a very ingenious construction, originating in the classical work [5]
of Bott and Samelson, we estimate that some arbitrariness exists here. One
could ask for instance what happens when the segment [ax0] contains the
origin 0, i.e. the common intersection of all focal hyperplanes from νx0

(M)?
The construction makes no sense any more. We could try to go further and
improve the situation by moving a without leaving its Weyl chamber: even
if the hyperplanes crossed by [ax0] are in this way well-determined, they are
not always intersected in the same order, and there exists for the moment no
reason to believe that this order doesn’t influence the corresponding cycle. In
order to obtain a certain control of this phenomenon, we will need a descrip-
tion of HPT-cycles in terms of galleries and words. A minimal background
regarding these latter notions will be presented in our next section.
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Figure 1.4

1.4 Words, galleries and their homotopy

Following [33] we will present in the sequel some elementary facts of to the
theory of buildings: the notion of building will be not explicitely involved and
the general context will not exceed the classical theory of finite (spherical)
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Weyl groups (see for instance [20]).
Consider an irreducible finite Weyl group W on the Euclidean space Rk

and denote by H the family of reflection hyperplanes. Among the Weyl
chambers, distinguish arbitarily a certain one, denote it by c0 and call it
the fundamental chamber. Since W acts simply transitively on the set of
all chambers, we will frequently identify the latter ones to the elements of
W as follows: c0 is the same as the unit e and an arbitrary chamber c the
same as the element of W which maps c0 to c. Denote by S = {s1, ..., sk}
the subset of W consisting of the reflections at the walls of c0. Then (W,S)
is a finite crystallographic Coxeter system, i.e. S generates W and the only
relations between generators are of the form ord(sisj) = mij , 1 ≤ i, j ≤ k,
with mii = 1 and mij ∈ {2, 3, 4, 6} for i 6= j. Denote by Ik the set {1, 2, ..., k}
and call its elements fundamental indices. Two chambers c1 and c2 are called
i-adjacent, i ∈ Ik, if c1 = c2si. In order to understand the geometric meaning
of the adjacency relation we ”colour” the walls of all chambers, by using the
colours 1, 2, , ..., k as follows: a wall p of a certain chamber c is coloured
by j if and only if c, regarded as an element of W , maps the wall sj of the
chamber c0 onto p. The colouring is evidently well-defined; two chambers
c1 and c2 are then j − adjacent if and only if one of them can be obtained
from the other by a reflection at a wall of colour j (in the figure below, for
instance, c1 and c2 are 2-adjacent).

A
A
A
A
A
A

�
�
�
�
�
�

A
A

A
A

A
A

�
�

�
�

�
�

c1 = s2s1s2
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The words are defined as elements of the free monoid generated by Ik.
Associate to any word f = i1i2 ...ir the element sf = si1si2 ...sir of W. A
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gallery of type f starting at c0 is a system of chambers (c0, c1, ..., cr) such that
cj is ij-adjacent with cj−1, for any 1 ≤ j ≤ r. Any such gallery is uniquely
determined by its type. We will usually identify the set G of galleries starting
at c0 with the set of words. Notice that there exists a gallery of type f from
G which ends at w if and only if w = sf . The length of a gallery of type
i1i2 ...ir is by definition r. Associate to any w ∈W the distance d(e, w) from
e to w as the minimal length of a gallery from G ending at w, and also its
length l(w) as the minimal number of factors that a decomposition of w like
a product of simple reflections can have. Clearly l(w) = d(e, w). A gallery
from G which ends at a certain w is said minimal if its length is minimal,
namely d(e, w).

The following remark will play an important role in the understanding of
our future applications. It can be founded in K.S. Brown’s book [7] and we
would like to reproduce it ad literam: ”A minimal gallery should be thought
as the combinatorial analogue of a geodesic: any minimal gallery from c0 to
c crosses precisely the same elements of H as a straight line segment joining
a point of c0 to a point of c (of course, the minimal gallery need not cross
these walls in the same order as the line segment)”.

Let’s now associate to any pair i, j ∈ Ik the word p(i, j) = ijij ...
︸ ︷︷ ︸

mij factors

.

If, for instance, mij = 3, then p(i, j) = iji and p(j, i) = jij. In general we
have sp(i,j) = sp(j,i). An elementary homotopy of words is a transformation of
a word of the form f1p(i, j)f2 into the word f1p(j, i)f2. Two words f and g
are said homotopic (denote f ∼ g) if we can obtain one from the other by a
sequence of elementary homotopies.

Remark If f ∼ g then sf = sg and l(f) = l(g).

Two galleries from G are called homotopic if their types are homotopic
words. It follows from the remark above that two galleries from G which are
homotopic must end at the same chamber.

Definition A word is called reduced if it is not homotopic to a word of
the formf1iif2.

Proposition 1.4.1 The word f is reduced if and only if the associated ex-
pression sf is reduced (as element of W).

PROOF It is not difficult to see that if sf is not reduced, then there exist
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i, j ∈ Ik, such that sf = f1p(i, j)p(j, i)f2, if mij = 3 or sf = f1p(i, j)p(i, j)f2

if mij ∈ {2, 4, 6}.
In both cases we can find an elementary homotopy, namely given by

p(i, j) 7→ p(j, i), which maps f to to something of the form g = g1iig2.
Conversely, if f ∼ g, with g of the same form as above, then sf = sg1

(si)
2sg2

,
which is, of course, a nonreduced expression.

Theorem 1.4.2 a) The gallery of type f from G is minimal iff f is a reduced
word.
b) For two reduced words f and g, sf = sg iff f ∼ g.

PROOF (see [33], Th.1.4.)

As an immediate consequence one obtains:

Corollary 1.4.3 Any two minimal galleries which end at the same chamber
are homotopic.

Thus, in terms of our previous identification, the set Gm of minimal gal-
leries from G is just the set of reduced words. A very important object for our
future developements is also the set Gm/ ∼ = {[f ] : f ∈ Gm} of all homotopy
classes of minimal galleries. As final conclusion we can state now:

Corollary 1.4.4 The correspondance [f ] 7→ sf is well defined and estab-
lishes a bijection between the sets Gm/ ∼ and W.

1.5 Homology of M via homotopy of galleries

The purpose declared at the end of paragraphe 3 was to elucidate the ambi-
guities which can occur in constructing the HPT-cycles. So let us return to
the context temporarily abandoned, i.e. to our compact, connected,complete
and full isoparametric submanifold X : Mn → Rn+k. Take x0 ∈ M arbitrar-
ily and a ∈ ∆(x0). We already noticed that fa is a Morse function whose
critical set is C(fa) = W.x0. Fix x such a critical point and recall that in
order to construct the HPT-cycle we must first consider the intersections of
[ax] with the focal hyperplanes from νx0

(M) (if necessary, we move a inside
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∆(x0) such that [ax] doesn’t pass through the origin). Ordered from a to
x, let this hyperplanes be L1, L2, ..., Lr. By the recursive rule: xj+1 is ob-
tained by reflecting xj in Lj , 0 ≤ j ≤ r − 1, we get the sequence of points
x1,x2,...,xr−1, xr = x of M . Each Lj becomes in this way the common wall
of the chambers ∆(xj) and ∆(xj+1), 1 ≤ j ≤ r − 1, so we can consider in
this way the sequence i1, i2, ..., ir of fundamental indices determined by:

L1 = li1(xo) = li1(x1), ..., Lr = lir(xr−1) = lir(xr). (1.7)

In the language of our previous section, we obtained a gallery (which turns
out later to be minimal), joining ∆(x0) to ∆(x), namely this gallery whose
type is i1i2...ir.

Let now ϕi1 , ϕi2, ..., ϕir be the involutive automorphisms of M induced
respectively by the curvature spheres Si1 , Si2, ..., Sir . Notice that for each
1 ≤ j ≤ r holds:

xj = ϕij ...ϕi1x0.

Recall that the antipodal maps considered above are in fact end-point maps
of the form:

ϕj(x) = πuj
(x) = x+ uj(x), x ∈M,

where uj(x) =
2vj(x)

‖vj‖2 , x ∈M , are parallel normal fields which do not focalize

M , 1 ≤ j ≤ r.

Lemma 1.5.1 If i, j ∈ {1, ..., p}, then ϕj maps the sphere Si(x) diffeo-
morphically onto the curvature sphere parallel to Si(x) which passes through
ϕj(x).

PROOF At any point y ∈M the differential (dϕj)y maps Ei(y) isomorphi-
cally onto Eσj(i)(ϕj(y)), for a certain σj(i) ∈ {1, 2, ..., p} (cf. [32], Thm.6.3.2).
It follows that ϕj maps the leaf Si(x) of Ei onto the leaf Sσj(i)(ϕj(x)) of Eσj(i).
On the other hand, uj|Si(x) is a parallel normal vector field on Si(x), so the
image of the corresponding end-point map must be a sphere

22



A
A
A
A
A
A
A
A
A

�
�
�
�
�
�
�
�
�

A
A

A
A

A
A

A
A
A

�
�

�
�

�
�

�
�
�

a

.

x
li3(x2) = li3(x)

li1(x0) = li1(x1)

li2(x1) = li2(x2)

x0

.x1

.x2

.

lj3(x)

lj2(x)

lj1(x)

Figure 1.6

of the same dimension and the same focal set as Si(x), i.e. a sphere parallel
to Si(x).

Regard now the hyperplanes L1, L2, ..., Lr from x, namely consider the
set of indices j1, j2, ..., jr ∈ {1, 2, ..., p} (which are this time not any more
fundamental), determined by:

L1 = lj1(x), ..., Lr = ljr(x) (1.8)

and then take

N = {(y1, ..., yr) : y1 ∈ Sj1(x), y2 ∈ Sj2(y1), ..., yr ∈ Sjr(yr−1)}

together with uN : N → M , (y1, ..., yr) 7→ yr. The main result of section
1.3 says that (N, uN) is a cycle of Bott-Samelson type for fa at x and con-
sequently uN∗[N ] is a linking cycle for fa at x. The idea is now to compare
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this latter cycle to those furnished by:

F = {(z1, ..., zr) : z1 ∈ Si1(x0), z2 ∈ Si2(z1), ..., zr ∈ Sir(zr−1)}, (1.9)

and uF : F → M, (z1, ..., zr) 7→ zr. A first step will be made by:

Proposition 1.5.2 Let z be an arbitrary point of M and m ∈ {1, ..., r− 1}.
Then:

(i) lim(z) = ljm(ϕirϕir−1
...ϕim+1

z);
(ii) the map ϕirϕir−1

...ϕim+1
establishes a diffeomorphism between Sim(z)

and Sjm(ϕirϕir−1
...ϕimz);

(iii) ir = jr.

PROOF (i) Denote the element ϕirϕir−1
...ϕim+1

of W by ϕ and notice that
lim(xm) = ljm(ϕxm). In order to pass to an arbitrary point z ∈M , it will be
enough to consider the parallel transport in the normal bundle from νxm(M)
to νz(M) and use the fact that it commutes with ϕ.

(ii) The image of Sim(z) through ϕ is, by the previous lemma, the curva-
ture sphere through ϕz which focalizes in lim(z) = ljm(ϕz),that is Sjm(ϕz).
All we have to do now in order to finish is to replace z by ϕim(z).

(iii) By choosing m = r − 1 in (i) we obtain lir(z) = ljr(ϕirz), or, if we
replace z by ϕir(z), lir(z) = lir(ϕirz) = ljr(z).

Before stating the relationship between (N, uN) and (F, uF ) in H∗(M),
we need some more information regarding in special the orientability in the
case when R = Z can be chosen.

Definition The F-cycle associated to an arbitrary word f = i1i2...ir is the
pair (Ff , uf) where

Ff = {(z1, z2, ..., zr) : z1 ∈ Si1(x0), z2 ∈ Si2(z1), ..., zr ∈ Sir(zr−1)}

and uf : Ff →M is given by (z1, ..., zr) 7→ zr, for any (z1, ..., zr) ∈ Ff .

The manifold Ff defined above is an iterated bundle whose primordial
total space and the successive fibers are curvature spheres ofM . So, whenever
both multiplicities are greater than 1, Ff is simply connected and orientable.
An important role will be played by the fundamental homology class of such
manifolds and, in the situation mentioned above, a natural orientation will
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be needed. The following assumption will be from now on always present.
It doesn’t alterate the generality of the present context and will become
concrete only in the next chapter:

Assumption In the case when both multiplicities are greater than 1, the
orientation of all fundamental curvature spheres is fixed.

To orient curvature spheres is the same as to orient the corresponding
curvature distributions. Since the tangent space to an arbitrary Ff at an
arbitrary point (z1, ..., zr) is Ei1(z1) × ... × Eir(zr) (where f is supposed to
be i1...ir), by the assumption above we have also oriented Ff . The following
remark will play later an important rôle:

Remark 1 Suppose that both multiplicities of M are greater than 1. If f =
i1...ir is an arbitrary word, take f ′ = i1...ir−1 and consider the bundle map π :
Ff → Ff ′ , which associates to any (z1, ..., zr) ∈ Ff the element (z1, ..., zr−1) of
Ff ′ . The map s : Ff ′ → Ff , (z1, ..., zr−1) 7→ (z1, ..., zr−1, zr−1), (z1, ..., zr−1) ∈
Ff ′ is a section of this bundle which embeds Ff ′ in Ff . For any point z =
(z1, ..., zr−1, zr−1) ∈ Ff ′ , the submanifold Ff ′ and the fiber (z1, ..., zr−1) ×
Sir(zr−1) and have in z a unique intersection, which is transversal of degree
+1 in Ff .

Coming back to the context from above, we are now in position to prove:

Corollary 1.5.3 The map Φ : F → N, (z1, z2, ..., zr) 7→
(ϕirϕir−1

...ϕi2z1, ..., ϕirzr−1, zr) is a diffeomorphism which makes the
following diagram commutative:

F N

M

N
u u

Φ

F

Consequently, (F, uF ) is an another cycle of Bott-Samelson type at the
point x, which induces in homology the cycle uF∗[F ] = ±uN∗[N ].

PROOF Since Φ is an automorphism of M×r, it will be enough to show
that it maps F into N and its inverse maps N into F . Take (z1, z2, ..., zr) an
arbitrary point in F and use succesively the previous proposition as follows:
ϕir ...ϕi2z1 ∈ ϕir ...ϕi2Si1(x0) = Sj1(ϕir ...ϕi2ϕi1x0) = Sj1(x),
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ϕir ...ϕi3z2 ∈ ϕir ...ϕi3Si2(z1) = Sj2(ϕir ...ϕi3ϕi2z1),
......................................................................................................................
ϕirzr−1 ∈ ϕirSir−1

(zr−2) = Sjr−1
(ϕirϕir−1

zr−2)
and finally zr ∈ Sir(zr−1), hence ϕirzr−1 and zr are on the same Sir -sphere,
i.e. zr ∈ Sir(ϕirzr−1) = Sjr(ϕirzr−1).

In order to prove the second assertion of the Corollary, observe that the
map fa ◦ uF = fa ◦ uN ◦ Φ has a unique maximum, which is nondegenerate,
at Φ−1(x, x, ..., x) = (x1, x2, ..., xr).

As a subsidiary remark, it follows from the considerations above:

Corollary 1.5.4 We can join any two points of M by a piecewise smooth
curve with at most p components, all of them being segments of great circles
in fundamental curvature spheres.

PROOF Consider an arbitrary F-cycle (F, u) which generates the
top-homology of M , i.e. u∗[F ] = ±[M ], and everythig follows from the
surjectivity of u.

We consider now for two arbitrary fundamental indices i and j a normal
vector v ∈ ν(M)z0

with z0 + v(z0) belonging to li(z0), lj(z0) and no other
focal hyperplane (z0 is here an arbitrary point in M). Denote by Sij(z0) the
connected component of z0 in π−1

v (πv(z0)), which is a rank 2 isoparametric
submanifod having li(z0)∩ ξz0

v and lj(z0)∩ ξz0

v as focal lines through z0. The
restrictions Ei|Sij(z0) and Ej |Sij(z0) are curvature distributions on Sij(z0) and
their leaves Si(z) respectively Sj(z) through any z ∈ Sij(z0) are still here
curvature spheres.

Lemma 1.5.5 Let us denote mij by m and consider zm a point in M. The
following statements are equivalent:

a) zm ∈ Sij(z0).
b)There exists a sequence of points z1, z2, ..., zm−1 ∈ M with z1 ∈ Si(z0),

z2 ∈ Sj(z1), ..., zm ∈ Sα(i,j)(zm−1), where α(i, j) equals i or j, whether m is
odd, respectively even.

PROOF From b) follows πv(z0) = πv(z1) = ... = πv(zm), hence a) holds.
The converse follows from Corollary 1.5.4.
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It is not clear for the moment how could F-cycles help in the direction
enounced at the beginning of the section : the F-cycle which, by Cor.1.5.3,
replace the original HPT-cycle, is still so arbitrary as the HPT-cycle was.
The following two results will bring some more light in this problem:

Lemma 1.5.6 Let M be a (not necessarily irreducible) isoparametric hyper-
surface in the sphere, with 2 ≤ p ≤ 4 distinct principal curvatures. Let m1

and m2 denote, as usual, the only values that the multplicities can take. If f
and g are the two distinct words which furnish the two minimal galleries of
maximal length in the Weyl group W , then uf∗[Ff ] = (−1)s(m1,m2,p)ug∗[Fg],
where:

s(m1, m2, p) =







m1m2, if p = 2
m1 +m2, if p = 4
0, otherwise.

PROOF Both terms of the identity we have to prove represent, up to a
sign, the fundamental homology class of M . In order to see the sign which
differentiate them, we make the following case-by-case analysis:

Case 1. p = 2. The isoparametric hypersurface M is simply the product
of the spheres Sm1 and Sm2 . The two cycles we are refered in our statement
are M itself and Sm2 × Sm1 , the diffeomorphism which relates them having
clearly degree (−1)m1m2 .

Case 2. p = 3 and m1 = m2 ≥ 2.
With the notations given by Figure 1.7, we have to compare the F-

cycles (Ff , uf) and (Fg, ug), given by f = 121, respectively g = 212. These
come both from (different) HPT-cycles in the manner described in Cor.1.5.3,
namely from (Nf , u

′
f), respectively (Ng, u

′
g).

M

F

NN

F

Φ Φ

u’

g

u’

 u u
f g

f g

f g

f g

f

The same corollary furnishes the diffeomorphisms Φf : Ff → Nf ,
Φg : Fg → Ng, which make the diagram below commutative. The concrete
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form that these spaces have is:

Ff = {(z1, z2, z3) ∈M×3 : z1 ∈ S1(x0), z2 ∈ S2(z1), z3 ∈ S1(z2)},

Fg = {(z′1, z
′
2, z

′
3) ∈M×3 : z′1 ∈ S2(x0), z

′
2 ∈ S1(z

′
1), z

′
3 ∈ S2(z

′
2)},

Nf = {(y1, y2, y3) ∈ M×3 : y1 ∈ S2(x3), y2 ∈ S3(y1), y3 ∈ S1(y2)},

Ng = {(y′1, y
′
2, y

′
3) ∈M×3 : y′1 ∈ S1(x3), y

′
2 ∈ S3(y

′
1), y

′
3 ∈ S2(y

′
2)}.
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Figure 1.7

Also recall that Φf : Ff → Nf is of the form Φf = (ϕ1ϕ2, ϕ1, id).
By the assumption above, the curvature spheres S1 and S2 are already

oriented. One can see that S3 is the diffeomorphic image of S1 through ϕ2;
we orient S3 in such a way, that this diffeomorphism has degree +1. On the
other hand, S3 is also the diffeomorphic image of S2 through ϕ1. At this
point we must anticipate partially the way in which the orientations of S1

and S2 will be chosen (see Thm. 2.1.2), namely that ϕ1∗[S2] = ϕ2∗[S1], and
conclude from here that also ϕ1|S2 : S2 → S3 has degree +1. It can be easily
seen now that Φf and Φg are both maps of degree +1. Hence we only have
to see which is the difference between the two orientations induced on M
by the HPT-cycles (Nf , uf), respectively (Ng, ug). To this end, we consider
the differentials of uf and ug at (x3, x3, x3) as obtained during the proof of
Thm.1.3.2, and reduce our problem to compare the orientations of TMx3

regarded as E2(x3)⊕E3(x3)⊕E1(x3), respectively E1(x3)⊕E3(x3)⊕E2(x3).
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But as long the summands are even dimensional, the two orientations are
the same.

Case 3. p = 4 and m1, m2 are both greater than 1.
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This time f = 1212 , g = 2121,

Ff = {(z1, z2, z3, z4) ∈M×4 : z1 ∈ S1(x0), z2 ∈ S2(z1), z3 ∈ S1(z2), z4 ∈ S2(z3)},

Fg = {(z′1, z
′
2, z

′
3, z

′
4) ∈M×4 : z′1 ∈ S2(x0), z

′
2 ∈ S1(z

′
1), z

′
3 ∈ S2(z

′
2), z

′
4 ∈ S1(z

′
3)},

Nf = {(y1, y2, y3, y4) ∈M×4 : y1 ∈ S1(x4), y2 ∈ S3(y1), y3 ∈ S4(y2), y4 ∈ S2(y3)},

Ng = {(y′1, y
′
2, y

′
3, y

′
4) ∈M×4 : y′1 ∈ S2(x4), y

′
2 ∈ S4(y

′
1), y

′
3 ∈ S3(y

′
2), y

′
4 ∈ S1(y

′
2)}.

and Φf = (ϕ2ϕ1ϕ2, ϕ2ϕ1, ϕ2, id).
We orient S3 and S4 in such a way, that ϕ1|S2

: S2 → S3 and ϕ2|S1
: S1 →

S4 have degree +1. We must also know which is the degree of ϕ1|S4
: S4 → S4.

Once again we anticipate one of the results stated in Thm.2.1.2, namely

{
ϕ1∗([S2]) = [S2] + d21[S1]
ϕ2∗([S1]) = [S1] + d12[S2]

where, up to a converse,

(d12, d21) =

{
(−1,−2), if m1 = m2 = 2
(0, 0), in all other cases.
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This means that [S4] = ϕ2∗([S1]) and ϕ1∗([S4]) = ϕ1∗ϕ2∗[S1] = ((−1)m1+1+
d12d21)[S1] + d12[S2]. A simple reasoning shows now that ϕ1∗[S4] =
(−1)m1+1[S4]. In a similar way, one obtains ϕ2∗[S3] = (−1)m2+1[S3]. Hence
ϕ2ϕ1ϕ2 maps S1 onto S1 difeomorphically, changing the orientation by (−1)m1+1;
ϕ2ϕ1 maps S2 onto S3 difeomorphically, changing the orientation by (−1)m2+1.
The degree of Φf is consequently (−1)m1+m2 . Of course, by simmetry, the
same is the degree of Φg.

As in the previous situation, we only have to compare the orientations of
TMx4

given by its direct decompositions as E1(x4)⊕E3(x4)⊕E4(x4)⊕E2(x4),
respectively E2(x4)⊕E4(x4)⊕E3(x4)⊕E1(x4). It is not difficult to see that
the difference between these orientations is (−1)m1+m2 .

Let us return now to the previous context when M is an arbitrary irre-
ducible isoparametric submanifold of type different of G2, x0 an arbitrary
point of M and the Weyl group of M is regarded as the group generated
by the reflections in the focal hyperplanes of νx0

(M). As fundamental Weyl
chamber we choose, as usual, the chamber which contains x0. Consider
now f and g the types of two homotopical galleries from Gm. This means
that g can be obtaind from f by a sequence of alterations of the form
f

(k)
1 p(ik, jk)f

(k)
2 7→ f

(k)
1 p(jk, ik)f

(k)
2 , 1 ≤ k ≤ t, where f

(1)
1 p(i1, j1)f

(1)
2 = f ,

f
(t)
1 p(jt, it)f

(t)
2 = g.

We associate to this homotopy of words the number (−1)s(f,g), where:

s(f, g) =
t∑

k=1

s(mik , mjk
, mikjk

). (1.10)

The following proposition will show that the number (−1)s(f,g) is well-defined,
in the sense that it does not depend on the choice of the homotopy between
f and g.

Proposition 1.5.7 If M is not of type G2, then for any two homotopic
words f and g holds:

uf∗[Ff ] = (−1)s(f,g)ug∗[Fg].

PROOF It is, of course, enough to analyze the situation when f =
f1p(i, j)f2 and g = f1p(j, i)f2, and to show that in this case holds uf∗[Ff ] =
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(−1)s(mi,mj ,mij)ug∗[Fg]. For sake of simplicity consider mij = 3. The corre-
sponding F-cycles are then:

Ff = {(z1, ..., zr) : ..., zt ∈ Si(zt−1), zt+1 ∈ Sj(zt), zt+2 ∈ Si(zt+1), ∗ ∗ ∗},

Fg = {(z1, ..., zr) : ..., zt ∈ Sj(zt−1), zt+1 ∈ Si(zt), zt+2 ∈ Sj(zt+1), ∗ ∗ ∗}.

Consider

F0 = {(z1, ..., zt−1, zt+2, ..., zr) : ..., zt+2 ∈ Sij(zt−1), ∗ ∗ ∗}

(the missing groups of relations ”...” and ”***” are easy to imagine and
always the same) and also the map pf : Ff → F0, (z1, ..., zr) 7→
(z1, ..., ẑt, ẑt+1, ..., zr), which is well-defined and surjective, by Lemma 1.5.5.
We will prove first that pf is a map of degree ±1: to this end, we consider
the sequence of points x1, ..., xr obtained from x0 by applying successively
the fundamental reflections dictated by f , in such a way that (x1, ..., xr) will
be in Ff , and we show:

α) The preimage of (x1, ..., xt−1, xt+2, ..., xr) through pf reduces to
(x1, ..., xr).

β) The map pf is a local diffeomorphism at (x1, ..., xr).
Let us begin with α):We have to prove that zt ∈ Si(xt−1), zt+1 ∈ Sj(zt),

xt+2 ∈ Si(zt+1) imply zt = xt and zt+1 = xt+1. In the isoparametric sub-
manifold Sij(xt−1) take a′ ∈ ∆(xt−1) such that the line segment [a′xt+2]
intersects the only focal lines li(xt−1) ∩ ξxt−1

v , lj(xt) ∩ ξxt−1

v and li(xt+1) ∩
ξxt−1

v , counted from a′ to xt+2. The critical point xt+2 of the distance func-
tion ga′ : Sij(xt−1) → R admits as cycle of Bott-Samelson type the sub-
stitute of the HPT-cycle given by Cor.1.5.3, namely {(yt, yt+1, yt+2) : yt ∈
Si(xt−1), yt+1 ∈ Sj(yt), yt+2 ∈ Si(yt+1)} together with u : (yt, yt+1, yt+2) 7→
yt+2. This means that ga′ ◦ u has at (xt, xt+1, xt+2) an absolute maximum,
hence from u(zt, zt+1, xt+2) = u(xt, xt+1, xt+2) follow the desired identities.

β) Distinguish in Ff the following three submanifolds:
F 1

f = {(z1, ..., zt−1, ϕitzt−1, ..., ϕir ...ϕitzt−1) : ...},
F 2

f = {(x1, ..., xt−1, zt, zt+1, zt+2, ϕit+3
zt+2, ϕir ...ϕit+3

zt+2) :
zt ∈ Si(xt−1), zt+1 ∈ Sj(zt), zt+2 ∈ Si(zt+1)},

F 3
f = {(x1, ..., xt−1, xt, xt+1, xt+2, zt+3, ..., zr) : ∗ ∗ ∗}.

Similarly, consider in F0:

F 1
0 = {(z1, ..., zt−1, ϕit+2

ϕit+1
ϕitzt−1, ..., ϕir ...ϕitzt−1) : ...},
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F 2
0 = {(x1, ..., xt−1, zt+2, ϕit+3

zt+2, ..., ϕir ...ϕit+3
zt+2) : zt+2 ∈ Sij(xt−1)},

F 3
0 = {(x1, ..., xt−1, xt+2, zt+3, ..., zr) : ∗ ∗ ∗}.

Then

(TFf)x = (TF 1
f )x ⊕ (TF 2

f )x ⊕ (TF 3
f )x, (TF0)x = (TF 1

0 )x̂ ⊕ (TF 2
0 )x̂ ⊕ (TF 3

0 )x̂,

where x = (x1, x2, ..., xr) and x̂ = pf(x) = (x1, ..., x̂t, x̂t+1, ..., xr). Also notice
that pf(F

γ
f ) ⊂ F γ

0 , γ ∈ {1, 2, 3} and moreover, the restrictions pf |F 1
f

: F 1
f →

F 1
0 and pf |F 3

f
: F 3

f → F 3
0 are essentially identical maps. As about pf |F 2

f
, it

reduces essentially to the F-cycle associated to ga′ at xt+2 and is consequently
a local diffeomorphism at x.

In a similar way we can prove that also pg : Fg → F0 is a map of degree
±1. From the commutativity of the diagram below we deduce uf∗[Ff ] =
u0∗pf∗[Ff ] = ±u0∗[F0] = ±ug∗[Fg].

F FF

M

p p

u
0

u

u

f g

f g

f g

0

But it is easy to see in the reasoning above that the sign which differentiate
the two cycles above is the same as the sign which differentiate the F-cycles
in Sij(xt−1) corresponding to the two different choices of minimal galleries of
maximal length from xt−1 to xt+2, which are respectively associated to the
reduced words p(i, j) = iji and p(j, i) = jij.

�

Remark Also in the case G2 holds uf∗[Ff ] = (−1)s(f,g)ug∗[Fg], where f and
g are the two minimal galleries of maximal length in the corresponding Weyl
group. By reasons that will become clear only later, we do not need the exact
value of s(f, g) in this case (see Cor.2.3.9).

An another important step will be made by:

Proposition 1.5.8 If the word f is not reduced (i.e. the associated gallery
is not minimal), then uf∗[Ff ] = 0.
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PROOF Because of the previous proposition it will be enough to consider
f = f1iif2, so Ff will be of the form {(z1, ..., zr) : ..., zt ∈ Si(zt−1), zt+1 ∈
Si(zt), ...}. Take F ′ = {(z1, ..., ẑt, ..., zr) : ..., zt+1 ∈ Si(zt−1), ...} and u′ :
F ′ → M , (z1, ..., ẑt, ..., zr) 7→ zr. If p : F → F ′ is defined by the rule
(z1, ..., zr) 7→ (z1, ..., ẑt, ..., zr), (z1, ..., zr) ∈ F , then evidently u′ ◦ p = uf .
It follows uf∗[Ff ] = u′∗p∗[Ff ] = 0, simply because dimFf >dimF ′.

The essence of the section is concentrated in the following theorem:

Theorem 1.5.9 Fix in Gm a certain subset G0
m which consists of represen-

tatives of the quotient space Gm/ ∼. If [G0
m] and [W ] are the free R-modules

generated by the elements of G0
m respectively [W ], then the correspondances

f 7→ sf ,

respectively
f 7→ uf∗[Ff ],

f ∈ G0
m, are well-defined and can be extended to isomorphisms of R- modules

between [W ], [G0] and H∗(M,R).

PROOF There is nothig more to be proved about the first map (see Cor.
1.4.4).

The second map is well-defined up to a sign, by Prop. 1.5.7. On the
other hand, for any f ∈ Gm, uf∗[Ff ] is a linking cycle at sf(x0): One knows
that there exists a gallery of a certain type g ∈ Gm, joining ∆(x0) with
∆(sf(x0)), such that ug∗[Fg] is a linking cycle at sf(x0) (see Cor.1.5.3). Since
ug∗[Fg] 6= 0, it follows from Prop.1.5.7 that g describes a minimal gallery. But
f and g being minimal, both ending at the same chamber, we have f ∼ g
(see Cor.1.4.3), hence uf∗[Ff ] = ±ug∗[Fg].

We conclude by applying Thm.1.3.1, Thm.1.3.2 and Cor.1.4.4.

Remark 2. As we will see later, it will be often convenient to choose, even
in an arbitrary way, a set G0

m of representatives of Gm/ ∼ (equivalently, to
fix a reduced expression for any element w ∈ W , or to fix a minimal gallery
from x0 to any wx0, w ∈W ) and then to identify H∗(M,R) to one of the
R -modules [W ] or [G0

m] (the induced graduation of the latter one is given
by deg(f) =

∑r
j=1mij , for any f = i1i2...ir ∈ G0

m).
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1.6 The homology of Mv

We have seen in the third section that isoparametric submanifolds are embed-
ded in the ambient Euclidean space in a very reasonable manner, which offer
the possibility to obtain their homology module only from the ”infinitesimal”
data (Weyl group and multiplicities): the basic tool was the Morse theory of
nondegenerate distance functions, namely the fact that they are R-perfect.
The tautness property is stated in [19] also for focal manifolds, but no direct
proof is done there. We will try in the sequel to assume ourselves this task :
the main goal will be also here the construction of cycles of Bott-Samelson
type, that will be obtained in a natural way by ”projecting” the previous
HPT-cycles from M to Mv.

As usual, Mn will be a compact, connected, complete and full isoparame-
tric submanifold in Rn+k. Consider now v a normal parallel field and associate
to it all objects defined in the first half of section 2 (see Thm.1.2.2). We begin
with the following technical result:

Lemma 1.6.1 For any x ∈M and any w ∈W ,

πv(w.x) = w.πv(x).

x

i v(x)

R (x)

v(R (x))

l (x)

i

i

i

S (x)

Figure 1.9

PROOF It will be enough to consider the case w = Rx
i : because v is

parallel along the sphere which focalizes in li(x), it follows that its value
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Rx
i (x)+v(R

x
i (x)) at the antipodal point of x must be the reflection of x+v(x)

(also see Figure 1.9).

The following result describes completely the critical set of a distance
function on Mv:

Theorem 1.6.2 (see [19]) Let x0 be an arbitrary point in M and a ∈ νx0
(M)

be W − regular. Denote by ga the associated distance function on Mv and
take x∗0 = πv(x0) ∈Mv.Then:

(i) C(ga) = πv(W.x0) = W.x∗0, being constituted only of nondegenerate
critical points;

(ii) if x ∈W.x0 and x∗ denotes πv(x), then the negative space of ga at x∗

is ∑

{Ej : j /∈ J(v) and the line segment [ax∗] meets lj(x)}.

Consequently, the index of x∗ as critical point of ga equals the number of focal
hyperplanes lj(x), j ∈ {1, 2, ..., p} \ J(v) intersected by the line segment [ax∗]
(equivalently, the focal hyperplanes lj(x) , j ∈ {1, 2, ..., p}, intersected by the
line segment [ax∗)), each counted with its multiplicity.

We will try now to obtain homological information about Mv from the
Morse function ga. In order to do that, we need the following general result
of the theory of Weyl groups (see for instance [20] , section 1.10).

Lemma 1.6.3 One can find a system of representatives W v of the coset
space W/Wv with the property that for any u ∈ W v and any w ∈ uWv there
exists a unique element u′ ∈ Wv with w = uu′ and l(w) = l(u) + l(u′).
Particularly, u is the unique element of its coset uWv having minimal length.

Following [20] we will call the elements of W v the minimal coset repre-
sentatives of W/Wv.

In the context of Thm.1.6.2, Wv is the stabilizer of x∗0, hence the critical
set of ga is W v.x∗0, in a natural bijective correspondance with W v. If fa

denotes the distance function from a on M , then its critical set C(fa)=W.x0

can be partitioned as W.x0 =
⊔
{uWvx0 : u ∈W v}, an element uWvx0 of the

partition consisting exactly of these points of C(fa) which project through
πv on u.x∗0.

Fix now u ∈W v a minimal representative, take the corresponding critical
point ux0 of fa, together with its corresponding HPT-cycle (N(ux0), pu). It
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is maybe not surprising that a cycle of Bott-Samelson type for ga at ux∗0 is
obtained simply from the previous cycle after composing with πv:

Proposition 1.6.4 The index of any point of C(fa) which projects to ux∗0
is at least equal to index(ga, ux

∗
0). The only point of uWvx0 of index equal to

index(ga, ux
∗
0) is ux0. The pair (N(ux0), πv ◦ pu) is a cycle of Bott-Samelson

type for ga at ux∗0.

The proof of Prop.1.6.4 needs some preliminary results. Only by technical
reasons we suppose that a lies in the interior of ∆(x0).

Lemma 1.6.5 Consider w ∈W and si a fundamental reflection with
l(wsi) > l(w). Then index(fa, wsix0) >index (fa, wx0) and
fa(wsix0) > fa(wx0). Consequently, for any u ∈ W v and any
x ∈ uWvx0 \ {ux0}, holds index(fa, ux0) <index (fa, x) and fa(ux0) < fa(x).

PROOF Since l(wsi) = l(w) + 1, it follows that the chambers ∆(x0) and
∆(wsix0) are separated by the same focal hyperplanes which separate ∆(x0)
and ∆(wx0) and additionally li(wx0). In particular, the segment [a, wx0]
does not cross li(wx0). All inequalities are now clear.

Lemma 1.6.6 If u ∈ W v, then the line segment [a, ux0] cannot cross hyper-
planes of the form lj(ux0) with j ∈ J(v).

PROOF Let us suppose that something like that happens: reflect ux0 in
lj(ux0) and obtain x = ϕj(ux0). The following diagram is commutative,

M M

M

ϕ

π

v

π

j

  vv

hence πvϕj(ux0) = πv(ux0), consequently ϕj(ux0) ∈ uWvx0. On the other
hand, d(a, ux0) > d(a, x), in contradiction with Lemma 1.6.5.
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Lemma 1.6.7 An element w of W is a minimal representative (i.e. it be-
longs to W v) if and only if the line segments [a, wx0] and [a, wx∗0) intersect
the same set of focal hyperplanes.

PROOF Because of Lemma 1.6.5, we only have to prove that if u is a
minimal representative, then the segments [a, ux0] and [a, ux∗0) cross the same
focal hyperplanes. One already knows that this is true for [a, ux0] and [a, ux∗0],
since ux0 and ux∗0 are in the same chamber. If a certain lj(ux0) would cross
[a, ux0] but not [a, ux∗0), it would follow ux∗0 ∈ lj(ux0), i.e. j ∈ J(v), in
contradiction with the previous lemma.

PROOF OF PROPOSITION 1.6.4 The only fact it remained to be
proved is that the pair (N(ux0), πv ◦ pu) is a cycle of Bott-Samelson type for
ga at ux∗0. The proof that we will give in the sequel is inspired from the proof
of Thm.1.3.2. Also now the line segment [a, ux0] meets succesively the only
focal hyperplanes lj1(ux0),...,ljr(ux0), counted from a to ux0, and the same
can be said about the segment [a, ux∗0). Denoting N(ux0) simply by N , all
we have to prove is:

(i) y0 = (ux0, ..., ux0) is the unique maximum point of ga ◦ πv ◦ pu.
(ii) d(πv ◦ pu)y0

maps TNy0
isomorphically onto the negative space of ga

at ux∗0.
(iii) if mji

are all greater than 1, then N is orientable.
The point (ii) follows easily from the fact that no ji belongs to J(v).

We take now y = (y1, y2, ..., yr) ∈ N \ {y0} and prove that ga ◦ πv(yr) <
ga ◦ πv(ux0), i.e. d(a, πv(yr)) < d(a, ux∗0). The main idea of the proof can be
easily understood from the particular situation r = 2, j1 = 1, j2 = 2 (see
Figure 1.10).

Consider the vector ṽ(ux0) = a−ux∗0 ∈ ν(M)x0
and extend it to a normal

parallel field ṽ along M . Let z1 and z2 be the points where the line segment
[a, ux∗0] meets l1(ux0) respectively l2(ux0). At the point y1 ∈ S1(ux0) take
the vectors v(y1) and ṽ(y1) obtained by parallel transport along the sphere
S1(ux0) which focalizes in l1(ux0): this means that if a1 = πv(y1)+ṽ(y1), then
the line segment [a1, πv(y1)] crosses first of all the hyperplane l1(ux0) = l1(y1)

at the point z
(1)
1 = z1 and then l2(y1) at z

(1)
2 . A similar reasoning is available

when passing from y1 to y2 along S2(y1): if a2 = πv(y2)+ ṽ(y2), then the line

segment [a2, πv(y2)] crosses l1(y2) in z
(2)
1 and then l2(y2) in z

(2)
2 = z

(1)
2 .
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Figure 1.10

Clearly, ‖z1z2‖ = ‖z(1)
1 z

(1)
2 ‖ and ‖z2, ux∗0‖ = ‖z(1)

2 πv(y1)‖ = ‖z(2)
2 πv(y2)‖.

It follows that the polygonal line [az1]∪[z
(1)
1 z

(1)
2 ]∪[z

(2)
2 πv(y2)] joins a to πv(y2)

and has the same length as [a, ux∗0], consequently d(a, πv(y2)) ≤ d(a, ux∗0).
Equality holds iff πv(ux0) = πv(y1) = πv(y2). But the normal field v doesn’t
focalize neither S1, nor S2 (cf. Lemma 1.6.6) which means that πv maps
the spheres S1(ux0) and S2(y1) diffeomorphically onto other nondegenerate
spheres, hence we must have ux0 = y1 = y2.

Corollary 1.6.8 The focal manifold Mv associated to the isoparametric sub-
manifold Mn →֒ Rn+k and the parallel normal field v is taut-embedded in
Rn+k. If all multiplicities of M are greater than 1, then rankH∗(M, Z)=
=cardW v = |W |/|Wv|. The dimension of the space H∗(M, Z2) is always
cardW v = |W |/|Wv|.

Fix once more a minimal representative v. It follows from Prop.1.6.4
that, if the R-homology modules are involved, then πv∗ maps the linking
cycle pu∗[N(ux0)] of fa at ux0 to a linking cycle of ga at ux∗0; the question is
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now what can be said about the cycles associated to the other critical points
of fa which also project to ux∗0. The answer is very simple: they are mapped
to 0.

Theorem 1.6.9 Among the critical points of fa, the only ones whose HPT-
cycles are not vanished through πv∗ are those who correspond to minimal
representatives of W/Wv. The HPT-cycles of the latter ones are mapped to
linking cycles of ga.

PROOF If u is a minimal representative, we associate to an arbitrary x =
wx0 ∈ uWvx0 \ {ux0} the HPT-cycle (N(x), p). By Lemma 1.6.3 there exists
u′ ∈ Wv, u

′ 6= 1 with w = uu′ and l(w) = l(u) + l(u′). One can associate
to u and u′ the reduced expressions u = sf and u′ = sf ′ , where f and
f ′ are two words in Ik, actually f ′ word in I(v). Consequently w = sfsf ′

is also a reduced expression. Replace the HPT-cycle p∗[N(x)] by the F-
cycle associated to the reduced expression of w above (see Cor 1.5.3 and
Thm.1.5.8), of the form

Fff ′ = {(z1, ..., zq) : z1 ∈ Sj1(x0), ..., zq−1 ∈ Sjq−1
(zq−2), zq ∈ Siq(zq−1)},

together with pff ′ : Fff ′ → M , (z1, ..., zq) 7→ zq, (z1, ..., zq) ∈ Fff ′ . As letter
of the word f ′, iq belongs to I(v). Consider now F = {(z1, ..., zq−1) : z1 ∈
Sj1(x0), ..., zq−1 ∈ Sjq−1

(zq−2)} and p′ : F → M , which maps an arbitrary
(z1, ..., zq−1) ∈ F to zq−1. Since πv focalizes any Siq -sphere, the following
diagram is commutative:

F F

M

π π
v v

v

0 0p

h
ff’

ff’
p’

where h(z1, ..., zq) = (z1, ..., zq−1), for any (z1, ..., zq) ∈ Fff ′ . But
dimF <dimFff ′ , hence h∗[Fff ′ ] = 0, and so (πv ◦ pff ′)∗[Fff ′ ] = 0 or, equiva-
lently, πv∗p∗[N(x)] = 0.
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1.7 Schubert cycles on Grassmannians as

cycles of Bott-Samelson type

Recall that for any 1 ≤ n ≤ N , the Grassmanian Gn(RN) is the set of all
n-planes (i.e. n-dimensional vector subspaces) of RN . Equipped with a nat-
ural topology and a natural differentiable structure (see for instance [12]), it
represents an important mathematical object, whose study is essential in the
developement of various mathematical theories: characteristic classes, sym-
metric spaces (intrinsic or extrinsic), isoparametric submanifolds etc. We are
here especially interested in this latter approach: the general considerations
made in the second half of section 2 (see Thm.1.2.3) can be applied to the
symmetric space SL(n,R)/SO(n). As we already noticed at the end of the
same section (see Remark 1.), a similar treatement is available for the dual
space (which is of compact type) SU(N)/SO(N). More precisely, the last
space is furnished by the complex conjugation automorphism σ of SU(N),
σ(a) = ā, for any a ∈ SU(N). The corresponding decomposition of the Lie
algebra su(N) = {x ∈ R

N×N : x is sqew-hermitic of trace 0} is

su(N) = o(N) ⊕ iS0(N),

where S0(N) is the space of symmetric real N × N matrices of trace 0 and
o(N) the Lie algebra of SO(N), i.e.the space of sqew-symmetric real N ×N
matrices. As a maximal abelian subspace of iS0(N) we choose ia0, where a0

denotes the space of diagonal real matrices of trace 0. The corresponding
isotropy representation is, up to a multiplication by i, as follows :

SO(N) × S0(N) → S0(N), (a, x) 7→ axa−1,

for any a ∈ SO(N) and any x ∈ S0(N). Recall that the roots of the sym-
metric space are, also up to a multiplication by i, of the form αij : a0 → R,
Diag(λ1, ..., λN) 7→ λj − λi, where 1 ≤ i 6= j ≤ N are two arbitrary indices.
Since a0 is maximal abelian also in su(N), any of the roots above has mul-
tiplicity equal to 1. An element x ∈ a0 is regular iff its entries are any two
different; the corresponding orbit SO(N).x is in this case a full isoparametric
submanifold in S0(N), the latter one endoubted with the Euclidean metric
given by:

〈x, y〉 = tr xy,

for any two x, y ∈ S0(N).
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From our point of view, it will be more convenient to have to do with
the space U(N)/O(N) rather than SU(N)/SO(N). We will try in the se-
quel to explain why studying isotropy orbits of SU(N)/SO(N) is the same
as studying isotropy orbits of U(N)/O(N). The involutive automorphism of
U(N) corresponding to the last symmetric space is also given by the com-
plex conjugation and at the level of Lie algebras we have the eigenspace
decomposition

u(N) = o(N) ⊕ iS(N),

where u(N) is the space of all sqew-hermitic complex matrices and S(N)
the space of all real symmetric matrices. A maximal abelian subalgebra of
S(N) is the space a of all diagonal N × N matrices; the roots are nothing
but extensions of the previous αij to a, 1 ≤ i 6= j ≤ N . The isotropy
representation is still given by conjugation, as follows:

O(N) × S(N) → S(N), (a, x) 7→ axa−1,

with a ∈ O(N) and x ∈ S(N). Let us now compare the orbital foliations of
the two symmetric spaces from above:

S0(N) =
⊔

{SO(N).x0 : x0 ∈ a
0},

repectively

S(N) =
⊔

{O(N).x : x ∈ a}.

It follws from a classical result of linear algebra that SO(N).x = O(N).x, for
any x ∈ a. Moreover, notice that always holds SO(N).x = SO(N).x0 + αI,
where x0 = x− αI ∈ a0, i.e. α = 1

N
trx.

Consequently, from the point of view of the isotropy orbits, the only
change which occurs if considering U(N)/O(N) instead of SU(N)/SO(N)
is an additional unit in the dimension of the ambient space where the orbits
are sitting: if the principal isotropy orbit of the (regular) element x0 ∈ a0

is regarded in S(N) and not in S0(N), it will be not any more full, the
curvature normals at x0 are not any more able to generate the whole normal
space at x0. But as long we are interested only about height functions and
related facts, this will be no inconvenient: to any a ∈ a we can associate
a0 = a− 1

N
(tra)I ∈ a0 in such a way that the corresponding height functions

ha and ha0
differ only by a constant on any isotropy orbit (also notice that, as

long our submanifolds in Euclidean spaces are allways embedded in a sphere
with center in 0, using distance functions or height functions is the same).
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We are especially interested about the symmetric space U(N)/O(N) and
the isotropy orbits of the elements x1 = Diag(1, 2, ..., n, n+ 1, ..., n+ 1) and
x2 = Diag(1, ..., 1

︸ ︷︷ ︸

n times

, 0, ..., 0) of a. Their isotropy orbits are

F (n) = O(N)/O(1) × ...×O(1)
︸ ︷︷ ︸

n times

×O(N − n),

space we will call here the partial flag manifold, respectively the Grassman-
nian expressed as

Gn(RN ) = O(N)/O(n) ×O(N − n).

Actually, there are some natural identifications which are involved here: no-
tice first that, in general, the O(N)-orbit of an arbitrary x ∈ S(N) is the set
of all matrices of S(N) which have the same spectrum (i.e. the same eigen-
values with respectively the same multiplicities) as x. In this way, a matrix
of the orbit O(N).x1 is completely determined if we specify the eigenspaces
corresponding to the eigenvalues 1, 2, ..., n, which are supposed to be two by
two orthogonal lines in RN ; in other words, we can interprete F (n) as:

F (n) = {(L1, ..., Ln) : Li 1-dimensional subspace of RN ,
Li⊥Lj , for any two different indices i and j}

Similarly, any matrix fromO(N).x2 is uniquely determined by its eigenspaces,
particularly by its 1-eigenspace, which can be any n-dimensional vector sub-
space of RN . An another way to describe the Grassmannian is:

Gn(RN) = {x ∈ S(N) : x2 = x and trx = n}.

Both F (n) and Gn(RN ) inherit a differentiable and also a Riemannian struc-
ture, as closed submanifolds of the Euclidean space S(N).

In a very few words we recall in the sequel the classical construction of
the Schubert cycles on Gn(RN). We associate first to an arbitrary n-plane
a from RN the following increasing sequence of numbers: d1 = dim(R ∩ a),
d2 = dim(R2 ∩ a),..., dN = dim(RN ∩ a) = n. We also consider si(a) =
min{j ∈ {1, ..., N} : dim(Rj ∩ a) = i} and obtain an another sequence
1 ≤ s1(a) < s2(a) < ... < sn(a) ≤ N . By figuring this values in a diagram
we obtain the so-called graph of a (see Figure 1.11).

Let conversely be σ = (s1, s2, ..., sn) with 1 ≤ s1 < s2 < ... < sn ≤ N a
so-called Schubert symbol and associate
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Cσ = {a ∈ Gn(RN) : dim(a ∩ Rsk) = k and dim(a ∩ Rsk−1) = k − 1,
for all 1 ≤ k ≤ n}.
In other words, Cσ is the set of all n-planes of RN which have the prescribed
graph σ.

1
2
3

k

n

s s s s s s1 1 2 2 3 n-1 -1 -1 N

dk(a)

Figure 1.11:Schubert symbols as graphs of n-planes (si = si(a) and dk(a)
means dim(Rk ∩ a))

Consider also Zσ = {a ∈ Gn(RN) : dim(a ∩ Rsk) ≥ k, for all 1 ≤ k ≤ n},
i.e. the set of all n-planes which grow faster as σ from the point of view
of the graph. The point eσ = span{es1

, es2
, ..., esk

} ∈ Cσ will play later an
important role.

In a similar way we consider this time in F (n) the subspace
Ẑσ = {(L1, ..., Ln) ∈ F (n) : Lk ⊆ Rsk , for all 1 ≤ k ≤ n} =

= {(L1, ..., Ln) ∈ F (n) : L1 ∈ P(Rs1), L2 ∈ P(Rs2 ⊖ L1), ...,
Ln ∈ P(Rsn ⊖ (L1 ⊕ ...⊕ Ln−1))}.

The idea is to substitute Zσ by Ẑσ, in the intention to recuperate somehow
the handicape of the first one of not admitting in general a differentiable
structure. As about Ẑσ, it is the total space of an iterated bundle whose first
base space and succesive fibers are respectively the real projective spaces
P(Rs1), P(Rs2−1),..., P(Rsn−(n−1)), hence it admits a natural structure of
differentiable manifold of dimension (s1 − 1) + (s2 − 2) + ...+ (sn − n). The
spaces Zσ and Ẑσ can be related through fσ : Ẑσ → Zσ, which associates to
an arbitrary (L1, L2, ..., Ln) ∈ Ẑσ the (direct) sum L1 + L2 + ... + Ln. The
map is well-defined, onto and invertible on Cσ: more precisely, if a ∈ Cσ,
then f−1

σ (a) = (L1, ..., Ln), where the lines Li are described by: L1 = a∩Rs1 ,
L2 = (a ∩ Rs2) ⊖ L1,...,Ln = (a ∩ Rsn) ⊖ (L1 ⊕ ...⊕ Ln−1).
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Definition A Schubert cycle on Gn(RN) is a pair of the form (Ẑσ, fσ), where
σ is a Schubert symbol.

An another important related object we will need later is the space

Z̃σ = {(v1, ..., vn) ∈ (RN )×n : 〈vi, vj〉 = δij and vi ∈ R
si, for all 1 ≤ i, j ≤ n},

which is clearly the total space of an iterated bundle whose first base space
and succesive fibers are respectively the spheres Ss1−1,Ss2−2,..., Ssn−n. Notice
for later use that the map Z̃σ → Ẑσ, (v1, v2, ..., vn) 7→ (Rv1,Rv2, ...,Rvn),
(v1, v2, ..., vn) ∈ Z̃σ is a Z2 × Z2 × ...× Z2 -covering.

The main goal of the present section is to prove that if x0 =
= Diag(1, 2, ...N) ∈ a then the Schubert cycles (Ẑσ, fσ) defined above are
actually cycles of Bott-Samelson type for the height function hx0

: Gn(RN) →
R , x 7→ 〈x0, x〉, x ∈ Gn(RN). The first question concernes the nondegene-
racy of hx0

: that follows immediately from the regularity of x0 in a. We
must notice, by the way, that all reasonings made during this section are still
available if x0 is an arbitrary regular point in a, namely a diagonal matrix
with two by two different entries; the relevance of the choice of x0 as above
will become clear only in our next section.

The normal space to Gn(RN) = O(N).x2 at an arbitrary point a is :

νaGn(R
N ) = {x ∈ S(N) : [x, a] = 0}

(see for instance [5], Ch.II, (7.4)). In particular, a is a critical point of
hx0

iff x0 ∈ νaGn(RN), i.e. [x0, a] = 0, hence a ∈ a. In other words,
C(hx0

) = Gn(RN) ∩ a. One knows that the latter intersection is nothing
but the W -orbit of x2 (see for instance [18], Prop.2.2, Ch.VII), so the set of
all diagonal matrices obtained by permuting the entries of x2. In terms of
the identification from above, one can express that as follows:

C(hx0
) = {eσ : σ is a Schubert cycle}.

Particularly, the number of these critical points equals

(
N

n

)

.

Lemma 1.7.1 The restriction hx0
|Zσ has a unique maximum at eσ.

PROOF We start with the following general remark: if a, b are two planes in
RN (as usual, identified to the orthogonal projections on them, as elements of
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S(N)), then 0 ≤ 〈a, b〉 ≤ dima; equality in the left hand side can be realized
iff a⊥b and in the right hand side iff a ⊆ b. In order to prove that, choose
(ai)1≤i≤l an orthonormal basis of a and notice that :

〈a, b〉 =

l∑

i=1

〈aai, bai〉 =

l∑

i=1

〈ai, bai〉 =

l∑

i=1

‖bai‖
2,

the last sum being clearly at least 0 and at most l: it can take the value 0 iff
bai = 0, for all 1 ≤ i ≤ l, respectively the value l iff bai = ai, for all 1 ≤ i ≤ l,
i.e. a ⊆ b (also see Figure 1.10).

i

a

ba

b

i

Figure 1.12: The decomposition of ai with respect to the plane b

We will remark now that x0 decomposes as x0 =
∑N

s=1 bs, where bs = Rs⊥,
1 ≤ s ≤ N . Let us estimate now hx0

(a), for a ∈ Zσ arbitrary: For any
0 ≤ k ≤ n and any sk ≤ s < sk+1, a can be expressed as (a ∩ Rsk) ⊕ (a ∩
Rsk)⊥

a

(where ⊥a denotes the orthogonal complement in a) in order to obtain:
〈bs, a〉 = 〈bs, a∩R

sk〉+ 〈bs, (a∩R
sk)⊥

a

〉 = 〈bs, (a∩R
sk)⊥

a

〉 ≤ dim(a∩R
sk)⊥

a

=
n− dim(a∩ Rsk) ≤ n− k (s0 and sn+1 must be readed as 1, respectively N).
Consequently, hx0

(a) =
∑N

s=1〈bs, a〉 =
∑n

k=0

∑

sk≤s<sk+1
〈bs, a〉 ≤

∑n
k=0(n −

k)(sk+1−sk). Equality can occur iff a ∈ Cσ and moreover, for any 0 ≤ k ≤ n
and any sk ≤ s < sk+1 holds (a ∩ Rsk)⊥

a

⊆ bs, hence for any 0 ≤ k ≤ n,
(a ∩ Rsk)⊥

a

⊆ (a ∩ Rsk+1−1)⊥, i.e. a ∩ Rsk+1−1 ⊆ a ∩ Rsk , so, by reasons of
dimension, a∩Rsk+1−1 = a∩Rsk . The only n-plane a ∈ Cσ which can satisfy
all these conditions is a = eσ.

The main result of the section is :

Theorem 1.7.2 The map fσ : Ẑσ → Gn(RN) is a cycle of Bott-Samelson
type over Z2 for hx0

at the critical point eσ.
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PROOF It follows from the previous lemma and the fact that fσ is invertible
on Cσ that the function hx0

◦fσ : Ẑσ → R has a unique maximum at f−1
σ (eσ) =

{Res1
, ...,Resn}

not.
= {φσ}. It remains to prove that:

(i) the function hx0
◦fσ : Ẑσ → R has at φσ a nondegenerate critical point;

(ii) the index of eσ as critical point of hx0
equals dimẐσ.

(i) It will be enough to use the covering Z̃σ → Ẑσ mentioned a few
paragraphes above and to study the nondegeneracy at the point (es1

, ..., esn)
of the function Z̃σ → R which associates to an arbitrary (v1, v2, ..., vn) ∈ Z̃σ

the number:
hx0

◦ fσ(Rv1, ...,Rvn) =
∑N

s=1〈bs, Span(v1, ..., vn)〉 =
∑n

k=0

∑

sk≤s<sk+1
〈bs, Span(vk+1, ..., vn)〉 =

∑n
k=0

∑

sk≤s<sk+1

∑n
i=k+1〈bsvi, vi〉 =

∑n
k=0

∑

sk≤s<sk+1

∑n
i=k+1 ‖bsvi‖2 =

∑n
k=0

∑

sk≤s<sk+1

∑n
i=k+1(1 − ‖(bs − I)vi‖2).

Since the last expression is quadratic in the variables v1, v2, ..., vn, the
nondegeneracy is quite clear.

(ii) We have already noticed in a more general context that, since the
orbit Gn(RN) = O(N).x2 is contained in a sphere of S(N), the functions
hx0

and f−x0
(i.e. the height-function with respect to x0, repectively the

distance function from −x0) differ only by an additive constant: it will be
enough to calculate the index of eσ regarded as critical point of f−x0

. The
last number can be computed by using Thm.1.6.2, being namely the number
of focal hyperplanes crossed by the line segment [−x0, eσ). This means that
we only have to count how often two entries of different indices of the vector
−tx0 + (1 − t)eσ can be equal, for t ∈ (0, 1]: a few simple calculations
show that the number of times when such coincidences can occur equals
s1 − 1 + s2 − 2 + ...+ sn − n, and this is nothing but dimẐσ.

We conclude by:

Corollary 1.7.3 The Grassmann manifold Gn(R
N ) is taut-embedded in the

space S(N) of symmetric N ×N matrices. In their quality of cycles of Bott-
Samelson type, the Schubert cycles {fσ∗[Ẑσ] : σ a Schubert symbol } consti-
tute a basis of the space H∗(Gn(RN)).
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1.8 Schubert cycles on Grassmannians as

projected HPT-cycles

This section is intended to give an explanation to the assertion made by
Hsiang, Palais and Terng during their paper [19], which says that the cycles
constructed by them there (and which we call HPT-cycles) are ”general-
ized Schubert cycles”. From our point of view, a relationship between these
two objects can be obtained if we regard the Grassmann manifold as focal
manifold asociated to a certain isoparametric submanifold and then compare
the projected HPT-cycles considered in section 1.6 to the Schubert cycles
considered in the previous section.

We have already explained how can be the Grassmannian considered as
an isotropy orbit of the symmetric space SL(N,R)/SO(N), as well as of
U(N)/O(N). Consequently, for any principal isotropy orbit of the latter one,
all facts stipulated in Thm.1.2.3 will be supposed available. Before starting
the direct approach, we notice that, by technical reasons, we will prefere to
see this time Gn(RN) not any more as the O(N)-orbit of x2 (see section1.7)
but of −x2. Since the following diagram is commutative,

O(N).x
h

f

"-"
addition
of a
constant

0

R

R

x

x

2

O(N).(-x   )2

0

the main result of our previous section can be transposed as follows: at any
critical point eσ of fx0

corresponding to the Schubert symbol σ, the pair
(Ẑσ, fσ) is a cycle of Bott-Samelson type for fx0

at eσ.
We will prefere that the role of the isoparametric submanifold which is

going to be ”focalized” to be played by the orbit of x0 itself. This orbit is
the full flag manifold, i.e. the classical flag manifold

F (N) = {(L1, ..., LN) : Lj line in R
N , Li⊥Lj for any 1 ≤ i < j ≤ N}

. In the same manner as in the previous section, a flag of the form (L1, ..., LN )
will be usually identified with the matrix of S(N) which has the line Lj as
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j-eigenspace, for all 1 ≤ j ≤ N . In order to obtain concrete expressions
for the HPT-cycles on F (N) we need, of course, the concrete form of the
curvature data (distributions, normals and, especially, spheres): these will
be all obtained in the sequel by using Thm.1.2.3.

Because of the homogeneity of F (N), it will be enough to restrict our
attention to the point x0. The normal and the tangent spaces are:

ν(F (N))x0
= a, T (F (N))x0

= [x0, o(N)].

The Weyl group is naturally isomorphic to the symmetric group calSN , which
acts on the normal space a by permuting the entries of the diagonal matri-
ces. If α = αij , j > i, is an arbitrary positive root, then the value of the
corresponding curvature normal at x0 is

vα(x0) = −
1

α(x0)
Hα =

1

j − i
Dij ,

where Dij denotes the diagonal matrix whose entries are all 0, except those
of index i, respectively j, which are 1, respectively −1. At an arbitrary point
k.x0 ∈ O(N).x0, we have vα(k.x0) = k.vα(x0).

Denoting by Eij the matrix whose entries are 0, except this situated on the
line i and column j, which is 1, it turns out that the vector yα = Eij +Eji ∈
TF (N)x0

satisfies :
Av(yα) = 〈v, vα〉yα,

for any v ∈ a. Because the curvature distributions are all 1-dimensional, it
follows that :

Eα(x0) = R(Eij + Eji) = R[x0, Eij −Eji].

Since kα = R(Eij − Eji), it follows that Kα is the 1-parameter group

aij(t) = exp(t(Eij − Eji)) =



















1
. . .

1
cost . . . sint

...
...

-sint . . . cost
1

. . .

1



















,
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with t ∈ R. The curvature hyperplane lα(x0) is the same as Kerα and the
corresponding curvature sphere Sα(x0) is described by

t→ aij(t)x0aij(t)
−1,

t ∈ R. At an arbitrary point k.x0 ∈ F (N), lα(k.x0) = k.lα(x0) and Sα(k.x0) =
k.Sα(x0).

Geometrically, if x = (L1, ..., LN) is an arbitrary flag, then aij .x is the
flag obtained from x by a direct rotation of the orthogonal system of lines
(Li, Lj) in the 2-plane they generate. Even more general, if a is an arbitrary
orthogonal transformation, we can interprete the flag a.x as follows: if x
is regarded as as the symmetric matrix whose j-eigenspace is the line Lj ,
1 ≤ j ≤ N , then a.x means the matrix axa−1, i.e. the flag (aL1, ..., aLN ).
Similar geometric considerations can be made for partial flags (elements of
F (n) = O(N).x1, identified to n-flags of the form (L1, ..., Ln) in RN) or for
n-planes (elements of Gn(Rn) = O(N).x2).

Consider now τ an element of W together with the corresponding critical
point x = τx0 of the distance function fx0

: F (N) → R. In order to construct
the HPT-cycle at x we have first to relate the focal hyperplanes to x (since
now they were related to x0, as the indices indicate). If α is an arbitrary
root, then the hyperplane Kerα has the form l′α(x) and the curvature sphere
through x which focalizes at this hyperplane, call it S ′

α(x), is given by:

t 7→ aij(t)xaij(t)
−1, t ∈ R.

If we pass from x to an arbitrary k.x, k ∈ O(N), the curvature sphere through
k.x which focalizes at k.l′α(x) is S ′

α(k.x), described by:

t 7→ kaij(t)xaij(t)
−1k−1, t ∈ R.

The line segment [x0, x] crosses exactly the focal hyperplanes l′αij
for which

i < j and τ(j)−τ(i)
j−i

< 0. Going from x0 to x, they are intersected in the order
given by:

τ(j1) − τ(i1)

j1 − i1
<
τ(j2) − τ(i2)

j2 − i2
< ... <

τ(jr) − τ(ir)

jr − ir
< 0.

Denote αikjk
simply by αk and describe in this way the HPT-cycle of x as:

N (x) = {(f1, ..., fr) : f1 ∈ S ′
α1

(x), f2 ∈ S ′
α2

(f1), ..., fr ∈ S ′
αr

(fr−1)},
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together with u : N (x) → F (N), (f1, ..., fr) 7→ fr, for any (f1, ..., fr) ∈ N (x).
Its image in F (N) is:

u(N (x)) = {ai1j1(s1)ai2j2(s2)...airjr(sr).x : s1, s2, ..., sr ∈ R}. (1.11)

The idea is now to ”project” the cycles of the form above from F (N) to
F (n) and then to Gn(RN). To this end we start with the vector v1(x0) =
x1 − x0 ∈ ν(F (N))x0

, extend it to a parallel normal field v1 on F (N) and
notice that the corresponding focal manifold is just F (n). Denote by π̄ :
F (N) → S(N) the associated end-point map. By Lemma 1.6.1, for any
τ ∈W holds π̄(τx0) = τ π̄(x0), or, equivalently, τx1 = τx0, where we usually
denote:

k̄ =

{
k, if 1 ≤ k ≤ n
n+ 1, if k ≥ n + 1,

whenever k is a positive integer. This time by Lemma 1.6.7, τ ∈ W is a
minimal representative of W/Wv1

iff the line segments [x0, τx0] and [x0, τx1)
intersect the same focal hyperplanes. Hence the set S̄N of all these represen-
tatives can be explicitely described as follows:

S̄N = {τ ∈ SN :
τ(i) − τ(j)

i− j
< 0 iff

τ(i) − τ(j)

i− j
< 0, provided 1 ≤ i 6= j ≤ N}.

We can pass to Gn(RN) = O(N).(−x2) in a similar way: we consider
v2(x0) = x0 + x2, extend it to a normal parallel field on F (N) and regard

Gn(RN) as image of the end-point map πv2

not.
= ¯̄π : F (N) → S(N). If we

associate this time to any positive integer k the number

¯̄k =

{
−1, if 1 ≤ k ≤ n
0, if k ≥ n+ 1,

then the set of minimal coset representatives of W/Wv2
is

SN = {τ ∈ SN :
τ(i) − τ(j)

i− j
< 0 iff

τ(i) − τ(j)

i− j
< 0, provided 1 ≤ i 6= j ≤ N}.

The relation SN ⊂ S̄N which can be directly seen from the expressions
above, is also clear by the fact that v1 is ” focalizes less” than v2, hence
Wv1

⊂Wv2
.
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Let us consider now an arbitrary critical point of fx0
: Gn(RN) → R, of

the form x′′ = τ(−x2), τ ∈ SN . In order to apply Thm.1.6.9, we need the
HPT-cycle (N (x), u) in F (N) associated to x = τx0, its image through ¯̄π
being a cycle of Bott-Samelson type at x′′ for fx0

. The focal hyperplanes
intersected by [x0, τ(−x2)), counted from x0 to τ(−x2), are these lαij

with

i < j for which τ(i)−τ(j)
i−j

< 0, in the increasing order of the value of these
expressions. Say that the roots get in this way are respectively αi1j1, ..., αirjr ,
where τ(jl) ∈ {1, ..., n}, τ(il) ∈ {n + 1, ..., N}, for any 1 ≤ l ≤ n and
0 < j1 − i1 < j2 − i2 < ... < jr − ir. We partition the set {1, 2, ..., N}
in two subsets, namely J = {τ−1(1), ..., τ−1(n)} and its complement I =
{τ−1(n+1), ..., τ−1(N)}. By ordering the elements of J one obtains something
of the form

J = {s1 < s2 < ... < sn}
not.
= σ,

which is a Schubert symbol. The decisive point of the section is the following
lemma:

Lemma 1.8.1 The image of the projected HPT-cycle (N (x), ¯̄π◦u) in Gn(RN)
is contained in the image Zσ of the Schubert cycle (Ẑσ, fσ).

PROOF We will regard the element τ(−x2) of Gn(RN) as the n-plane pτ =
⊕n

i=1Resi
. Our aim is to prove that

ai1j1ai2j2 ...airjr .pτ ∈ Zσ,

where ailjl
= ailjl

(tl) with tl arbitrary (see 1.11 above). Of course, it will be
enough to prove that:

ai1j1ai2j2...airjr .esi
∈ R

si,

for any 1 ≤ i ≤ n. An important role in proving that will play the following
simple remark:

aijek =

{
ek, if k 6= i and k 6= j
cei + dej, if k = i or k = j,

(1.12)

where c and d are real numbers. We will prove now (1.12) by using the
following algorithmic manner:

Step 1. We can evidently suppose jr = si. It follows

airjresi
= c1eir + d1ejr ,
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where ir < jr = si.
Step 2. If jr−1 > jr then ir−1 > ir, hence air−1jr−1

doesn’t change the
expression from the previous step. So we can suppose jr−1 ≤ jr, consequently

air−1jr−1
airjr .esi

= c′1eir + c′2eir−1
+ d′1ejr + d′2ejr−1

,

where ir−1 < jr−1 ≤ jr = si.
Step 3. If jr−2 > jr then ir−2 > ir and ir−2 > ir−1, hence air−2jr−2

doesn’t
change the expression from the previous step. So we can suppose jr−2 ≤ jr,
consequently:

air−2jr−2
air−1jr−1

airjr .esi
= c′′1eir + c′′2eir−1

+ c′′3eir−2
+ d′′1ejr + d′′2ejr−1

+ d′′3ejr−2
,

where ir−2 < jr−2 ≤ jr.
........................................................................................................................

Final step. If j1 > jr, since j2, ..., jr−1 is each at most jr, it follows
i1 > ir, i1 > ir−1, ...,i1 > i2, hence ai1j1 doesn’t change the expression from
the previous step. So we can suppose j1 ≤ jr, consequently

ai1j1(ai2j2...airjr .esi
) = c

(r)
1 eir + ... + c(r)r ei1 + d

(r)
1 ejr + ...+ d(r)

r ej1,

where i1 < j1 ≤ jr.

To the same τ ∈ SN we associate now x′ = τx1 as critical point of
the distance function on F (n) from the base-point x0. By using a similar
reasoning as before, we can prove that:

Lemma 1.8.2 The image of the projected HPT-cycle (N (x), π̄ ◦ u) in F (n)
is contained in Ẑσ.

Remarks 1. Maybe it should be noticed that, formally, an another way to
prove the two lemmas above would has been to begin with Lemma1.8.2 and
thereafter to use the relation π = fσ ◦ π in order to deduce Lemma1.8.1.

2. It seems difficult to get an appropriate understanding of the subsets

SN , repectively SN of SN from a combinatorial point of view. Relevant
in this sense could be for instance the bijective correspondance τ 7→ σ =

{τ−1(1), ..., τ−1(n)} between SN and the set of Schubert symbols (it follows

from here, for instance, that the cardinality of SN equals
(

N
n

)
). In our context,
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this correspondance allows us to see precisely the identification of the critical
point τ(−x2) with the n-plane eσ.

The main goal of the section is to show that the cycles (N (x), π ◦ u) and
(Ẑσ, fσ) are the same in H∗(Gn(RN)). Before making the last step, we must
notice an another interesting aspect:

Lemma 1.8.3 The height function h−x0
(and implicitely the distance func-

tion fx0
) on Gn(RN) has all points of the same index situated on the same

level, for any possible value that the index could take.

PROOF Consider τ ∈ SN arbitrarily, together with the corresponding criti-
cal point x′′ = τ(−x2) = eσ = Diag(0, ..., 0,−1, 0, ..., 0,−1, 0, ..., 0,−1, 0, ...0),
where the value −1 occurs successively in the positions s1, s2,...,sn dictated
by σ. Its level is h−x0

(x′′) = s1 + ... + sn. By Thm.1.7.2, its index equals

s1 − 1 + s2 − 2 + ...+ sn − n = s1 + s2 + ...+ sn − n(n+1)
2

and the conclusion
is clear.

We are now in position to prove:

Proposition 1.8.4 If σ = τ−1{1, 2, ..., n} and x = τx0 are the Schubert
symbol, respectively the critical point in F (N) induced by an arbitrary τ ∈

SN , then :
(π ◦ u)∗[N (x)] = fσ∗[Ẑσ].

PROOF We know already that both terms of the equality above are linking
cycles for h−x0

: Gn(RN) → R at the critical point x′′ = τ(−x2) (cf. Thms.
1.6.9 and 1.7.2). We also know that all critical points of the same index as x′′

are on the same level: that’s why we can move x0 inside ∆(x0) to a vector y0

in such a way that, with respect to h−y0
, the level of x becomes strictly lower

than the level of all other critical points of the same index (notice that, when
passing from x0 to y0 inside ∆(x0), nothing changes in the critical view of the
associated distance function: the critical set is the same and also the pairs
(N (x), π ◦ u), respectively (Ẑσ, fσ) are still cycles of Bott-Samelson type).

Let us express the Schubert cycle fσ∗[Ẑσ] as sum of the projected HPT-
cycles (π ◦ ui)∗[N (τix0)], 1 ≤ i ≤ r, where τi(−x2) are critical points of

the same index as x′′, τi ∈ SN . If c = h−y0
(x′′), one knows that the space

H∗((Gn(RN)c, Z2) is freely generated both by the Schubert cycles and the
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projected HPT-cycles at the critical points of level at most c, in their quality
of linking cycles (cf. Thm.1.1.4). On the other hand, the level of any τi(−x2)
which is different of x′′ is strictly greater than c. This shows immediately the
desired identity.

N (x) Z

Z

f

σ

_

σ

σ

π

π

0

0

u

u

^
_

_

From the commutativity of the diagram above and the previous proposi-
tion follows now:

(π ◦ u)∗[N (x)] = fσ∗[Ẑσ] = fσ∗(π ◦ u)∗[N (x)].

In particular, (π ◦ u)∗[N (x)] 6= 0. But N (x) and Ẑσ are both closed
manifolds of the same dimension, hence (π ◦ u)∗[N (x)] = [Ẑσ]. We conclude
the section by:

Theorem 1.8.5 To an arbitrary τ ∈ SN associate the Schubert cycle σ, the
HPT-cycle (N (τx0), u)in F (N), the projected HPT-cycles (N (τx0), π ◦ u)
in F (n), respectively (N (τx0), π ◦ u) in Gn(RN) and the Schubert cycle fσ :
Ẑσ → Zσ. Then the maps π ◦ u : N (τx0) → Ẑσ and π ◦ u : N (τx0) → Zσ

are both well-defined and surjective. The HPT-cycles (π ◦ u)∗[N (τx0)] and
(π ◦ u)∗[N (τx0)] projected from F (N) to F (n), respectively Gn(RN) coincide
to [Ẑσ], respectively the Schubert cycle fσ∗[Ẑσ].
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Chapter 2

Cohomology of isoparametric
submanifolds

The aim of this chapter is to continue the investigations initiated by Hsiang,
Palais and Terng in the last section of their paper [19]. Their main idea was
to adapt the old methods of Bott and Samelson (cf. [5]) to the theory they de-
veloped in the first sections of their paper. Concret results are obtained only
for the cohomology ring over the field Q, under the assumption of uniform
multiplicity greater than 1: an essential ingredient in their reasoning was
the using of Borel’s formula concerning the rational cohomology of principal
adjoint orbits (recall that the latter ones are isoparametric submanifolds of
uniform multiplicity 2).

But maybe the most important idea of this section 6 of [19] is that the
cohomological study of irreducible isoparametric submanifolds of uniform
multiplicity greater than 1 can be reduced to the cohomological study of a
prototype of this class, the best known being, of course, the adjoint orbit of
a simple Lie group. It seems that the same ”prototype principle” is available
in a more general context, namely for the class of irreducible isoparame-
tric submanifolds, divided in subclasses based on some natural criteria on
the marked Dynkin diagrams. The first part of the chapter is devoted to
proving this result. After ”calculating” in this way the cohomology ring of
isoparametric submanifolds, it will be very easy, by using the estimations
made in section 1.6, to obtain the cohomology of an arbitrary focal manifold.
Finally we will be interested about some quantitative estimations, mainly for
the non-focal elements of isoparametric foliations: from each of the classes
mentioned above, we will take an easy-to-handle exponent and try to say
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as much as possible about its cohomology ring. Many such descriptions are
taken from various sources: it was not easy to find the adequate information
in the enormous literature about the topology of homogeneous spaces. In-
formations about the cohomology rings of all isoparametric hypersurfaces in
spheres and their focal manifolds are given, for instance, in Münzner’s paper
[30]. By using our own methods, we will give exact descriptions of this rings.

The same convention as since now about the ring R of coefficients is still
present during this chapter: R = Z, if both multiplicities m1 and m2 are
greater than 1, otherwise R = Z2 (also notice that in the first situation no
torsion can occur in the spaces involved here, hence we can also find out
everything about the homology and cohomology with Z2-coefficients, simply
by tensorizing with Z2). The convention is due to the considerations made
in the first chapter about the orientability of HPT-cycles, so nothing more
can be obtained by using only the classical theory of Morse.

2.1 The representation induced by W

on Hlower(M)

We have already seen how the Weyl group associated to the isoparametric
submanifold M acts on M . An important piece of information in the coho-
mological study of M is given by the representation that this action induces
on the space:

Hlower(M)
def.
=

{
Hm1

(M) ⊕Hm2
(M), if m1 6= m2

Hm(M), if m1 = m2 = m.
(2.1)

Before starting the direct approach, we would like to point out the fol-
lowing general fact, which concernes not only this section, but the entire
chapter: it seems impossible to calculate the cohomology ring of an isopara-
metric submanifold if only regarded like an abstract object, as defined by
Terng in [38] and studied also by her, together with Hsiang and Palais in
[19]. The theorem of Thorbergsson is essential, because only using it we know
that a certain symmetric space is involved and implicitely a root system, a
well-defined Cartan matrix etc., all objects that will play an an essential role,
not only during our reasonings, but even in the final expressions. We will
come back to this idea later, by supporting it with some concrete examples,
but for the moment, it is worth to anticipate and say that the Weyl group
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alone is in general not able to furnish enough information in order to calcu-
late the ring H∗(M), although it has been sufficient to say everything about
the module H∗(M).

That’s why we begin with an irreducible symmetric space G/K of non-
compact type, for which all considerations made during the second half of sec-
tion 1.2 are, of course, available. Also now we consider S = {γ1, ..., γk} ⊂ Λ
a system of simple roots and take x0 in the interior of the fundamental
chamber ∆ = {h ∈ a : γi(h) ≤ 0, for all 1 ≤ i ≤ k}. The isotropy or-
bit M = Ad(K).x0 is an irreducible isoparametric submanifold in (p, B|p).
We have already seen how the elements of Λ+

0 can serve as indices for the
curvature distributions, curvature spheres and curvature normals, under the
assumption:

lλ(x0) = Kerλ,

for any λ ∈ Λ+
0 . The role of fundamental indices will be then played just by

the simple roots.
Denote by bi the homology class in M induced by the fundamental curva-

ture sphere Sγi
, 1 ≤ i ≤ k. It is then quite clear that the module Hlower(M)

is freely generated by b1, ..., bk. In the cases when we can take R = Z, the
homology classes above are uniquely determined up to a sign, i.e. up to a
changing of orientation of the spheres Sγi

, 1 ≤ i ≤ k. We associate to Λ the
dual root system, consisting of the elements λ∨ = 2λ

〈λ,λ〉
, with λ ∈ Λ and then,

via S, the Cartan matrix of the latter one, that is the integers:

cij =
2〈γ∨i , γ

∨
j 〉

〈γ∨j , γ
∨
j 〉

,

1 ≤ i, j ≤ k. We recall that they can also be defined by sγ∨
i
(γ∨j ) = γ∨j −cjiγ

∨
i ,

for any pair of indices 1 ≤ i, j ≤ k, hence they determine completely the
representation of the Weyl group on the dual vector space a∗. Also consider
the numbers dij, 1 ≤ i, j ≤ k, which are given by:

dij =







0, if mγi
6= mγj

cijmod2, if mγi
= mγj

and M has uniform multiplicity 1,
cij , in all other cases,

(2.2)

for i 6= j, and:

dii =

{
0, if mγi

is odd
2, if mγi

is even.
(2.3)
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The representation induced by W on Hlower(M) is completely determined
if we know the matrix of the transformation induced by any generator ϕi,
1 ≤ i ≤ k. The main result of the section is:

Theorem 2.1.1 We can always choose an orientation of the fundamental
curvature spheres Sγ1

,...,Sγk
such that:

ϕi∗(bj) = bj − djibi,

for all 1 ≤ i, j ≤ k.

We prefere to treate separately the case when the rank of M is 2, mainly
because of the the case B2, when no root system can be, in general, involved,
but also because we would like to consider here the non-irreducible type
A1 × A1. Of course, some superpositions with Thm.2.1.1 will occur in this
way.

Theorem 2.1.2 Let M be compact, complete, rank 2 isoparametric subman-
ifold of multiplicities m1 and m2 and let the basis of Hlower(M) induced by the
principal curvature spheres S1, S2 be {b1, b2}, which is possibly determined
only up to a sign. The representation of W on Hlower(M) is given by:

ϕi∗(bj) = bj − djibi,

for any two 1 ≤ i, j ≤ 2, where dii ∈ R are given by (2.3). Moreover, an
orientation of the spheres S1 and S2 can be chosen, such that:

a) If M is of type A1 × A1, then d12 = d21 = 0.
b) If M is of type A2, then d12 = d21 = −1.
c) If M is of type B2, then, up to a converse,

(d12, d21) =







(−1,−2), if m1 = m2 = 2
(1, 0), if m1 = m2 = 1
(0, 0), in all other cases.

d)If M is of type G2, then, up to a converse,

(d12, d21) =

{
(−1,−3), if m1 = m2 = 2
(1, 1), if m1 = m2 = 1.
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Before starting to prove the theorems, we would like to notice some related
facts:

Remarks 1. Since ϕi is the antipodal map in Sγi
, it follows that ϕi∗(bi)

equals bi or −bi, depending on whether mγi
is odd, respectively, even.

2. The coefficients dij have to be readed in the corresponding R. This
remark regards for instance (2.3), where, even if mγi

is even, if it happens to
have an another multiplicity equal to 1, dii must be 0, since readed in Z2.

3. One could say that the answer given for the B2 case in Thm.2.1.2 is
incomplete. In fact, ambiguities occur only when (m1, m2) ∈ {(1, 1), (2, 2)}.
But in this latter situation, we have to do with an homogeneous M (cf. [8]),
and in this case Thm.2.1.1 says everything. The same would be true about
the G2 case if we would dispose of a homogeneity result: but something
like that is so far proved for uniform multiplicity 1 and only conjectured for
uniform multiplicity 2 (cf. [11]). This things will affect in no way our future
reasonings.

4. It is easy to notice which is the role that the marked Dynkin diagram of
G/K can play in our developement: by Thm.2.1.1, in the homogeneous case
it says everything about the action of W on Hlower(M). At a closer analysis
we can see that not all information given by the diagram is needed to this
end. It will be enough to resume ourselves to what we call the first coloured
Dynkin diagram; this one is obtained from the marked Dynkin diagram after
colouring its nodes by black and white following the rules:

a) if m1 = m2 = 1, figure that by I after the letter which indicates the
case and colour all nodes by black;

b) if m1 = m2 ∈ {2, 4, 8}, figure that by II and colour all nodes by white;
c) if m1 6= m2 and one of them equals 1, figure that case by III and colour

the nodes of multiplicity m1 by white and the others by black, or conversely;
d) if m1 6= m2 but both greater than 1, figure that case by IV and colour

the nodes of even multiplicity by white and the other(s) by black;
then remove the exact values of the multiplicities; take into account that the
(BC)k case is allways under the incidence of rule d), therefore superpose it to
the CkIV case; also superpose CkIII to BkIII. By using these rules, from
the list of marked Dynkin diagrams we can immediately obtain the list of all
possible first coloured Dynkin diagrams presented in Table 2 from Appendix.

5. We can restrict our attention exclusively to the coefficient ring Z2:
if M is a principal isotropy orbit of the irreducible symmetric space G/K,
then Hlower(M, Z2) is always freely generated by the fundamental homology
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classes b1,...,bk of the fundamental spheres and the representation induced by
W on Hlower(M) is completely determined by:

ϕi∗(bj) = bj + d′jibi,

1 ≤ i, j ≤ k, where:

d′ji =

{
0, if mγi

6= mγj

cjimod2, otherwise.
(2.4)

In order to recognize this representation, only the so-called second coloured
Dynkin diagram of G/K is needed. It is obtained from the marked Dynkin
diagram after colouring its nodes by black and white, as follows:

a’) if m1 = m2, figure that by I after the letter which indicates the case
and colour all nodes by white;

b’) if m1 = m2, figure that by II and colour the nodes of multiplicity m1

by white and the others by black, or conversely;
remove the values of the multiplicities; notice that (BC)k has only the chance
to be followed by II, hence superpose (BC)kII to BkII; it also makes no
sense to differentiate between BkII and CkII. The list of all possible second
coloured Dynkin diagrams can be founded in Table 3 from Appendix.

6. As we have already anticipated, if M is an isoparametric submanifold,
then the representation of W on HlowerM cannot be, in general, readed, as
long a certain symmetric space is not involved, together with the root system
it carries. There exist isoparametric submanifolds which have the same Weyl
group, but the representations of the latter one on the corresponding lower
homology modules are different. In order to see that, but also in order to
illustrate by concrete examples our method, let us analyse the following two
situations, the Weyl group involved in both of them being of Bk type, k
supposed at least 3.

(i) The marked Dynkin diagram is

e e... e e e〉
1 1 1 1 1Bk
γ1 γ2 γk−1γkγk−2

By Thm.2.1.1, the Cartan matrix modulo 2 of the dual root sytem (namely
Ck) is needed, and this is:
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(dij) = (cijmod2) = (
2〈γ∨i , γ

∨
j 〉

〈γ∨j , γ
∨
j 〉

mod2) =













0 1 0 . . . 0 0 0
1 0 1 . . . 0 0 0
0 1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1 0
0 0 0 . . . 1 0 1
0 0 0 . . . 0 0 0













.

The general rule ϕi∗(bj) = bj+djibi, 1 ≤ i, j ≤ k gives the representation ofW
on H1(M, Z2). Direct calculations made for k = 3 show that in this case the
representation is faithfull: concretely, it is sufficient to look at the matrices of
w∗, w ∈W , and to stop after obtaining 10 different such matrices, having in
mind that |W | = 18. Probably the faithfullness of the representation remains
valid for any value of k, but for the moment we are not able to prove that.

(ii) The marked Dynkin diagram is

e e... e e e〈
1 1 1 1 1Ck
γ1 γ2 γk−1γkγk−2

The modulo 2 Cartan matrix of the dual root system is this time:













0 1 0 . . . 0 0 0
1 0 1 . . . 0 0 0
0 1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1 0
0 0 0 . . . 1 0 0
0 0 0 . . . 0 1 0













and consequently, by the usual rule, ϕk∗ acts identically on H1(M, Z2). At
least for k = 3, we have to do with a representation different from the one
obtained at (i), although the Weyl group of both isoparametric submanifolds
is the same, namely Bk.

7. The assumption made in section 1.5 about the orientation of the
fundamental curvature spheres becomes only now clear. The only reason
because these orientations have to be fixed is that we need a precise control
of signs for the coefficients dij above.
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It is now the moment to start the proof of the two theorems.

PROOF OF THEOREM 2.1.2 Without specializing yet to one of the
types mentioned in the enouncement, take i ∈ {1, 2} and denote by πi :
M → Mi the end-point map corresponding to the focal manifold Mi: more
precisely, take vi(x0) ∈ ν(M)x0

with x0 + vi(x0) belonging to li(x0) and no
other other focal hyperplane from ν(M)x0

and put πi = πvi
. By Thm.1.2.2,

πi is a sphere bundle whose fiber through x ∈ M is the mi-sphere Si(x). If
{j} = {1, 2} \ {i}, then, from the commutativity of the following diagram:

M

M

Mϕ
i

π

π

i

i

i

it follows that πi∗ϕi∗(bj) = πi∗(bj), i.e.ϕi∗(bj) − bj ∈ Ker(πi∗). As an imme-
diate application of Thm.1.6.9, Ker(πi∗|Hlower(M)) = Rbi, so that there exists
dji ∈ R with ϕi∗(bj) = bj − djibi. A similar relation holds for i = j, with
dii ∈ {0, 2} (see Remark 2. from above), so it remains to determine d12 and
d21. It is the moment where we begin the case by case analysis.

a) M is of type A1 × A1. The only curvature spheres are this time the
fundamental ones, S1 and S2. By Lemm1.5.1, ϕ2(S1(x0)) has to be a curva-
ture sphere through ϕ2(x0). In order to decide which one is that, it is maybe
enough to look at the picture 2.1. It follows ϕ2(S1(x0)) = S1(ϕ2(x0)).

b) M is of type A2. One knows in this case that m1 = m2 ∈ {1, 2, 4, 8}.
From (ϕ1ϕ2)

3 = idM follows ϕ1∗ϕ2∗ϕ1∗ϕ2∗(b2) = ϕ2∗ϕ1∗(b2). Since ϕi∗(bi) is
always −bi, i ∈ {1, 2}, a few simple calculations lead to d12d21 = 1, i.e. d12 =
d21 ∈ {−1, 1}. The only question is now what happens when m1 = m2 > 1
and d12 = d21 = −1: in this case, from

{
ϕ1∗(b2) = b2 − b1
ϕ2∗(b1) = b1 − b2

we are led to the right coefficients by simply changing the orientation of one
of the fundamental spheres.

c) M is of type B2. We distinguish here the following three subcases:
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Figure 2.1: The case A1 × A1.

c1) m1 6= m2. There is nothing more to be proved.
c2) m1 = m2 = 2. By a result which goes back to E. Cartan, uniform

multiplicity can be encountered in the B2 case only if M is homogeneous.
Uniform multiplicity 2 means M principal adjoint orbit of a compact con-
nected Lie group of B2 type (for instance SO(3)). That’s why we must
anticipate the proof of Thm.2.1.1, more exactly the 5th step of it, where the
problem of adjoint orbits is solved. All it remains is to use correspondingly
the Cartan matrix of the C2 type, namely:

(
2 −1
−2 2

)

.

c3) m1 = m2 = 1. Once again we use the fact that M is homogeneous,
that is a principal isotropy orbit of the symmetric space SO(5)/SO(2) ×
SO(3). As we will see in a detailed manner at the 6th step of of the proof
of Thm.2.1.1, a such orbit can be identified to S1 × SO(3) = S1 × PR

3.
From Lemma 1.5.1 and Figure 2.2 we can easily deduce that ϕ2ϕ1S2(x0) and
ϕ1S2(x0) represent the same curvature sphere.

Consequently ϕ1∗(b2) = ϕ2∗ϕ1∗(b2), which is equivalent, after some ele-
mentary calculations, to d12d21 = 0.

What we will show in the following , is that the alternative d12 = d21 = 0
can never occur. So, let us suppose that ϕ1∗(b2) = b2 and ϕ2∗(b1) = b1.
We must now anticipate the method of calculating H∗(M, Z2) which will be
largely developed in section 2.3: the iterated sphere bundle F4 considered
there would have the cohomology ring
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Figure 2.2: The case B2.

H∗(F4, Z2) = Z2[ξ1, ξ2, ξ3, ξ4]/(ξ
2
1 , ξ

2
2, ξ

2
3 , ξ

2
4). Since H1(M, Z2) is the subring

of H1(F4, Z2) generated by ω1 = ξ1 + ξ3 and ω2 = ξ2 + ξ4, it follows ω2 = 0,
for any ω ∈ H1(M). On the other hand, in H∗(M) = H∗(PR3)×H∗(S1) we
can take the generator of the ring H∗(PR

3, Z2), which is an element of order
4.

d)M is of type G2. There are two possibilities concerning the values of
the multiplicities: m1 = m2 = 2 orm1 = m2 = 1. We treate them separately:

d1) m1 = m2 = 2. As long a proof of the homogenegeneity result in
this case does not exist so far, we can not simply invoke Step 5 of the proof
of Thm.2.1.1. We notice first that ϕ2ϕ1S2(x0) and ϕ1ϕ2ϕ1S2(x0) represent
curvature spheres with the same index (see Figure 2.3), consequently the
homology classes ϕ2∗ϕ1∗b2 and ϕ1∗ϕ2∗ϕ1∗b2 are, up to a sign, the same. It
turns out that, if this sign is ”−”, then d12 = d21 ∈ {−1, 1} and then, in both
cases, that (ϕ1∗ϕ2∗)

3 is the identity on H2(M, Z). But that would contradict
Lemma 6.9 of [19], which states just the faithfullness of the representation
of W on Hm(M, Z2) when m1 = m2 = m > 1. Consequently, the sign is ”+”
and it will be not difficult to deduce d21d12 = 3.

d2)m1 = m2 = 1. This time it is quite clear that ϕ2∗ϕ1∗b2 = ϕ1∗ϕ2∗ϕ1∗b2
and this is equivalent to d2

21d12 = d21. But similarly holds d2
12d21 = d12.

Hence we have to prove that d12 and d21 are not simultaneously 0. Suppose
that this happens: by the same reasons as at c3), it follows ω2 = 0, for
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Figure 2.3: The case G2.

any ω ∈ H1(M). In order to contradict this assertion, we will need some of
the considerations made by Abresch in [1]: Denote by M ′ the image of M
through the usual covering map Φ : S7 →PR7.

M M
,

S PR
7 7

The restriction Φ|M : M →M ′ is also a two-fold covering (M being complete
and totally geodesic) and the diagram above is commutative (the vertical
arrows are the corresponding inclusions). If w is the image in H1(M ′) of the
generator of H∗(PR7), then there exist x+, x− ∈ H2(M ′), such that

H∗(M ′) = Z2[x+, x−, w]/(w4, x2
+ + x+x− + x2

−, x
3
+, x

3
−) (2.5)

Associate to the bundle S0 → M →M ′ its Gysin sequence and consider the
following segment from it:

H1(M ′)
∪w
→ H2(M ′)

Φ∗

→ H2(M).
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Coming back to our supposition, from Φ∗(x+)2 = Φ∗(x2
+) = 0 must follow

now that x2
+ ∈Im(∪w). On the other hand, it is clear from (2.5) that some-

thing like that is not possible.

PROOF OF THEOREM 2.1.1 Something similar to what we said at the
beginning of the previous proof is still available: for i ∈ {1, ..., k} arbitrarily
chosen and fixed, take vi(x0) ∈ ν(M)x0

such that x0 + vi(x0) belongs to
the only focal hyperplane li(x0) from ν(M)x0

and then πi = πvi
: M →

Rn+k, whose image will be denoted by Mi. Once again we use the relation
πi ◦ ϕi = πi in order to deduce that ϕ∗(bj) − bj ∈ Ker(πi∗|Hlower(M)). Among
the fundamental curvature spheres, only Si has the property that the cycle it
induces in Hlower(M) is vanished through πi∗: we have Wvi

= {1, si}, hence
for j 6= i, sj is a minimal representative of W/Wvi

and we apply Thm.1.6.9.
Consequently, for any two indices i, j ∈ {1, 2, ..., k}, holds:

ϕi∗(bj) = bj − djibi, (2.6)

with dji ∈ R.
We prefere from now on to divide the proof into several steps:

Step 1. If ord(ϕiϕj)=2, then dji given by (2.6) equals 0.
We have already noticed in section 1.5 (see Lemma 1.5.5) that if v is a

parallel normal field with x0 + v(x0) belonging to the only focal hyperplanes
li(x0) and lj(x0), then the connected component Sij(x0) of x0 in π−1

v (πv(x0))
is a rank two isoparametric submanifold. The fundamental curvature spheres
of the latter one, through any point z of it, are Si(z) and Sj(z). It remains
only to apply the point a) of Thm. 2.1.2. for Sij(x0).

Step 2. If ord(ϕiϕj)=3, then dji given by (2.5) equals −1, provided that
the spheres Si and Sj are oriented in an adequate way.

One uses the same reasoning as before.

Step 3. The cases Ak, Dk, Ek.
From the list of all possible marked Dynkin diagrams (see Table 1 from

Appendix), it follows that these cases are always characterized by uniform
multiplicity m ∈ {1, 2, 4, 8}. The previous two steps arrange almost every-
thing; the only problem regards the eventual nonconcordance in choosing the
orientations of S1,...,Sk, provided m > 1. The standart form that a such acci-
dent could have is: ϕ1∗(b2) = b2+b1 and in the same time ϕ3∗(−b2) = −b2+b3.
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But that also means ϕ2∗(b3) = b3 − b2, so we only have to reverse the orien-
tation of S3 in order to obtain ϕ3∗(b2) = b2 +(−b3) and ϕ2∗(−b3) = −b3 + b2.
It is now easy to imagine a recursive method to choose orientations for fun-
damental curvature spheres, adequate in the sense of Thm.2.1.1.

Step 4. The case (BC)k.
We only have to notice the form that the marked Dynkin diagram can

have (particularly that m1 is always different of m2): apply Step 1., Step
2. and the reasoning above concerning a suitable choose of orientations for
S1,...,Sk−1.

Step 5. The action of W on H2(G/T, Z).
This is one of the main ingredients that Bott and Samelson used in [5] in

order to calculate the the ring H∗(G/T, Z). In the sequel we will reproduce
their method, translated in the language of isoparametric submanifolds .

Let G be a compact, connected, simply connected and semisimple Lie
group of Lie algebra g, T ⊆ G a maximal torus and t the Lie algebra of
the latter one. Denote by R ⊂ t∗ the set of real roots of G with respect
to T (as a basic reference can be consulted [6]). The Killing form B of
g is strictly negative definite , hence (g,−B) is a Euclidean space. Also t

and consequently t∗ inherit an inner product and moreover, R becomes in
a natural way a reduced root system in t∗. Choose {γ1, ..., γk} a system of
simple roots and associate R+ the set of positive roots. For an arbitrary x0

inside the Weyl chamber {h ∈ t : γi(h) > 0, for all 1 ≤ i ≤ k}, consider the
adjoint orbit M = G.x0, which is the same as the homogeneous space G/T .
We described in section 1.2, Remark 2., in which way can be M regarded as
an isoparametric submanifold in (g,−B). We would like to have now some
more informations about that. If

g = t +
∑

α∈R+

g
α

is the root space decomposition of g, then

[x0, g] =
∑

α∈R+

[x0, g
α]

is the decomposition of the tangent space of M at x0 as sum of the cur-
vature distributions. For any α ∈ R, the space t ⊕ gα is the commutator
of the hyperplane Kerα ⊂ t, hence a subalgebra of g. The corresponding
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Lie subgroup Gα of G is the AdG-centralizer of the same hyperplane. The
(2-dimensional) curvature sphere through x0 corresponding to the curvature
distribution which has Eα(x0) = [x0, g

α] as value at x0 is clearly the orbit
Gα.x0 = Gα/T . The focal hyperplanes from ν(M)x0

= t are lα(x0) = Kerα,
α ∈ R+. When passing from x0 to an arbitrary point g.x0 of M , the curva-
ture distributions, curvature spheres and focal hyperplanes are obtained by
simply applying Adg respectively to the same objects corresponding to x0.
The action of the Weyl group on M can be interpreted as given both by the
antipodal maps as well as by:

k.(Adg)(x0) = (Adg)(k.x0),

for any g ∈ G and any k ∈ NG(T ).
The fundamental indices are γ1,..., γk: if ϕ1,...,ϕk denote the corre-

sponding elements of the Weyl group regarded as diffeomorphisms of M ,
our task is to express ϕi∗[Gγj

/T ], with 1 ≤ i, j ≤ k, in terms of the basis
{[Gγl

/T ] : 1 ≤ l ≤ k} of H2(G/T, Z). In order to do that, we identify first
H2(G/T, Z) to π2(G/T ) by the Hurewicz isomorphism and then π2(G/T )
to π1(T ) by the boundary map ∂ of the homotopy sequence of the bundle
T → G → G/T . The isomorphism φ : H2(G/T, Z) → π1(T ) obtained in this
way is W -invariant (cf. [5],Ch.IV, section 8).

Since the exponential exp|t : t → T is a covering map, we can identify
π1(T ) with the group of covering transformations, which can be further
naturally identified to the integral lattice I =Ker(exp|t). ButG was supposed
simply connected, hence I is the same as the lattice generated by the inverse
roots α∨ = 2α

〈α,α〉
, α ∈ R (cf. [6], Thm.7.1, Ch.V). Consequently, we can

regard π1(T ) as the free Z-module generated by the loops ρi : s 7→ exp(sγ∨i ),
s ∈ [0, 1], 1 ≤ i ≤ k.

On the other hand, for any i ∈ {1, ..., k} we can consider the bundle T →
Gγi

→ Gγi
/T together with the following piece of the associated homotopy

long exact sequence:

π2(Gγi
/T )

∂
→ π1(T )

j♯
→ π1(Gγi

),

where j denotes the inclusion T →֒ Gγi
. Since Kerj♯ is the lattice generated

by γ∨i (by the same [6], Thm.7.1, Ch.V), it follows that the map φ considered
above associates to the fundamental homology class of the sphere Gγi

/T the
loop ρi, up to a sign. Choose the orientation of the fundamental curvature
sphere Gγi

/T in such a way, that φ[Gγi
/T ] = ρi, for all 1 ≤ i ≤ k.
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Finally, we only have to notice that ϕi♯(ρj) is the loop s 7→ ϕiρj(s) =
ϕiexp(sγ∨j ) = exp(ϕi(sγ

∨
j )) = exp(s(γ∨j − cjiγ

∨
i )), which is clearly homotopic

to ρj − cjiρi.
Before passing to the next step, we would like to make a remark about

the action of W on H2(G/T,R), when G is of Bk, respctively Ck type and
R equals Z or Q. From our previous Remark 6. follows that for R = Z we
have to do with two different representations of the same Weyl group W . As
about R = Q, we can easily see that these representations are identic: For
G of Bk type, from the associated marked Dynkin diagram

e e... e e e〉
2 2 2 2 2Bk
γ1 γ2 γk−1γkγk−2

we can read:

{
ϕk∗(bk−1) = bk−1 + bk
ϕk−1∗(bk) = bk + 2bk−1.

(2.7)

If g is of Ck type, the sense of the arrow in the diagram above is reversed
and consequently:

{
ϕk∗(bk−1) = bk−1 + 2bk
ϕk−1∗(bk) = bk + bk−1.

(2.8)

From our point of view, the only difference between the two situations con-
sists only of these sets of relations and that can be easily annihilated by the
following ”change of variables”:

bi 7→ 2bi, 1 ≤ i ≤ k − 1, and bk 7→ bk.

The coincidence of these two representations is not surprising if we take
into account the classical W -equivariant isomorphism

H∗(G/T,Q) ≃ Q[x1, ..., xk]/(Q
+[x1, ..., xk]

W ),

where G is a compact connected rank k Lie group, T ⊆ G a maximal torus,
W the associated Weyl group and Q+[x1, ..., xk]

W the set of all homogeneous
W -invariant polynomials of positive degree, deg(xi) = 2, 1 ≤ i ≤ k (cf. [3]).

Step 6. The case B2 with m1 = m2 = 1
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The action of W on H1(M, Z2) in this case is given by:

{
ϕ1∗(b2) = b2 + b1
ϕ2∗(b1) = b1,

(2.9)

up to a converse (see Thm.2.1.2, especially its proof, point c3)). We intend
in the sequel to give an exact answer.

The only noncompact symmetric space which can furnish our M is
SO0(2, 3)/SO(2)×SO(3). We recall that if I2,3 denotes the diagonal matrix
Diag(−I2, I3), then the group SO(2, 3) = {x ∈ R5×5 : xtI2,3x = I2,3, detx =
1} has two connected components and usually SO0(2, 3) denotes the com-
ponent of the unit. The involutive automorphism σ2,3 : x 7→ I2,3xI2,3,
x ∈ SO0(2, 3), has SO(2) × SO(3) as fix point set. Without getting into
details (they can be founded for instance in [18], Example I, §2, Ch.V),
we only mention that, in the usual notations adopted in our section 1.2,
K = SO(2) × SO(3) and

p =

{(
0 A

−A 0

)

: A ∈ R
2×3

}

,

K acting on p by conjugation. As a maximal abelian subspace of p can be
chosen:

a =















0 0 0 θ1 0
0 0 0 0 θ2
0 0 0 0 0

−θ1 0 0 0 0
0 −θ2 0 0 0









: θ1, θ2 ∈ R







.

The corresponding root system consists of ±θ1 ± θ2, ±θ1, ±θ2; as a simple
root system we choose γ1 = θ1 − θ2, γ2 = θ2. Notice that ‖γ1‖ > ‖γ2‖.

We fix now x0 ∈ a with γ1(x0) > 0 and γ2(x0) > 0 and associate the
isoparametric submanifold M = (SO(2) × SO(3)).x0. The walls of the fun-
damental chamber are lγ1

(x0) = Kerγ1 and lγ2
(x0) = Kerγ2; as usual, the

fundamental indices will be γ1 and γ2. Expressed as a homogeneous mani-
fold , M has the form

SO(2)× SO(3)

∆(Z2) × {1}
,

where ∆(Z2) × {1}denotes the set {Diag(ε, ε, ε, ε, 1) : ε ∈ {−1, 1}}. We are
also interested about the form that the focal manifold Mγ1

obtained after
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focalization with the parallel normal field v1 has , where v1(x0) ∈ ν(M)x0
such

that x0 + v1(x0) belongs to the only focal line lγ1
(x0). A simple calculation

shows:

Mγ1
=

SO(2) × SO(3)

∆(SO(2)) × {1}

and moreover, the endpoint map π1 : M →Mγ1
is just the natural projection

induced by the inclusion ∆(Z2) × {1} →֒ ∆(SO(2)) × {1}. Decisive for the
current step is the following claim:

Claim. The circle bundle π1 : M →M1 is trivial. Consequently, ϕ1∗(b2) = b2
and ϕ2∗(b1) = b1 + b2.

Before proving it, let us convince ourselves that the claim gives the right
answer: The marked Dynkin diagram involved here is:

e e〉
1B2
γ1

1

γ2

hence the matrix we are expecting to use is

(dij) =

(
0 1
0 0

)

.

in the sense that ϕi∗(bj) must be bj + djibi, i, j ∈ {1, 2}. We are evidently on
the right way.

In order to prove the claim, we start with the following two diffeomor-
phisms:

SO(2) × SO(3)

∆(Z2) × {1}
≃ SO(2)/Z2 × SO(3) = S1 × SO(3)

and
SO(2) × SO(3)

∆(SO(2)) × {1}
≃ SO(2)/SO(2)× SO(3) = SO(3),

both given by the same correspondance law, namely:

[(g, k)] 7→ ([g], k(g−1, 1)),

for any g ∈ SO(2), any k ∈ SO(3) and equivalence classes adequate to each
situation. They also furnish the following commutative diagram:
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M M
1

SO(3)projection

π1

S   SO(3)
1

 γ

which proves the first assertion. In order to prove the two relations, we can
suppose that M = Mγ1

×S1 and ϕ1 : Mγ1
×S1 →Mγ1

×S1 maps an arbitrary
pair (x, z) ∈Mγ1

×S1 to (x,−z). But then ϕ1 is homotopic to the identity by
ϕt(x, z) = (x, eπitz), (x, z) ∈M ×S1, t ∈ [0, 1], hence ϕ1∗ equals the identity.

Step 7. The cases Bk and Ck with different multiplicities.
From the form that the Dynkin diagrams involved here can have, every-

thing can be easily arranged by using only the first two steps.

Step 8. The cases Bk and Ck with m1 = m2 = 2.
We apply the previous Step 5.

Step 9. The cases Bk and Ck with m1 = m2 = 1.
We consider for instance the Bk case, namely we take G/K the symmetric

space of noncompact type whose marked Dynkin diagram is that from below
(without being interested about the exact expression of this space), together
with the corresponding principal isotropy orbit M = K.x0, x0 ∈ a regular.

e e... e e e〉
1 1 1 1 1Bk
γ1 γ2 γk−1γkγk−2

The first two steps say everything about the action of W on Hlower(M),
except the the values of ϕk∗(bk−1) and ϕk−1∗(bk).In order to obtain them,
as usual, we consider a corresponding rank 2 slice. More precisely, we take

v(x0) ∈ ν(M)x0
such that x∗0

not.
= x0 + v(x0) ∈ ∆(x0) is contained in the only

focal hyperplanes lγk−1
(x0) and lγk

(x0), we extend it to a normal parallel
field v and consider the slice Sx0,v through x0, i.e. the connectd component
of π−1

v (πv(x0)) which contains x0. In the same time, Sx0,v can be interpreted
as connected component of the orbit Kx∗

0
.x0, given by the adjoint action of

the stabilizer Kx∗
0

on px∗
0

= {x ∈ p : [x, x∗0] = 0}. It is clear that Sx0,v is
an isoparametric submanifold in px∗

0
. Maybe less clear is how could we get
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a symmetric space whose principal isotropy orbit is Sx0,v. An interesting
geometric approach to this problem is given by Heintze and Olmos in [17].
We will not get into the details of their construction: relevant for us is
only the fact that the isotropy representation of this symmetric space, call
it P ′, is the same as the adjoint representation of (Kx∗

0
/Lx∗

0
)0 on p′, where

Lx∗
0

= {k ∈ Kx∗
0

: Ad(k) = id on px∗
0
} and p′ = a′ +

∑

λ(x∗
0
)=0 pλ, the space a′

spanned by Hγk−1
and Hγk

being maximal abelian in p′. In order to see our
Sx0,v as an orbit of this representation, we must actually choose v(x0) ∈ a′

(in fact, form the very beginning we can choose −v(x0) to be the orthogonal
projection of x0 onto a′ = (lγk−1

⋂
lγk

)⊥a ) and then consider the orbit of x0

via the action of (Kx∗
0
/Lx∗

0
)0 on x0 + p′. The roots of P ′ are the restrictions

to a′ of the roots λ ∈ Λ with λ(x∗0) = 0. This means that P ′ is of B2 type,
i.e. P ′ = SO0(2, 3)/SO(2)×SO(3) and γk−1|a′, γk|a′ form a system of simple
roots. Since ‖γk−1‖ > ‖γk‖, it follows from Step 6. that ϕk−1∗(bk) = bk and
ϕk∗(bk−1) = bk−1 + bk, Q.E.D.

Step 10. The case F4 with m1 6= m2.
We apply the results proved in the first two steps.

Step 11. The case F4 with m1 = m2 = 2.
We have to do with an adjoint orbit, or this case is done by Step 5.

Step 12. The case F4 with m1 = m2 = 1.
We apply Step 1, Step 2 followed by a reasonoing similar to those made

during Step 9.

Step 13. The case G2 with m1 = m2 = 2.
We apply Step 5.

Step 14. The case G2 with m1 = m2 = 1.
We are done by the point d) of Thm.2.1.2.

2.2 Homology and cohomology of Fp

We anticipate the results founded at the beginning of the next section (espe-
cially Lemma 2.3.1) by saying that a basic object in investigating the coho-
mology ring of M is the F-cycle associated to a minimal gallery of maximal
length. We will came back temporarily to the general situation considered in
our first chapter: Mn will be in this section an arbitrary irreducible, compact
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and full isoparametric submanifold of Rn+k, without any assumption of ho-
mogeneity. As usual, we fix x0 ∈ M together with its Weyl chamber ∆(x0)
(distinguished as the fundamental one) and its walls l1(x0),...,lk(x0). Let
w0 be the longest element of the Weyl group W . To an arbitrary reduced
expression of w0 we associate the corresponding minimal gallery, say it of
type f = i1i2...ip. This gallery ends clearly at the chamber corresponding to
w0 = sf , namely the opposite of ∆(x0) and its length p equals the number
of focal hyperplanes. Denote the corresponding F-cycle by (Fp, u), with

Fp = Ff = {(z1, ..., zp) ∈ M×p : z1 ∈ Si1(x0), z2 ∈ Si2(z1), ..., zp ∈ Sip(zp−1)}

and u = uf : Fp → M , (z1, ..., zp) 7→ zp, (z1, ..., zp) ∈ Fp. Since w0x0 is
the maximum point of the distance function fx0

on M , it follows that the
cycle uf∗[Ff ] must be the generator of the top-homology module of M , in its
quality of cycle of linking type at w0x0. In particular, Fp is a closed manifold
of the same dimension as M and u is a map of degree ±1 between Fp and
M .

The study of Fp is facilitated by the fact that it is the total space of an
iterated bundle, whose first base space and fibers at each level are spheres,
each bundle involved here admitting a section. More precisely, for any 1 ≤
r ≤ p, take

Fr = {(z1, z2, ..., zr) ∈M×r : z1 ∈ Si1(x0), z2 ∈ Si2(z1), ..., zr ∈ Sir(zr−1)}.

Then πr : Fr → Fr−1, (z1, ..., zr) 7→ (z1, ..., zr−1), (z1, ..., zr) ∈ Fr, is an Smir -
bundle and sr : Fr−1 → Fr, (z1, ..., zr−1) 7→ (z1, ..., zr−1, zr−1), (z1, ..., zr−1) ∈
Fr−1 is a section of it. The aim of this section is to use all these parti-
cularities in order to prove that, from the homological and, up to a certain
point, cohomological viewpoints, Fp has the same behaviour as the product
of spheres Smi1 × ...× Smip .

We fix for the moment r ∈ {1, 2, ..., p} and denote by Ir the set {1, 2, ..., r}.
To any I ⊆ Ir of the form I = {j1 < ... < jt}, we associate the subspace

ar
I = {(z1, ..., zr) ∈M×r : z1 = ... = zj1−1 = x0, zj1 = ... = zj2−1 ∈ Sij1

(x0),
zj2 = ... = zj3−1 ∈ Sij2

(zj1), ..., zjt−1
= ... = zjt−1 ∈ Sijt−1

(zjt−2
), zjt = ... =

zr ∈ Sijt
(zjt−1

)}

of Fr. By convention, ar
φ means the set consisting of one point. By an

inductive argument, we will prove first:
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Proposition 2.2.1 The set {ar
I : I ⊆ Ir} form a basis of the module H∗(Fr).

The assertion is quite clear for r = 1. In order to make the induction
step, we consider the bundle πr : Fr → Fr−1, together with the section
sr : Fr−1 → Fr described above and use the following two lemmas:

Lemma 2.2.2 The map sr∗ is injective and H∗(Fr) = Imsr∗ ⊕ Kerπr∗.

PROOF We are resumed to a purely algebraic fact: A = H∗(Fr) and B =
H∗(Fr−1) are Abelian groups, π = πr∗ : A → B and s = sr∗ : B → A are
morphisms of groups with π ◦ s = idB. It must follow A = Im(s) ⊕ Ker(π).
We notice that if p : A→ Kerπ, a 7→ a− s(π(a)), a ∈ A and i : Kerπ →֒ A is
the inclusion map then p ◦ i = idKerπ, p ◦ s = 0, π ◦ i = 0 and i ◦ p+ s ◦ π =
idA. Consequently, we can use [10], Prop.2.16, Ch.I, and obtain the desired
equality.

Lemma 2.2.3 For any I ⊆ Ir holds:
a) If r /∈ I, then πr∗(a

r
I) = ar−1

I and sr∗(a
r−1
I ) = ar

I .
b) If r ∈ I, then πr∗(a

r
I) = 0.

a a

F

π

Ι
r

I\{r}
r-1

 r

r-1

PROOF The only fact that really needs a proof is the assertion made at
point b). Consider the commutative diagram from below, where the arrow
which starts at ar−1

I\{r} represents the inclusion map and the horizontal arrow

is described by the same law as πr. Since dimar−1
I\{r} <dimar

I , the conclusion
follows immediately.

In order to accomplish the induction step, we must consider the Gysin ho-
mology sequence of the bundle Smir → Fr

πr→ Fr−1, namely:

...→ H∗+mir +1(Fr−1) → H∗(Fr−1)
τ
→ H∗+mir

(Fr)
πr∗→ H∗+mir

(Fr−1) → ...
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in order to deduce that Kerπr∗ =Imτ . Whenever I is a subset of Ir with
r ∈ I, we take the Gysin sequence of the bundle Smir → ar

I
πr→ ar−1

I\{r}, namely
the following piece:

Hdim(ar−1

I\{r}
)(a

r−1
I\{r})

τ
→ Hdim(ar

I )(a
r
I)

πr∗→ Hdim(ar
I )(a

r−1
I\{r}) = 0

and deduce that τ [ar−1
I\{r}] = ±[ar

I ]. Finally we invoke the naturality of the
transfer map τ .

Remark 1. Remember that, by our convention, R = Z iff the values of both
multiplicities are greater than 1. In this situation, all manifolds involved
above (namely Fr and ar

I , with 1 ≤ r ≤ p and I ⊆ Ir) are simply connected
(as can be seen inductively by using the homotopy long exact sequence),
so orientable: their precise orientation is given by the assumption made in
section 1.5 and became concrete later, in section 2.1, Remark 7.

We are interested now about the cohomology ring of Fp. At any iteration
πr : Fr → Fr−1 we consider ξr ∈ Hmir (Fr) uniquely determined by: ξr(a

r
r) =

1 and ξr(a
r
j) = 0, for any 1 ≤ j < r with mij = mir . Of course, the restriction

of ξr to any fiber generates, together with the unit 1, the cohomology of
this fiber. It follows from the theorem of Leray-Hirsch that the map π∗

r :
H∗(Fr−1) → H∗(Fr) is injective and

H∗(Fr) = π∗
rH

∗(Fr−1) ⊕ ξrπ
∗
rH

∗(Fr−1). (2.10)

Via the monomorphisms of the form πj∗, we will interprete all rings H∗(Fk),
1 ≤ k < r as subrings of H∗(Fr): in particular, any ξj with 1 ≤ j ≤ r is
regarded as an element of H∗(Fr).

Definition Let A∗ be a sqew-commutative R-algebra
(i.e. xy = (−1)deg(x)deg(y)yx, for any two x, y ∈ A∗) We say that A∗ is simply
generated by its elements x1, x2, ..., xr and denote that by A∗ = ∆(x1, ..., xr)
if:

a) as R-algebra, A∗ is generated by x1, x2, ..., xr;

b) as R-module, A∗ has a basis consisting of the products xJ
not.
= xj1xj2 ...xjt ,

with J = {j1 < j2 < ... < jt} ⊆ Ir.

An algebra A∗ simply generated by x1, x2, ..., xr is clearly completely de-
termined only when all squares x2

j , 1 ≤ j ≤ r, can be expressed as linear
combinations of products of the form xj1xj2 , with j1 < j2. As a particular
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case, if A∗ = ∆(x1, x2, ..., xr) with x2
j = 0, for any 1 ≤ j ≤ r, then A∗ is the

exterior algebra Λ(x1, ..., xr).
It follows from the previous considerations that H∗(Fr) = ∆(ξ1, ..., ξr),

with degξj = mij , 1 ≤ j ≤ r. So the only missing piece of information is
the expression of ξ2

j as linear combination of monomials of the form ξj1ξj2,
1 ≤ j1 < j2 ≤ r. We will solve this problem in our next section. For
the moment, we are interested about an another aspect, namely the duality
between the basis {ξJ = ξj1...ξjt : J = {j1 < ... < jt} ⊆ Ir} of H∗(Fr) and
the basis {ar

J : J ⊆ Ir} of H∗(Fr). We will solve this problem in two steps
as follows:

Proposition 2.2.4 For any subset J of Ir, holds ξJ(ar
J) = (−1)l(J), where:

l(J) =

{
0, if J consists of only one element
∑

{mij1
mij2

: j1, j2 ∈ J, j1 < j2}, otherwise.

PROOF It will be sufficient to prove that ξIr([Fr]) = (−1)lr , where lr de-
notes 0 if r = 1, respectively

∑

1≤j1<j2≤r mij1
mij2

, otherwise. We will do that
by an inductive argument. For r = 1, the equality is evident.

We show now that if ξ denotes simply ξIr−1
, then from ξ[Fr−1] = (−1)lr−1

follows ξIr([Fr]) = π∗
r (ξ)ξr([Fr]) = (−1)lr . As usual, ar

r ∈ Hmir
(Fr) denotes

the fundamental homology class of the fiber in the bundle πr : Fr → Fr−1. Let
ξ′ denote the Poincaré dual of ar

r in H∗(Fr). Since the submanifold sr(Fr−1)
and a fiber intersect at only one point, the intersection number being +1 (see
Remark 1, section 1.5), it follows from [14], Prop.31.7, that

ξ′(sr∗[Fr−1]) = (−1)qr , (2.11)

where qr = dimar
r · dimFr−1 = mir(

∑r−1
j=1 mij ).

On the other hand, one can easily see that πr∗([Fr]∩π∗
r (ξ)) = 0, hence by

Lemma 2.2.3, [Fr]∩π∗
r(ξ) = kar

r, with k ∈ Z. But then k = ξr([Fr]∩π∗
r(ξ)) =

(π∗
r(ξ) ∪ ξr)([Fr]) = (−1)l, for a certain integer l (we used in the last step

the theorem of Leray-Hirsch). Consequently, π∗
r(ξ) = (−1)lξ′ and by (2.11),

l = qr + lr−1, i.e. l = lr.

The second step is made by:

Proposition 2.2.5 Whenever I and J are different subsets of Ir with dimar
I =

dimar
J , holds ξJ(ar

I) = 0.
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PROOF Once again we will use an inductive argument by r ≥ 1. For r = 1,
everything is clear. Let us suppose that the assertion is true for any 1 ≤ k < r
and prove it for r.

Case 1: r /∈ J . If r /∈ I, then ξJ(ar
I) = π∗

r(ξJ)(sr∗(a
r−1
I )) = ξJ(πr∗sr∗(a

r−1
I ))

= ξJ(ar−1
I ) and we can use the induction hypothesis. If r ∈ I, then ξJ(ar

I) =
π∗

r(ξJ)(ar
I) = ξJ(πr∗a

r
I) = 0, by Lemma 2.2.3.

Case 2: r ∈ J . Take J of the form J = J ′
⋃
{r}, with J ′ ⊂ Ir−1.

We have to prove that ξJ(ar
I) = ξr ∪ ξJ ′(ar

I) = 0.
If J ′ 6⊆ I, notice that ξJ(ar

I) = (ξr∪ξJ ′)(irI∗[a
r
I ]) = (irI)

∗(ξr)∪(irI)
∗(ξJ ′)([ar

I ]),
where irI : ar

I →֒ Fr is the inclusion map. The idea is to show that the
element (irI)

∗(ξJ ′) of H∗(ar
I) is zero. As long as the module H∗(a

r
I) is freely

generated by the cycles ar
K , with K ⊆ I, we only need to take a such K with

dimar
K=dimar

J ′ and to observe that (irI)
∗(ξJ ′)(ar

K) = ξJ ′(ar
K) is zero, by using

Case 1. (it is impossible to have K = J ′).
If J ′ ⊆ I and and r /∈ I, then (ξr ∪ ξJ ′)(ar

I) = (ξr ∪ ξJ ′)(sr∗a
r−1
I ) =

s∗r(ξr)∪ s
∗
r(ξJ ′)(ar−1

I ) = 0, since s∗r(ξr) = 0 (ξr has been chosen in such a way
that it vanishes any mir -dimensional element of Imsr∗).

From J ′ ⊆ I and r ∈ I would follow J
6=
⊂ I, hence dimar

J <dimar
I ,

impossible.

2.3 The ring H∗(Mv,R)

If our object of study, the manifold M , was considered in the previous section
from the abstract perspective of isoparametric submanifolds, we must now
come back to the position adopted in the first section of the present chapter:
M will be again a principal isotropy orbit of a certain irreducible symmetric
space or a rank 2 irreducible isoparametric submanifold (this two viewpoints
of seeing M are, of course, identic). Our goals in this section are:

a) to elucidate completely the structure of the cohomology ring of Fp;
b) to relate the cohomology rings of M and Fp, sufficiently close in order

to be able to use point a) and give a precise description of H∗(M);
c) to obtain the cohomology ring of an arbitrary focal manifold Mv.
As we already declared at the beginning of the chapter, the start-point

of our investigations is the paper [19] of Hsiang, Palais and Terng. In an
incipient stage, many ideas of our present developement can be founded in
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the 6-th section of this paper. Maybe some concrete delimitations have to
be made:

a’) In order to calculate the cohomology of the highest dimensional F-
cycle, we will use the same method as the authors above used to calculate
the cohomology of the highest dimensional HPT-cycle (actually, we have
to look for the origins of the idea in Bott and Samelson’s paper [5]). Their
convention concerning the choice of the ring R is just slightly different of ours,
in the sense that they allowded R to be Z only if the two multiplicities are
equal and greater then one, and that, only in order to gain the commutativity
of the rings H∗(M) and H∗(Fp). By our method, we will manage also with
the integral cohomology in the case (BC)kIV = CkIV (see Table 2. from
Appendix). On each level Fr of the iterated bundle acts naturally a certain
element of the Weyl group: the action induced on Hlower(Fr) plays here
an important role and can be directly deduced from what we already know
about the action of W on Hlower(M). That’s not the case in the paper [19]:
very similar descriptions of these two representations are given also there,
but they are not complete (now we know that it would has been impossible
to get these descriptions completely, as long a certain root system was not
involved).

b’) In relating M and the highest dimensional HPT-cycle, firstly from the
homological viewpoint, Hsiang, Palais and Terng restricted themselves only
to Hlower. By dualizing this relationship, they could, of course, only relate
the lower cohomology modules. That’s a too small piece of information to
furnish general descriptions: only under the severe restrictions m1 = m2 ≥ 2
and R = Q concrete estimations have been achieved (and that is because
their reasoning is essentially based on the result of Borel result which says
that the rational cohomology ring of a principal adjoint orbit is generated by
its degree two elements). At our turn, we will be able to obtain a closer re-
lationship between the homology modules of M and our highest dimensional
F-cycle, thanks to the descriptions we gave to this two modules in our previ-
ous sections 1.5, respectively 2.2. By using the duality stated in Prop.2.2.1,
this relationship will be immediately transposed in cohomology.

c’) The cohomology ring of a focal manifold is obtained in [19] under the
same severe restrictions described above (uniform multiplicity greater than 1
and rational cohomology): the method is still based on Borel’s results and a
dimension-comparing argument. In a totally different way, we will be leaded
to general estimations. Namely, we will transpose in cohomology the results
of section 1.6, especially the surjectivity of πv∗, which implies the injectivity
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of π∗
v and describe the image of π∗

v in H∗(Fp), the latter one being already
known, by a).

Let us begin now with a simple topological consequence of the fact already
noticed at the beginning of section 2.2, which says that the map u : Fp →M
is of degree ±1:

Lemma 2.3.1 The map u∗ : H∗(M) → H∗(Fp) is injective and its image is
a direct summand of the free R-module H∗(Fp).

PROOF (cf. [5]). We denote both Poincarè duality maps asoociated to M
and Fp by d (they are actually isomorphisms). Since u has degree ±1, the
following diagram is,up to a sign, commutative:

d

H*(M)

 

u*

d

u
* *H     (M)n- n-H     (F  )

H*(F  )p

p*

This means further that (d−1◦u∗◦d)◦u∗ = ±idH∗(M), hence u∗ admits an
inverse from the left. The algebraic reasoning made in the proof of Lemma
2.2.2 will furnish now the direct complement of Imu∗ in H∗(Fp).

Remark 1. It is maybe worth to notice that, a subalgebra of a Z-algebra is
not necessarily an additive direct summand: take for instance the subalgebra
{k0 + 2k1x + ... + 2knx

n : n ∈ N, kj ∈ Z} of the polinomial algebra Z[x]. Of
course, such problems cannot occur if instead of Z, the field Z2 is involved.

We mentioned in the last section that H∗(Fp) = ∆(ξ1, ..., ξp) without
going further in getting the complete ring structure. We fix again r ∈
{1, 2, ..., p} in the intention to obtain the decomposition of ξ2

r in terms of
products of the form ξj1ξj2, with j1 < j2. As usual, our main instrument

will be the sphere bundle Smir → Fr
πr→ Fr−1, together with its section

sr : Fr−1 → Fr. Also consider the involutive automorphism ϕr of Fr, which
associates to an arbitrary (z1, ..., zr) ∈ Fr the element (z1, ..., zr−1, ϕir(zr))
of Fr. Notice that πr ◦ ϕr = πr. It follows that for any generator ar

j of
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Hlower(Fr), 1 ≤ j ≤ r, holds πr∗ϕ̄r∗(a
r
j) = πr∗(a

r
j), i.e. ϕr∗(a

r
j)−a

r
j belongs to

Kerπr∗|Hlower(Fr). By Lemma 2.2.3, the latter one is Rar
r and we get in this

way:
ϕr∗(a

r
j) = ar

j + βjra
r
r,

for any 1 ≤ j ≤ r, where βjr are coefficients from R. The following diagram
is commutative:

M

ϕr

 

rF u

rF
ru

M

ϕir

r

Hence from ur∗(a
r
j) = bij it follows now ϕir∗(bij ) = bij + βjrbir . By com-

paring this relation to Thms. 2.1.1 and 2.1.2, we immediately identify the
coefficients βjr and get:

ϕr∗(a
r
j) = ar

j − dijira
r
r, (2.12)

for any 1 ≤ j ≤ r. Since the basis {ξj : 1 ≤ j ≤ r} of H lower(Fr) is dual to
the basis {ar

j : 1 ≤ j ≤ r} of Hlower(Fr), a simple calculation leads to:

ϕ∗
r(ξr) = (1 − dirir)ξr −

r−1∑

j=1

dij irξj (2.13)

The following technical result will be needed later:

Lemma 2.3.2 Let π : E → S1 be a circle bundle over the circle S1 and
s : S1 → E a section of it. Let ϕ denote the involutive automorphism of the
total space E induced by the antipodal maps of the fibers. Let ξ2 be the element
of H1(E, Z2) uniquely determined by the fact that it generates, together with
the unit, the cohomology of the fiber and it vanishes s∗H∗(S

1, Z2). Then:

ξ2ϕ
∗(ξ2) = 0.

PROOF One knows that there are only two bundles of the form described
in our enouncement, namely the trivial one and the bundle induced by the
Klein bottle (see for instance [36], §26).
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In the first case, E = S1 × S1, ϕ associates to any pair (z1, z2) from
S1 × S1 the pair (z1,−z2), being homotopical to the identical map (we use
the same argument as in Step 6. of the proof of Thm. 2.1.1). It follows
ξ2ϕ

∗(ξ2) = ξ2
2 = 0, since this time ξ2 is simply the generator of H1(S1).

Consider now E the Klein bottle. It will be convenient for us to take the
isoparametric submanifold of type A2 with uniform multiplicity 1, together
with the F-cycle F2 associated to the gallery of type 12 and the projection
π = π2 : F2 = E → F1 + S1. In our previous notations, ξ = ξ2 and ϕ = ϕ2.
It is clear that the bundle π2 : F2 → F1 is nontrivial, since from (2.12),
ϕ2∗(a2) = a2 + a1. From (2.13) follows ϕ∗

2(ξ2) = ξ2 + ξ1. By using the
description of the ring H∗(E, Z2) (see for instance [28], Example 2, p.295),
we can see that ξ2

2 = ξ2ξ1, and the lemma is completely proved.

The decesive step in obtaining the ring structure of H∗(Fp) is:

Lemma 2.3.3 It holds ξrϕ
∗
r(ξr) = 0, for any 1 ≤ r ≤ p.

PROOF For any subset I of {1, 2, ..., p} which do not contain r holds
ξrϕ

∗
r(ξr)(aI) = ξrϕ

∗
r(ξr)(sr∗(aI)) = 0, since s∗r(ξr) = 0. It follows that we

have the description:

ξrϕ
∗
r(ξr) =

r−1∑

j=1

cjξjξr. (2.14)

We will show that all coefficients cj involved in the formula above vanish, by
taking separately the following situations:

Let’s consider first the case when mir ≥ 2. Take J = {1 ≤ j ≤ r : mij =
mir} and J ′ = J \ {r}. Then the restriction map

πr : aJ → aJ ′ (2.15)

is also a Smir -bundle, which is clearly orientable (since aJ ′ is simply con-
nected). The restriction

sr : aJ ′ → aJ (2.16)

is a section of this bundle. If ı : aJ → Fp is the inclusion map,
having in mind equation (2.14), it will be enough to show that ı∗(ξrϕ

∗
r(ξr)) =

(ı∗(ξr))ϕ
∗
r(ı

∗(ξr)) = 0. To this end, we will restrict our atention to the ori-
ented Smir -bundle given by (2.15), with the section described in (2.16) and
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the involutive automorphism ϕr on aJ . Associate to this bundle the Gysin
sequence, which has the form:

...→ Hq(aJ ′)
π∗

r→ Hq(aJ)
τ
→ Hq−mir (aJ ′) → Hq+1(aJ ′) → ...

By using Thm.21.9 of [24], π∗
rτ((ı

∗ξr)ϕ
∗
r(ı

∗ξr)) = 0. But in our case, π∗
r

is injective, hence there exists u ∈ H∗(aJ ′) with (ı∗ξr)ϕ
∗
r(ı

∗ξr) = π∗
r(u). By

applying s∗r to both terms of the last equality, one gets u = 0, since s∗r(ı
∗ξr) =

0 and πr ◦ sr = id.
When mir = 1, we have only to take an arbitrary 1 ≤ j < r with

mij = 1 and to notice that if  : a{j,r} → Fr is the inclusion map, then
ξrϕ

∗
r(ξr)(a{j,r}) = ξrϕ

∗
r(ξr)(∗(a{j,r})) = (∗ξr)ϕ

∗
r(

∗ξr)(a{j,r}) = 0, because of
Lemma 2.3.2.

We are now in position to state:

Proposition 2.3.4 The algebra H∗(Fp) is simply generated by ξ1, ξ2,...,ξp,
where degξr = mir and :

(1 − dirir)ξ
2
r =

r−1∑

j=1

dijirξrξj,

for all 1 ≤ r ≤ p.

We know now that, via u∗, H
∗(M) becomes a subring of H∗(Fp). Fix

G0
m a set of representatives of Gm/ ∼. Recall that we stated in Thm.1.5.9 a

natural identification of H∗(M) with the free R-module [G0
m]. Consider now

the dual basis {ωf : f ∈ G0
m} of H∗(M), i.e.:

ωf(g) =

{
1, if f = g
0, otherwise.

Since the ring H∗(Fp) is already known, it only remains to express an ar-
bitrary ωf , f ∈ G0

m, in terms of the basis {ξJ : J ⊆ Ip} of H∗(Fp). In
order to do that, it will be enough to estimate the value of u∗(ωf)([aJ ]),
for any J ⊆ Ip. If J is of the form {j1 < j2 < ..., jr}, we associate the
gallery g(J) ∈ Gm uniquely determined by its type ij1ij2...ijr and then the F-
cycle (Fg(J), ug(J)) (see section 1.5). Consider the degree +1 diffeomorphism
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a F

u

M

ψ
J g(J)

g(J)u

J

ψJ : aJ → Fg(J) which maps an arbitrary (y1, ..., yp) ∈ aJ to (yj1, ..., yjr) and
makes the following diagram commutative:
It follows from here that u∗([aJ ]) 6= 0 iff g(J) ∈ Gm. Whenever this latter
condition is satisfied, we take f the element of G0

m homotopic to g(J) and
denote s(J) = s(f, g(J)) (see (1.10)); it holds then by Prop.1.5.7:

u∗([aJ ]) = ug(J)∗[Fg(J)] = (−1)s(J)f. (2.17)

Hence we have for any f ∈ G0
m:

u∗(ωf)([aJ ]) = ωf(u∗[aJ ]) =

= ωf(ug(J)∗[Fg(J)]) =

{
(−1)s(J), if g(J) ∈ Gm and g(J) ∼ f
0, otherwise.

From Propositions 2.2.4 and 2.2.5 follows now the exact form of ωf . We
conclude by:

Theorem 2.3.5 The R-algebra H∗(M) is the subalgebra of H∗(Fp) which is
additively freely generated by the set of elements of the form:

ωf = Σ{(−1)l(J)+s(J)ξJ : J ⊆ Ip with g(J) ∼ f}, (2.18)

for all f ∈ G0
m.

Let us consider now v a parallel normal field on M and associate to it
the focal manifold Mv, as image of the end-point map πv. In the same way
as we did in section 1.6, we associate to v the subgroup Wv and the system
of minimal representatives W v. If we combine Thm.1.5.9 and Thm.1.6.9 we
immediately obtain:

Proposition 2.3.6 The subset {f : sf ∈W v} of G0
m is mapped by πv∗ bijec-

tively onto a basis of H∗(Mv). If f ∈ G0
m such that sf /∈W v, then πv∗f = 0.
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Whenever R = Z is possible, no torsion occurs in homology, neither for
M , nor forMv. HenceH∗(M) =Hom(H∗(M), Z), H∗(Mv) =Hom(H∗(Mv), Z)
and since πv∗ is surjective, it follows that π∗

v : H∗(Mv) → H∗(M) is injective.
The same argument which we used in order to prove Thm.2.2.4 will give now:

Theorem 2.3.7 The R-algebra H∗(Mv) is the subalgebra of H∗(Fp) addi-
tively freely generated by those elements ωf , with f ∈ G0

m, for which sf is in
W v.

Remark 2. As we are expecting at, the set of generators of H∗(Mv) in
H∗(Fp) described by (2.15) is independent of the choice of representatives in
G0

m ⊆ Gm. This is quite clear when only the ring R = Z2 is involved. In order
to see that also when R = Z is allowded, notice first that whenever f , g and h
are types of homotopical minimal galleries from Gm, holds s(f, g) + s(g, h) +
s(h, f) ≡ 0(mod2). Consequently, if f and f ′ are minimal and homotopic,
f ′ ∼ f , then ωf differ of ωf ′ only by the sign (−1)s(f,f ′).

Remark 3. The last two results furnish the R-cohomology ring of any
element of an irreducible isoparametric foliation in terms of the root system of
the corresponding symmetric space, the multiplicities and the position of the
”initial” focalizing vector in the fundamental Weyl chamber (in other words,
in terms of the marked Dynkin diagram, the nodes where ”one focalizes”).
This is what we could call the quantitative side of these estimations. But
it is not easy to deduce from here usual algebraic descriptions of H∗(Mv) in
terms of generators and relations: for instance, we will be interested in our
next chapter about the R-cohomological length of Mv and there are not too
many chances to calculate that directly from the descriptions above. Very
helpful in this intention is the other side that we would like to point out in
this context, namely the qualitative one. It will constitute the subject of the
next statement. The arguments which support it are clear, but it is maybe
worse to point out what happenes when R = Z: when we have uniform, even
multiplicity, the exact values of l(J) and s(J) does not matter, since they are
even; when the multiplicities are different and both greater than 1, namely
in the (BC)kIV and CkIV situations, we have the marked Coxeter graph of
the form:

e e... e e e
m1 m1 m1 m1 m2
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where m1 and m2 are greater than 1, m1 always even and m2 always odd.
In order to have the certitude that m1 and m2 are also relatively prime, we
will suppose k ≥ 3 (the case k = 2 will be however analysed separately in
the next section).

Corollary 2.3.8 If M is a homogeneous isoparametric submanifold of rank
at least 3, then the ring H∗(M) is uniquely determined, up to a shifting
of the dimensions of generators, by the first coloured Dynkin diagram, and
the choise of a minimal gallery of maximal length in W . The same data,
together with the subset I(v) of the set of nodes, furnish in a unique manner
the R-cohomology ring of Mv.

We reduced in this way the calculation of H∗(Mv) to a very few number
of cases. One of the main goals of our paper (unfortunately, only incomplete
achieved) is to obtain the R-cohomology at least for the isoparametric ele-
ments of the foliations, i.e. H∗(M). We will take one by one the 17 first
coloured Dynkin diagrams and find for each of them a reasonable represen-
tative, which will say everything about all other elements of its class.

As can be easily seen, in the case of a rank two Weyl group, two minimal
galleries with the same start-point which are homotopic, must be necessarilly
equal, provided they are not of maximal length: if J and J ′ are subsets of Ip

with g(J) ∼ g(J ′) minimal of non-maximal rank, then g(J) = g(J ′), hence
s(J) = s(J ′) and l(J) = l(J ′). We have proved:

Corollary 2.3.9 Let M be a rank two isoparametric submanifold.
(i) The cohomology algebra of M is the subalgebra of H∗(Fp) (see

Prop. 2.3.3) which is additively freely generated by the elements:

ωf = Σ{ξJ : J ⊆ Ip with g(J) ∼ f},

f ∈ Gm.
(ii) If v is a parallel normal field, then the cohomology algebra of the

corresponding focal manifold Mv is the subalgebra of H∗(Fp) which is freely
generated by those elements ωf described above for which sf ∈W v.

We will come back and use this statement in our next section, in order to
calculate the cohomology ring of all isoparametric hypersurfaces in spheres.
But for the moment we would like to prove two main results of Bott and
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Samelson’s paper [5], actually slightly generalized, by our own methods.
The intention is to describe the integral cohomology of the elements of an ir-
reducible isoparametric foliation with uniform, even multiplicity. Concretely,
the spaces involved here are the adjoint orbits of compact simple Lie groups,
the flag manifolds over the quaternion algebra H and Cayley algebra O, the
isoparametric submanifold of type G2 with multiplicity 2 and its two focal
manifolds (as we already noticed, the fact that the latter one is also an adjoint
orbit is, for the moment, only conjectured). Directly inspired by Thm.III of
[5], we state for these spaces:

Corollary 2.3.10 Let M be an isoparametric submanifold of uniform even
multiplicity. Then, via u∗, H∗(M, Z) is the smallest subalgebra of H∗(Fp, Z)
with the following two properties:

(1) it contains the unit and all elements of the form ωi = Σ{ξj : ij = i},
with 1 ≤ i ≤ k;

(2) it is additively a direct summand.

PROOF Let us denote by A the smallest subalgebra of H∗(Fp, Z) which
satisfies (1) and (2). By Lemma 2.3.1 and Thm. 2.3.5, it is clear that all we
have to show is H∗(M, Z2) ⊆ A.

Consider first the case when M is a principal adjoint orbit. By a classical
result of Borel we know that H∗(M,Q) is generated by 1 and H2(M,Q).
This means that if ω is an arbitrary element of H∗(M, Z), then we can find
an integer p with pω ∈ A. Since the same ω can be decomposed as ω1 + ω2,
with ω1 ∈ A and ω2 in its complement, it follows pω2 = 0, hence ω2 = 0,
(there are no torsioned elements in H∗(Fp)).

IfM is not any more an adjoint orbit, considerG a connected and compact
Lie group whose Weyl group is the same as of M and M ′ = G/T a principal
isotropy orbit (T denotes a maximal torus in G). To the same minimal
gallery of maximal length in W correspond in M and M ′ the cycles of highest
dimension Fp, respectively F ′

p. Up to an eventual shifting of the dimensions
of generators ξi, 1 ≤ i ≤ p, the cohomology rings of Fp and F ′

p are the same,
over Z and implicitely over Q. Since the elements ω′

i, 1 ≤ i ≤ k generates,
together with the unit 1, the rational cohomology of M ′, it follows that the
corresponding elements ωi generate, together with 1, the algebra H∗(M,Q).
We conclude by applying once again the same argument as in the previous
case.
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Once again inspired by Bott and Samelson, this time by their Thm.III’ of
[5], we describe the cohomology algebra of an arbitrary focal manifold, in the
same context as before. We must notice that this time, our proof is totally
different of their proof: instead of their spectral sequences argument (which
actually works only for adjoint orbits), we founded a purely geometric one.

Corollary 2.3.11 Under the same assumptions as in the previous state-
ment, we consider v a normal parallel field on M and associate the focal
manifold Mv. Then H∗(Mv, Z) is the subalgebra of H∗(M, Z) consisting of
the Wv-invariant elements.

PROOF We have already explained why the map π∗
v : H∗(Mv) → H∗(M)

is injective; we identify H∗(Mv) to the image of this map. For any i ∈ I(v)
holds ϕi ◦ πv = πv, hence any element of H∗(Mv) is Wv-invariant.

Suppose now that there exists a linear combination of the form ω =
∑
cgωg, where g ∈ G0

m, cg ∈ Z \ {0} and sg /∈ W v such that ϕ∗
i (ω) = ω for

all i ∈ I(v). Fix a certain f among the elements of G0
m involved in the sum

from above, together with the corresponding F-cycle (Ff , uf). Since for an
arbitrary g ∈ G0

m holds:

u∗f(ωg)[Ff ] = ωg(f) =

{
1, if f = g
0, otherwise,

it follows that u∗f(ω) = cfu
∗
f(ωf). The fact that sf /∈ W v means that the

word f is of the form f = f ′i0, with f ′ the type of a minimal gallery and
i0 ∈ I(v). Let ϕi0 be the involutive automorphism of Ff which associates to
an arbitrary (z1, ..., zr) ∈ Ff the element (z1, ..., zr−1, ϕi0(zr)), the latter one
being clearly also in Ff . From the commutativity of the diagram below

F uf
f

ϕ i
00

Ff
fu

M

M

ϕ
i

follows ϕ∗
i0
u∗f(ω) = u∗f(ω), hence

ϕ∗
i0
u∗f(ωf) = u∗f(ωf).
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Notice that u∗f(ωf) generates the top-cohomology of Ff . The map p : Ff →
Ff ′ , (z1, ..., zr) 7→ (z1, ..., zr−1), (z1, ..., zr) ∈ Ff , is an Smi0 -sphere bundle for
which s : Ff ′ → Ff , (z1, ..., zr−1) 7→ (z1, ..., zr−1, zr−1), (z1, ..., zr−1) ∈ Ff ′, is
a section. The same reasoning as in Proposition 2.2.1 shows that Hmi0

(Ff )
is generated by the fundamental homology classes of all mi0-dimensional
fundamental curvature spheres whose indices are involved in the word f .
If a ∈ Hmi0

(Ff) generates the top-homology of the fiber for the bundle
above, take ξ ∈ Hmi0 (Ff) uniquely determined by ξ(a) = 1 and the fact
it vanishes the fundamental homology classes of all other fundamental cur-
vature spheres regarded in Hmi0

(Ff ) . It follows that the restriction of ξ
to any fiber generates, together with the unit , the cohomology of this fiber
. By the theorem of Leray-Hirsch, the map p∗ is injective and H∗(Fp) =
p∗(H∗(Ff ′))⊕ ξp∗(H∗(Ff ′)). In particular, if θ generates the top-cohomology
of Ff ′ , then ξp∗(θ) is a generator of the top-cohomology of Ff . Hence
ϕ∗

i0
(ξp∗(θ)) = ξp∗(θ). Since mi0 is even, ϕi0∗(a) = −a. Consequently, ϕ∗

i0
(ξ)

must be of the form −ξ + p∗(ψ), ψ ∈ H∗(Ff ′). But then ϕ∗
i0(ξp

∗(θ)) =
−ξp∗(θ) + p∗(θψ), and the latter sum can be ξp∗(θ) only if ξp∗(θ) = 0. That
is clearly impossible.

In the remaining part of the section we will restrict our attention ex-
clusively to the coefficient ring Z2. It makes no sense any more to fix the
reduced expressions for all elements of W (recall that their only use was to
distinguish the signs (−1)s(J)).

Theorem 2.3.12 Let M be an arbitrary isoparametric submanifold endoubted
with a minimal gallery of maximal length. Denote by i1...ip the type of this
gallery and by Fp the corresponding F-cycle.

a) The Z2-cohomology of Fp is given by:

H∗(Fp, Z2) = Z2[ξ1, ..., ξp]/I,

where degξj = mij , 1 ≤ j ≤ p and I is the ideal generated by {ξ2
r +

∑r−1
j=1 d

′
ijirξrξj : 1 ≤ r ≤ p}, the coefficients d′kl being described by (2.4).

b) The algebra H∗(M, Z2) is the subalgebra of H∗(Fp, Z2) which is addi-
tively freely generated by all elements of the form:

Σ{ξJ : J ⊆ Ip with g(J) ∼ f},
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with f ∈ Gm.
c) If v is a parallel normal vector field on M , then the Z2-cohomology al-

gebra of the focal manifold Mv is the subalgebra of H∗(Fp) which is additively
freely generated by all elements described at the point b) with sf ∈W v.

d) If M is a homogeneous isoparametric submanifold of rank greater than
2, then the multiplicities m1 and m2 are equal or relatively prime.The alge-
bra H∗(M, Z2) is uniquely determined, up to a shifting of the dimensions of
generators, by the second coloured Dynkin diagram of the corresponding sym-
metric space and the choise of the minimal gallery of maximal length in W .
The same data, together with the subset I(v) of the set of nodes, determine
uniquely the cohomology ring of the focal manifold Mv.

The last statement will be later our basic tool in ”solving” the case of
uniform multiplicity 1 via uniform multiplicity 2 (i.e. adjoint orbits) and
then the generic case CkIII via CkIV (see sections 2.5 and 2.6 below). But
for the moment we will exemplify the general methods exposed in this section
in order to obtain the R-cohomology ring of all isoparametric hypersurfaces
in the sphere and their focal manifolds.

2.4 Isoparametric hypersurfaces in spheres

Talking about isoparametric hypersurfaces in spheres or about rank 2 isopara-
metric submanifolds in Euclidean spaces is the same (cf. [32], Prop.6.3.17).
We would like now to use this well-known context (see for instance [29],
[30], [1]), in order to test here the general methods of the previous section.
Our basic tool will be, of course, Cor.2.3.9. After a case by case analysis,
the R-cohomology of the isoparametric submanifold M and of its both focal
manifols M1 and M2 will be obtained. We have in this case only two focal
manifolds, say them M1 and M2, with the indices chosen in such a way, that
the end-point map πi : M →Mi an Smi-bundle, for each i ∈ {1, 2}.

1. M is of A2 type.

We consider the minimal gallery whose type is f0 = 121 (see Figure 2.4
below) and associate the F-cycle

Ff0
= F3 = {(z1, z2, z3) ∈M×3 : z1 ∈ S1(x0), z2 ∈ S2(z1), z3 ∈ S1(z2)}.

Distinguish the following situations:
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Figure 2.4: The case A2.

1a) m1 = m2
not.
= m ∈ {2, 4, 8}

It follows by Prop.2.3.4 and Thm.2.1.2, b), that:

H∗(F3, Z) = Z[ξ1, ξ2, ξ3]/I

where I is the ideal generated by ξ2
3 − ξ3ξ2 + 2ξ3ξ1, ξ

2
2 − ξ2ξ1 and ξ2

1 . By
Cor.2.3.9, H∗(M, Z) is the subalgebra of H∗(F3, Z) additively generated by
the following elements: 1, ω1 = ξ1 + ξ3, ω2 = ξ2, ω12 = ξ1ξ2, ω21 = ξ2ξ3 and
ω121 = ξ1ξ2ξ3. A few elementary calculations lead to:

H∗(M, Z) = Z[ω1, ω2]/(ω
2
1 + ω2

2 − ω1ω2, ω
3
1, ω

3
2), (2.19)

with deg ω1 = degω2 = m. We can also use the variables: η1 = ω1, η2 = −ω2,
η3 = ω2 − ω1 in order to obtain an expected expression (cf. section 2.5,
point 1.):

H∗(M, Z) = Z[η1, η2, η3]/(η1 + η2 + η3, η1η2 + η1η3 + η2η3, η1η2η3). (2.20)

In order to calculate H∗(M1), consider Wv1
= {1, s1} and consequently

W v1 = {1, s2, s1s2}. The point (ii) of the same Cor. 2.3.8 furnishes H∗(M1, Z)
as the submodule generated by 1, ω2 and ω12 inside H∗(Fp, Z). This means
concretely:
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H∗(M1, Z) = Z[ω2]/(ω
3
2) (2.21)

and similarly:
H∗(M2, Z) = Z[ω1]/(ω

3
1). (2.22)

1b) m1 = m2 = 1.

We apply Thm.2.3.12 and use the informations already obtained at the
previous point in order to obtain:

H∗(M, Z2) = Z2[η1, η2, η3]/(η1 + η2 + η3, η1η2 + η1η3 + η2η3, η1η2η3), (2.23)

as well as
H∗(M1, Z2) = Z2[ω2]/(ω

3
2) (2.24)

and
H∗(M2, Z2) = Z2[ω1]/(ω

3
1), (2.25)

the dimension of the generators being this time 1.

2. M is of B2 type.

We associate this time to f0 =1212 (see Figure 2.5) the F-cycle

F4 = {(z1, z2, z3, z4) : z1 ∈ S1(x0), z2 ∈ S2(z1), z3 ∈ S1(z2), z4 ∈ S2(z3)}

2a) m1 = m2 = 2.

The coefficients dij are given this time by the Cartan matrix:

(dij) =

(
2 −1
−2 2

)

and we obtain in this way

H∗(F4, Z) = Z[ξ1, ξ2, ξ3, ξ4]/I

with the ideal I generated by ξ2
4−ξ4ξ3+2ξ4ξ2−ξ4ξ1, ξ2

3−2ξ3ξ2+2ξ3ξ1, ξ
2
2−ξ2ξ1,

ξ2
1 . Additively, H∗(M, Z) is generated by 1, ω1 = ξ1 + ξ3, ω2 = ξ2 + ξ4,
ω12 = ξ1ξ2 + ξ1ξ4 + ξ3ξ4, ω21 = ξ2ξ3, ω121 = ξ1ξ2ξ3, ω212 = ξ2ξ3ξ4 and
ω1212 = ξ1ξ2ξ3ξ4. After some calculations we get:

H∗(M, Z) = Z[ω1, ω2]/((ω1 − ω2)
2 + ω2

2, (ω1 − ω2)
2ω2

2)),
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Figure 2.5: The case B2.

where ω1 and ω2 are both of degree 2.
To Wv1

= {1, s1} we associate W v1 = {1, s2, s1s2, s2s1s2} and obtain
in this way H∗(M1, Z) as the subalgebra of H∗(F4, Z) which is additively
generated by 1, ω2, ω12, ω212. More precisely:

H∗(M1, Z) = Z[ω2]/(ω
4
2). (2.26)

By a similar method, the cohomology of M2 will be obtained as:

H∗(M2, Z) = Z[ω1, ω21, ω121]/(ω
2
1 − 2ω21, ω

3
1 − 4ω121, ω

4
1), (2.27)

with degω1 =2, degω21 =4 and degω121 =6. Notice that, even if the principal
adjoint orbit M has the integral cohomology generated as ring by 1 and its
elements of degree 2, not the same can be said about the subprincipal orbit
M2. Somethig like that cannot happen any more if the rational cohomology
is involved. It follows indeed from (2.23) that:

H∗(M2,Q) = Q[ω1]/(ω
4
1). (2.28)

2b) m1 = m2 = 1.

By Thm.2.3.11, we only have to take the results from the previous step,
to tensorize with Z2 and to shift the degrees of the generators from 2 to 1.
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One obtains:
H∗(M, Z2) = Z2[ω1, ω2]/(ω

2
1, ω

4
2) (2.29)

H∗(M1, Z2) = Z2[ω2]/(ω
4
2) (2.30)

H∗(M2, Z2) = Z2[ω1, ω21, ω121]/(ω
2
1, ω1ω21, ω1ω121, ω

2
21, ω

2
121), (2.31)

with degω1 =degω2 =1, degω21 = 2, degω121 =3.

2c) m1 6= m2, both greater than 1.

One knows that one of the multiplicities, say it m1, is even and the other
is odd (this follows easily from the main result of [1]). This time we have:

(dij) =

(
2 0
0 0

)

.

and consequently
H∗(F4, Z) = ∆(ξ1, ξ2, ξ3, ξ4),

degξ1=degξ3 = m1 and degξ2=degξ4 = m2, with the relations: ξ2
4 = 0,

ξ2
3 + 2ξ3ξ1 = 0, ξ2

2 = 0, ξ2
1 = 0. We can see H∗(M, Z) inside H∗(F4, Z)

as generated additively by the same elements ω1,...,ω1212 as at the previous
point. Hence

H∗(M, Z) = Λ(ω1, ω2, ω12), (2.32)

with degω1 = m1, degω2 = m2 and degω12 = m1+m2. Once again H∗(M1, Z)
is generated by 1, ω2, ω12 and ω212, hence:

H∗(M1, Z) = Λ(ω2, ω12), (2.33)

with degω2 = m2, degω12 = m1 + m2 and H∗(M2, Z) is generated by 1, ω1,
ω21 and ω121, i.e.:

H∗(M1, Z) = Λ(ω1, ω21), (2.34)

with degω1 = m1, degω21 = m1 +m2.

2d) 1=m1 < m2.

This time R = Z2 and all dij must be 0. It follows:

H∗(F4, Z2) = Λ(ξ1, ξ2, ξ3, ξ4)

with degξ1 =degξ3 = m1, degξ2 =degξ4 = m2,

H∗(M, Z2) = Λ(ω1, ω2, ω12) (2.35)
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H∗(M1, Z2) = Λ(ω2, ω12) (2.36)

H∗(M2, Z2) = Λ(ω1, ω21), (2.37)

with degω1=1, degω2 = m2, degω12=degω21 = 1 +m2.

3. M is of G2 type.

Take f0 = 121212 as in Figure 2.6 and associate to it
F6 = {(z1, ..., z6) : z1 ∈ S1(x0), z2 ∈ S2(z1), z3 ∈ S1(z2),

z4 ∈ S2(z3), z5 ∈ S1(z4), z6 ∈ S2(z5)}.

l  (x  ) l  (x  )
x i  =1

i  =21

i  =1

i  =2

i  =1

i  =2

2 0
0

1 0

 1

 2

3

4

5

6

v
v

2

Figure 2.6: The case G2.

3a) m1 = m2 = 2.

We have

(dij) =

(
2 −3
−1 2

)

.

hence
H∗(F6, Z) = Z[ξ1, ..., ξ6]/I

where I is the ideal generated by : ξ2
6 − 3ξ6ξ5 + 2ξ6ξ4 − 3ξ6ξ3 + 2ξ6ξ2 − 3ξ6ξ1,

ξ2
5 − ξ5ξ4 + 2ξ5ξ3 − ξ5ξ2 + 2ξ5ξ1, ξ

2
4 − 3ξ4ξ3 + 2ξ4ξ2 − 3ξ4ξ1, ξ

2
3 − ξ3ξ2 + 2ξ3ξ1,

ξ2
2 −3ξ2ξ1 and ξ2

1 and H∗(M, Z) is the subring additively freely generated by:
ω1 = ξ1 + ξ3 + ξ5,
ω2 = ξ2 + ξ4 + ξ6,
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ω12 = ξ1ξ2 + ξ1ξ4 + ξ1ξ6 + ξ3ξ4 + ξ3ξ6 + ξ5ξ6,
ω21 = ξ2ξ3 + ξ2ξ5 + ξ4ξ5,
ω121 = ξ1ξ2ξ3 + ξ1ξ2ξ5 + ξ1ξ4ξ5 + ξ3ξ4ξ5,
ω212 = ξ2ξ3ξ4 + ξ2ξ5ξ6 + ξ4ξ5ξ6 + ξ2ξ3ξ6
ω1212 = ξ1ξ2ξ3ξ4 + ξ1ξ2ξ3ξ6 + ξ1ξ4ξ5ξ6 + ξ3ξ4ξ5ξ6 + ξ1ξ2ξ5ξ6,
ω2121 = ξ2ξ3ξ4ξ5,
ω12121 = ξ1ξ2ξ3ξ4ξ5,
ω21212 = ξ2ξ3ξ4ξ5ξ6,
ω121212 = ξ1ξ2ξ3ξ4ξ5ξ6.

After some calculations we recover the result stated in Thm.III’ of [5] (even
if it is still possible to have a such M which is not the principal isotropy
orbit of the connected Lie group of G2 type, this M must have the same
integral cohomology as the up-mentioned orbit): H∗(M, Z) has an additive
basis consisting of 1, ω1, ω2, ω

2
1, ω1ω2, ω

2
1ω2, 1/2ω3

1, 1/2ω4
1, 1/2ω3

1ω2, 1/2ω5
1,

1/2ω4
1ω2, 1/2ω5

1ω2, where ω1 , ω2 are subjects of the only relations : 3ω2
1 +

ω2
2 − 3ω1ω2 = 0, ω6

1 = ω6
2 = 0. We can also express H∗(M, Z) in the same

manner as since now:

H∗(M, Z) = Z[ω1, ω2, η]/(3ω
2
1 + ω2

2 − 3ω1ω2, 2η − ω3
1, ω

6
1, ω

6
2), (2.38)

with degω1 =degω2 =2, degη=6. We will use this particular situation to
convince ourselves once more that the situation becomes more simple if the
coefficient ring is Q:

H∗(M,Q) = Q[ω1, ω2]/(3ω
2
1 + ω2

2 − 3ω1ω2, ω
6
1, ω

6
2). (2.39)

As about the cohomology of M1, notice that Wv1
= {1, s1}, W v1 =

{1, s2, s1s2, s2s1s2, s1s2s1s2, s2s1s2s1s2} and conclude that H∗(M1, Z) is freely
generated by 1, ω2, ω12, ω212, ω1212 and ω21212, i.e. by 1, ω2, 1/3ω2

2, 1/6ω3
2,

1/18ω4
2, 1/18ω5

2. Similarly, H∗(M2, Z) has an additive basis consisting of 1,
ω1, ω

2
1, 1/2ω3

1, 1/2ω4
1, 1/2ω5

1. The following expressions are, of course, not at
all surprising:

H∗(M1,Q) = Q[ω2]/(ω
6
2) (2.40)

H∗(M2,Q) = Q[ω1]/(ω
6
1). (2.41)

3b) m1 = m2 = 1.
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From the results obtained at 3a) we get immediately:

H∗(M, Z2) = Z2[ω1, ω2, ω212]/(ω
2
1 + ω2

2 + ω1ω2, ω
3
1, ω

3
2, ω

2
212) (2.42)

H∗(M1, Z2) = Z2[ω2, ω212]/(ω
3
2, ω

2
212) (2.43)

H∗(M2, Z2) = Z2[ω1, ω121]/(ω
3
1, ω

2
121), (2.44)

where degω1 =degω2 =1, and degω212 =degω121 =3.

2.5 Uniform multiplicity 1 or 2

Two types of homogeneous spaces will be considered here: principal adjoint
orbits of connected compact simple Lie groups and principal isotropy orbits
of the so-called symmetric spaces of maximal rank (i.e., in our usual nota-
tions, irreducible symmetric spaces of non-compact type of the form G/K for
which a maximal abelian subspace a of p is also maximal abelian in g). The
first ones constitute the class of homogeneous isoparametric submanifolds of
uniform multiplicity 2, so we will be interested about their cohomology with
coefficients both in Z and Z2; it is also clear that the other ones have uniform
multiplicity 1 (they are actually the only isoparametric submanifolds with
this property), so all could we hope is only to describe their cohomology
with coefficients in Z2. The reason because they are considered together is
that they are the same from the viewpoint of the second coloured Dynkin
diagram and implicitely of their Z2-cohomology rings (cf. Thm.2.3.12, d)).
Explicitely, we will use the following statement, which follows trivially from
the theorem cited above:

Proposition 2.5.1 Let G be a compact connected simple Lie group which
has the same root system as the symmetric space of maximal rank G′/K.
Then the Z2-cohomology ring of a principal isotropy orbit of G′/K can be
obtained from the Z2-cohomology ring of a principal adjoint orbit of G after
dividing the dimensions of generators by 2.

Even if it has no relevance for our present developement, we mention
that in the assertion above the symmetric space could has been supposed of
compact type (cf. Remark 1., section 1.2) and in this case, we could have
supposed that G = G′: one can associate to any simple, compact, connected
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and simply connected Lie group G in a standard manner an involutive auto-
morphism of fixpoint set K, such that G/K is a symmetric space of maximal
rank; any compact symmetric space of maximal rank can be obtained in this
way (see [25]).

As about the principal adjoint orbits, they are quotients of the form G/T ,
where T is a maximal torus in G, and it is maybe useful to follow briefly
the progresses that have been made during the time in investigating the
cohomology of this spaces. For the rational cohomology, a very interesting
formula has been obtained by A. Borel in [3], namely:

H∗(G/T,Q) = Q[x1, ..., xk]/〈Q
+[x1, ..., xk]〉 (2.45)

where k =dimT is the rank of G, W its Weyl group and 〈Q+[x1, ..., xk]〉
the ideal generated by the W -invariant homogeneous polynomials of positive
degree in Q[x1, ..., xk]. Also to A. Borel is due the remark that a similar
formula holds if Q is replaced by Z, but only under the assumption that
H∗(G) has no torsion, G being supposed simply connected (see Prop.29.2 of
the paper cited above). But in order to have no torsion, G must be of Ak or
Ck type, i.e. SU(k + 1) or Sp(k). As we already mentioned in our previous
section, a formula for H∗(G/T, Z) when G is of G2 type was obtained by Bott
and Samelson in [5]. The types Bk, Dk, F4 and E6 were elucidated by Toda
and Watanabe in [41], also from the point of view of the integral cohomology
of G/T . As about the remaining cases when G is of type E7 or E8, Kono and
Ishitoya obtained in [23] formulae which describe the cohomology of G/T ,
but only when the coefficient ring is Z2, and probably precise descriptions of
their integral cohomology are not known so far.

We will consider in the sequel one by one all ”monocolor” second coloured
Dynkin diagrams with at least three vertices, denote for each of them by M1

andM2 the corresponding isoparametric submanifolds of uniform multiplicity
1, respectively 2, and, whenever possible, give descriptions of H∗(M1, Z2) and
H∗(M2, Z).

1. The Ak type.

Taking into account that SU(k + 1) has no torsion, it follows easily from
the already mentioned Prop.29.2 of [3] and some considerations regarding
the action of the Weyl group on the set of homogeneous polynomials, that:

H∗(M2, Z) = Z[x1, ..., xk+1]/〈σ1(x), σ2(x), ..., σk+1(x)〉, (2.46)
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where σj(x) denotes the j-th elementary symmetric polynomial in the vari-
ables x1,...,xk+1 and degxj =2, 1 ≤ j ≤ k + 1 (see for instance [27], Ch.III,
Thm.5.5). Consequently,

H∗(M1, Z2) = Z2[y1, ..., yk+1]/〈σ1(y), σ2(y), ..., σk+1(y)〉, (2.47)

where yj is this time of degree 1, 1 ≤ j ≤ k + 1.

2. The Ck type.

Also Sp(k) has no torsion, hence, in the same manner as before, we obtain:

H∗(M2, Z) = Z[x1, ..., xk]/〈σ1(x), σ2(x), ..., σk(x)〉, (2.48)

where σj(x) means σj(x
2
1, ..., x

2
k), degxj=2, 1 ≤ j ≤ k and

H∗(M1, Z2) = Z2[y1, ..., yk]/〈σ1(y), σ2(y), ..., σk(y)〉, (2.49)

with degyj=1, 1 ≤ j ≤ k.

3. The Bk and Dk types with uniform multiplicity 2.

The following two descriptions are obtained in [41]:

H∗(SO(2k + 1)/T, Z) = Z[t1, ..., tk, e2, ..., e2k]/Ik, (2.50)

Ik being the ideal generated by

{σi − 2e2i, e4i +
∑

0<j<2i

(−1)je2je4i−2j : i = 1, 2, ..., k},

where degti =2, dege2i = 2i, e2j = 0, for j > k. As about the Dk type, the
following description can be founded in the same paper:

H∗(SO(2k)/T, Z) = Z[t1, ..., tk, e2, ..., e2k−2]/Jk, (2.51)

Jk the ideal generated by

{σi − 2e2i, e4i +
∑

0<j<2i

(−1)je2je4i−2j : i = 1, 2, ..., k − 1} ∪ {σk}

where degti =2, dege2i = 2i, e2j = 0, for j ≥ k. As usual, σi = σi(t1, ..., tk)
denotes the i-th elementary symmetric polynomial in t1,...,tk, 1 ≤ i ≤ k.
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4. The Bk and Dk types with uniform multiplicity 1.

All we need is the Z2-cohomology of SO(2k + 1)/T and SO(2k)/T . We
could, fo course, tensorize with Z2 their integral cohomology rings, known
by the formulas above. By reasons that will become clear only later, when
we will try to calculate the so-called cup-length of the cohomology rings
obtained in this section, we prefere to choose an another method, in order to
get formulas which are more convenient with this respect.

Namely we begin by the description of the Z2-cohomology of the symmet-
ric space SO(2k)/U(k) given in [27], Ch.III, Th.6.11: this algebra is simply
generated by certain elements e2,...,e2k−2, subjects of the only relations:

e4j +
∑

0<i<j

e2ie4j−2i = 0,

for all 1 ≤ j ≤ k − 1, where e2j must be readed as 0, whenever j ≥ k. Then
we notice that for both of the following two bundles:

U(K)/T → SO(2k)/T → SO(2k)/U(k),

SO(2k)/U(k) → SO(2k + 1)/U(k) → S2k

the base-space and the fiber have vanishing Z2-cohomology in odd dimen-
sions. It follows by a trivial argument of spectral sequences that the cohomol-
ogy of the total space is in both cases the tensor product of the cohomology
algebras of the base-space and the fiber, i.e.:

H∗(SO(2k)/T, Z2) = H∗(U(k)/T, Z2) ⊗H∗(SO(2k)/U(k), Z2), (2.52)

H∗(SO(2k + 1)/T, Z2) = H∗(SO(2k)/T, Z2) ⊗H∗(S2k, Z2). (2.53)

All factors of the products from the right-hand sides above are already known.
If the Weyl group of M1 is of Bk, respectively Dk type, then H∗(M1) can be
obtained from (2.49), respectively (2.48) after dividing the dimensions of the
generators by 2.

5. The F4 and E6 types.

Precise formulas for H∗(M2, Z) are given in [41], Thms.A and B. It is
also clear how can be derived from here H∗(M1, Z2).

6. The E7 and E8 types.
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The Z2-cohomology of M2 is described in [23], Thm.3.10; divide by 2 the
dimensions of the generators in order to obtain H∗(M1, Z2).

Remark Although it doesn’t belong strictly to the context of the present
section, consider here also the situation when M is of Ak type with uniform
multiplicity 4: by Cor.2.3.10, we obtain a description of H∗(M, Z) if we shift
in (2.42) the common value of the degrees of xj , 1 ≤ j ≤ k + 1, from 2 to 4.

2.6 The Weyl group of Bk type and different

multiplicities

The goal of the present section is to apply what we like to call the ”pro-
totype principle” (more precisely, Cor. 2.3.8 ) in order to calculate the R-
cohomology ring of all homogeneous isoparametric submanifolds whose first
Dynkin diagram has one of the types BkIII = CkIII or (BC)kIV = CkIV .
As an immediate consequence, the Z2 cohomology of all isoparametric sub-
manifolds of second Dynkin digram BkII = CkII = (BC)kII will be ob-
tained. Which are exactly the symmetric spaces whose principal istropy
orbits are involved here, it can be easily seen by consulting the three tables
from the Appendix together with Table VI and Table V from [18]. It will
be enough to find among this spaces a satisfactory one, if possible one whose
isotropy orbit is accessible from the viewpoint of the Z-cohomology. As we
will see in the sequel, a such representative is furnished by the symmetric
space SU(2k +m)/S(U(k) × U(k +m)).

We will not get into the details concerning this symmetric space: they
can be founded for instance in [18], Ch.X, § 2, §§ 3.Mention only that it is
a symmetric space of (BC)k type, whose marked Dynkin diagram is:

e e... e e eh
2 2 2 2 2m+ 1(BC)k

and the concrete form of a principal isotropy orbit is :

M0 =
S(U(k) × U(k +m))

S(∆(S1 × ...× S1) × U(m))
(2.54)

where ∆(S1 × ... × S1) = {Diag(z1, ..., zk, z1, ..., zk) : |z1| = ... = |zk| = 1}
We simplify the expression of M0 in two steps. First we apply the following
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general result:

Lemma 2.6.1 Associate to the closed connected subgroups H and L of U(m)
the subgroups

SH = {x ∈ H : detx = 1}

and
SL = {x ∈ L : detx = 1}.

If any matrix of the form Diag(z, 1, ..., 1), z∈ C, |z| = 1, is in H and H is
a subgroup of L, then the homogeneous spaces L/H and SL/SH are diffeo-
morphic.

PROOF A such diffeomorphism is given by:

L/H → SL/SH, [x] 7→ [xDiag(
1

detx
, 1, ..., 1)], x ∈ L.

Consequently,

M0 ≃
U(k) × U(k +m)

∆(S1 × ...× S1) × U(m)
.

Then we notice that the correspondance [(g, h)] 7→ ([g], [h(g−1, 1)]), (g, h) ∈
U(k) × U(k +m) gives the diffeomorphism

U(k) × U(k +m

∆(S1 × ...× S1) × U(m)
≃

U(k)

S1 × ...× S1
×
U(k +m

U(m)
=
U(k)

T
×Wm+k,k,

where T = S1 × ... × S1 = {Diag(z1, ..., zk) : |z1| = ... = |zk| = 1} is a
maximal torus in U(k) and Wm+k,k = U(k + m)/U(m) the complex Stiefel
manifold consisting of systems of k orthonormal vectors in Ck+m.

Both Wm+k,k and U(k)/T have no torsion and moreover, by Prop.9.1 of
[3], we have:

H∗(Wm+k,k, Z) = H∗(S2(m+k)−1 × S2(m+k)−3 × ...× S2m+1, Z) (2.55)

If in our previous formula (2.42) we replace k+1 by k, we obtain the integral
cohomology of U(k)/T . Conclude by:

H∗(M0, Z) = Z[x1, ..., xk]/(σ1(x), ..., σk(x)) ⊗ Λ(e1, ..., ek),
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with degxj=2 and degej = 2m+ 2j − 1, for any 1 ≤ j ≤ k.
Let now M be an arbitrary isoparametric submanifold of rank k at least

3 whose marked Coxeter graph is of the form:

e e... e e e
m1 m1 m1 m1 m2

with m1 6= m2. Consider first the case when m1 and m2 are both greater
then 1. By a direct observation of Table 1. from the Appendix it follows
that m1 is even, m2 is odd and they constitute relatively prime integers. We
conclude from Cor.2.3.7 that:

H∗(M, Z) = Z[x1, ..., xk]/(σ1(x), ..., σk(x)) ⊗ Λ(e1, ..., ek), (2.56)

with degxj=m1 and degej = m2 + (k − j)m1, for any 1 ≤ j ≤ k.
Let us allowd now to m1 or m2 to be equal to 1 and estimate the Z2-

cohomology of M . By Thm.2.3.11, d), follows:

H∗(M, Z2) = Z2[x1, ..., xk]/(σ1(x), ..., σk(x)) ⊗ Λ(e1, ..., ek), (2.57)

where once again degxj=m1 and degej = m2 + (k− j)m1, for any 1 ≤ j ≤ k
(of course, Λ denotes in (2.53) the exterior algebra over Z and in (2.54) the
exterior algebra over Z2).

2.7 The Weyl group of F4 type and different

multiplicities

In order to have a complete image about the Z2-cohomology of irreducible
isoparametric submanifolds, the only missing piece of information regards the
situation when the second Dynkin diagram is of F4II type. More precisely,
there are three such principal isotropy orbits: the corresponding symmetric
spaces, together with brief descriptions of the orbits we are talking about
are given in [19], section 3. By our Thm.2.3.12, it would be enough to
obtain the Z2-cohomology for any of these orbits, and then to apply the
same scheme as in the previous section. Unfortunately, none of them seems
us accessible enough with this respect. First of all it is not easy to understand

103



the exact structure as quotient spaces of these isotropy orbits, even with the
indications given in the paper cited above. Supposing that this task would be
finally done,we can expect to obtain quotients whose cohomology is difficult
to be described.

All could we done in this direction was to describe completely the prin-
cipal isotropy orbits of one of these three symmetric space, but without
succeeding in calculating its cohomology. Namely, the symmetric space is
E6/SU(6) × SU(2). A certain amount of calculations is needed in order to
obtain a principal stabilizer in the corresponding isotropy representation of
SU(6)×SU(2): Denote by T 2 the standard maximal torus in SU(3), namely
the set of all matrices of the form Diag(z1, z2, z3) with |z1| = |z2| = |z3| = 1
and z1z2z3 = 1. A principal stabilizer is then H = H0

⊔
(J, j)H0 ⊆ SU(6) ×

SU(2), where the connected component of the unit H0 is:

H0 =

{(
ηt 0
0 ηt

)

: t ∈ T 2, η ∈ C, η4 = 1

}

and

J =

(
0 −I3
I3 0

)

, j =

(
0 −1
1 0

)

.
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Chapter 3

Lusternik-Schnirelmann
category of isoparametric
submanifolds

After evaluating their homology module and cohomology algebra, we would
like now to investigate the isoparametric submanifolds from the point of
view of other topological or differential invariants, namely the Lusternik-
Schnirelmann category and the functional category. Among the isopara-
metric families, we distinguish the class of adjoint orbits and for these ones
we will be able to calculate both of these invariants.

3.1 Basic results and primar estimations

In a very brief manner we summarize in the sequel some classical facts of the
Lusternik-Schnirelmann theory, together with some related results of Takens’
paper [37] concerning the so-called functional category.

Recall that the Lusternik-Schnirelmann category cat(X) (or simply, the
L.S.-category) of a topological space X is the minimal cardinality k of an
open covering {X1, ..., Xk} of X such that each Xj is contractible in X; if
it happens that a such covering does not exist, we take cat(X)=∞. It is a
homotopical invariant, difficult to calculate for concrete examples (although
the two general results which will follow in the sequel can be often helpful
in furnishing lower, respectively upper bounds). Closely related is also the
notion of cup-length: If R is an arbitrary ring, we call the R-cup-length (or
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the R-cohomological length) of the space X and denote by cuplengthR(X)
the maximal number of elements of H∗(X,R) of degree at least 1 whose
cup-product is nonzero.

Theorem 3.1.1 For any space X and any ring R holds:

1 + cuplengthR(X) ≤ cat(X).

Theorem 3.1.2 Let X be a finite CW -complex. If X is r − 1-connected,
where r is an integer greater than 1, then:

cat(X) ≤ 1 +
1

r
dimX.

Proofs of these theorems and other facts concerning the notion of L.S.-
category can be founded for instance in the monography [21] of I.M. James.

Let us restrict now to the case of finite dimensional, closed manifolds. If
M is a such one, by following [37] we denote by F(M) and call the
F.-category ofM the minimal number of critical points that a real function on
M can have. Relevant for the difficulties encountered in calculating F(M)
is the fact that the statement ”cat(Mn)=2 imply F(Mn)=2” is equivalent
to the conjecture of Poincarè (without getting into details, we only notice
that cat(Mn)=2 iff Mn is a homotopy n-sphere and F(Mn)=2 iff Mn is
homeomorphic to a n-sphere).

The following statement goes back to the original work of Lusternik and
Schnirelmann from 1934; it can also be interpreted as a topological obstruc-
tion for the differentiable structure that M could carry.

Theorem 3.1.3 For any closed manifold M holds:

cat(M) ≤ F(M).

It is interesting to notice that there exist so far no examples of closed
manifolds for which the inequality above is strictly. On the other hand, it
seems difficult to prove that the equality holds in general (some progresses
in solving this problem have been recently made by O. Cornea in [9]). All
could be done for the moment is probably to analyze from this perspective
particular classes of closed manifolds: one of the aims of this chapter is to
do that for the class of adjoint orbits of compact connected semisimple Lie
groups. An important tool we will use to this end is the theorem stated
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below, which represents one of the main results of [37]. Consider first the
following list list of properties that a set E can satisfy relatively to M :

a) E ⊂ Z;
b) n− 3, n− 2, n− 1 ∈ E;
c) if Hi(M) 6= 0 then i ∈ E;
d) if Hi(M) has torsion, then i+ 1 ∈ E.

Theorem 3.1.4 Let M be an n-dimensional, p-connected closed manifold
with n ≥ 6 and p ≥ 1. If there exists a set E which satisfies the conditions
a)-d) of above, E contained in the union of s closed intervals of length p,
then F.(M) ≤ s.

We will try in the remaining part of the section to apply the results
exposed above to the particular context of isoparametric submanifolds and
to see how far can we go in investigating them when using only such general
facts. The first thing that can be done is, of course, to use the results obtained
during the sections 2.4, 2.5 and 2.6: they reduce the problem of calculating
cuplength

Z2
(M), M irreducible isoparametric submanifold, to an algebraic

case-by-case computation.
Let us begin with the case when M is of rank 2: even the value of

cuplengthR(M) can be then obtained, with R chosen in the usual manner in
terms of the values of multiplicities (mention that, at least theoretically, for
spaces without torsion, the Z-cuplength approximates L.S.-cat better than
Z2-cuplength). We arrange the informations obtained in this way in the
following table:

Type Multiplicities R CuplengthR

m1 = m2 ≥ 2 Z 3
A2

m1 = m2 = 1 Z2 3
m1 = m2 = 2 Z 4
m1 = m2 = 1 Z2 4

B2 1 < m1 < m2 Z 3
1 = m1 < m2 Z2 3
m1 = m2 = 2 Z 6

G2
m1 = m2 = 1 Z2 4

We will come back with some more facts about the L.S.-category of these
spaces in the last section of the chapter.
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The next case that we consider is that when the multiplicities are equal
and the rank greater than 2. As we already explained in section 2.5, we can
uniquely associate to any irreducible root system two symmetric spaces whose
principal isotropy orbits M1, respectively M2, have uniform multiplicity 1,
respectively 2. We can easily see that ifM2 is the principal adjoint orbit of the
Lie group G, then cuplength

Z
(M2) equals the number of positive roots of G.

The obtention of the common value of cuplength
Z2

(M1) and cuplength
Z2

(M2)
is generally not any more so simple, although reduced to a certain amount
of algebraic calculations. The most reasonable cases are Ak and Ck, since
then cuplength

Z2
(M2) and cuplength

Z
(M2) are the same. The latter identity

fails to be true in general, as can be seen for instance in the Dk and Bk

cases: from (2.52), respectively (2.53) it follows that cuplength
Z2

(M2) equals
1/2(k − 1)(k + 2), respectively 1/2(k − 1)(k + 2) + 1, which is smaller than
k(k−1), respectively k2, provided k ≥ 3. In the remaining situation when the
common value of multiplicities is 4, the isoparametric submanifold M must
be of Ak type; associate the corresponding M2 and notice that by Cor.2.3.10,
cuplength

Z
(M) = cuplength

Z
(M2).

Finally, when the Weyl group ofM is of Bk type and the two multiplicities
are different, we apply (2.57) and deduce immediately that cuplength

Z2
(M)

equals 1/2k(k + 1). We recall that none of the three isoparametric subman-
ifolds with Weyl group of F4 type and different multiplicities was acessible
from the point of view of the Z2-cohomology, hence we see no way to calculate
the (common) value of their Z2-cohomological length.

Of course, the estimations just made can offer only a lower bound for
the L.S.-category of the spaces involved in our discussion. The obtention
of cat(M), where M is an arbitrary irreducible isoparametric submanifold,
seems to be in general a difficult problem and we cannot expect to obtain too
much in searching this value with the minimal background of L.S.-theory that
we only dispose for the moment. But something still can be done, namely we
can, in a quite elementary manner, determine the L.S.-category for adjoint
orbits of compact Lie groups and that, not only for principal orbits of simple
groups, but, in general, for arbitrary adjoint orbits of connected semisimple
Lie groups. Singhof pointed out in [35] that if G is a compact connected
semisimple Lie group and T ⊆ G a maximal torus then on the one hand,
H∗(G/T,Q) is generated as algebra by 1 and its elements of degree 2 and on
the other hand, G/T is simply connected. Hence Thms.3.1.1 and 3.1.2 can
be invoked in order to obtain:
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cat(G/T ) = 1 + 1/2dim(G/T ) = 1 + Card(∆+),

where ∆+ denotes a system of positive roots of G. Of course, we cannot hope
that any adjoint orbit of the form Ad(G).x, with x in the Lie algebra ofG, has
the cohomology algebra generated by its elements of degree 2 (mention only
that the Grassmannian Gn(CN) of complex n-planes in CN is a such orbit).
So the idea to reproduce ad literam the argument above doesn’t work. An
another interesting particularity of the adjoint orbits of G is that they are
all Kähler manifolds (see for instance [4], Thm.2), hence on each of them
there exists a closed 2-form whose apropriate power is the volume form. The
R-cuplength of Ad(G).x must be in this way at least half of its dimension.
Since these orbits are also simply connected, we can state:

catAd(G).x = 1 + 1/2dim(Ad(G).x).

The previous reasoning can be summarized by saying that, for the L.S.-
category of adjoint orbits, the lower bound given by Thm.3.1.1 and the upper
bound given by Thm.3.1.2 coincide. By Thm. 3.1.4, the same value consti-
tutes also an upper bound for the F-category (hence its exact value), provided
that the dimension of the orbit is at least 6. In fact, if n = 2m denotes the
dimension of Ad(G).x, we take into account that In fact, we must only notice
that the arbitrary adjoint orbit Ad(G).x has no torsion and vanishing integral
homology in all odd dimensions. Hence, if n = 2m denotes the dimension of
the orbit, then the set E = {0, 2, 4, ..., n−4, n−3, n−2, n−1, n} satisfies the
properties a)-d) above. But E can be covered in a trivial manner by m + 1
closed intervals of length 1. Consequently:

Proposition 3.1.5 Let Ad(G).x be an arbitrary adjoint orbit of the compact
connected semisimple Lie group G. Then:

1 + cuplength
Z
Ad(G).x = catAd(G).x = 1 + 1/2dimAd(G).x.

Moreover, if the dimension of the orbit is at least 6, then also its F.-category
equals the same value.

The question is now which is the F.-category for adjoint orbits of dimen-
sion 2 or 4. The goal of the next section is to prove that the equality between
F-category and L.S.-category still remains valid for these orbits.
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3.2 Adjoint orbits of dimension less than 6

and their F.-category

The following two technical results will be needed to obtain restrictions on
the structure of adjoint orbits of dimension 2, respectively 4. All root systems
we are referring here are supposed to be reduced.

Proposition 3.2.1 Let R be a root system of rank at least 2 in the Euclidean
space V . Let R =

⋃
Rν , V = ⊕Vν be the splitting of (R, V ) as a direct sum of

irreducible root systems. Let R+ be the set of of positive roots and let Γ1 ⊂ R+

be the complement in R+ of a certain positive root α. If spanΓ1 6= V , then
α belongs to a direct summand of type A1.

Proposition 3.2.2 Let Γ2 be the complement in R+ of the two different
positive roots α and β in the same root system (R, V ) as before. Suppose
that spanΓ2 6= V . Then one of the following statements is true:

a) both α and β belong to the same summand, which is of type A2;
b) α or β belongs to a summand of type A1.

Both propositions are direct consequences of :

Lemma 3.2.3 Let R be an irreducible root system of rank at least 3 in the
Euclidean space V and let m be the number of positive roots. Then the
subspace spanned by any m− 2 positive roots is the whole V .

PROOF The positive roots we are refered are related to a certain system
of simple roots, say it S = {γ1, ..., γk}. Take α, β two positive roots and
consider Γ = R+ \{α, β}. Suppose that the span of Γ is VΓ 6= V . Distinguish
the following two situations:

(i) α and β are both simple. Say α = γk−1 and β = γk.
For any 1 ≤ i ≤ k−2, we have 〈γi, α〉 = 0: Otherwise γi +α ∈ R+, hence

γi + α ∈ Γ and that means α ∈ VΓ. It follows that for any 1 ≤ j ≤ k − 2,
〈γj, β〉 = 0 (otherwise β ∈ VΓ and further VΓ = V ). If 〈β, α〉 = 0, then
β is orthogonal to S \ {β}, which contradicts the irreducibility of R. Since
〈β, α〉 6= 0, β+α ∈ Γ and in this way, β ∈ VΓ; but we have already seen that
this is impossible.

Similarly, 〈γi, β〉 = 0, for any 1 ≤ i ≤ k − 2. But this contradicts clearly
the irreducibility of R.
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(ii) among α and β, only one is simple. Say β = γk.
Clearly β /∈ VΓ (otherwise VΓ would contain all simple roots, being equal

to V ).
There exists a certain i ∈ {1, ..., k − 1}, with 〈β, γi〉 6= 0: for this one,

holds also β + γi ∈ R+ \ Γ, so β + γi = α. In other words, there exists in
S \ {β} a unique root, say it γk−1, with 〈β, γk−1〉 6= 0; it must also satisfy
α = β + γk−1. Notice that α /∈ VΓ: otherwise, from γk−1 ∈ VΓ, would follow
β = γk ∈ VΓ.

Let’s prove that for any 1 ≤ i ≤ k − 2, 〈α, γi〉 = 0. Suppose that
〈α, γi〉 6= 0, for a certain 1 ≤ i ≤ k − 2. It would follow that α + γi must be
in R+, so in Γ and implicitely in VΓ, hence α ∈ VΓ, contradiction.

The conclusion is te same as in the previous case, namely that for any
1 ≤ i ≤ k − 2, 〈γi, γk−1〉 = 〈γi, γk〉 = 0, and this is, of course, impossible.

We are now in position to give the expected estimations (the Lie groups
whose orbits are involved in the following enouncements are supposed, as
usual, compact, connected and semisimple). The main question of the section
has a trivial answer if the dimension of the orbit is 2:

Proposition 3.2.4 Any 2-dimensional adjoint orbit of a compact connected
Lie group is diffeomorphic to the sphere S2; consequently, its category equals
2.

As about the four dimensional situation, we will prove:

Proposition 3.2.5 On any four dimensional istropy orbit of a compact con-
nected semisimple Lie group there exists a function with 3 critical points.

PROOF Let G be a compact connected semisimple Lie group, T ⊆ G a
maximal torus and t ⊆ g their Lie algebras. Equipped with the restriction
of the negative of Killing form, t becomes Euclidean space: the set ∆ of all
real roots is a reduced root system in t∗. The duals of the elements of ∆,
constitute the set ∆∗, which is a root system in t. If x ∈ t, then the dimension
of Ad(G).x equals the number of positive roots which do not vanish x. Hence
dim(Ad(G).x)=4 means that there are in ∆∗ exactly two positive roots, say
α∗, β∗, which are not orthogonal to x. By Prop. 3.2.2, only the following
two situations are possible:
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a) α∗ and β∗ are both in a direct summand (V0, R0) of type A2. Also x
must be in V0, orthogonal to the third positive root from R0 (namely those
different of α∗ and β∗).
If a is a regular point in t, then the distance function fa : AdG.x→ R has as
critical set the orbit W.x, where W is the Weyl group of G. The number of
these critical points is clearly 3 (also see Figure 3.1).

b) α∗ and β∗ is each in a direct summand of type A1 and x ∈span{α∗, β∗}
(we can suppose, by Prop.3.2.2, that α∗ is in a direct summand (V1, R1) of
type A1; if (V2, R2) is the summand which contains β∗, then the orthogonal
projection of x onto V2 is a vector from V2 orthogonal to all positive roots of
R2, except β∗, which means, by Prop.3.2.1, that also (V2, R2) is of type A1).

This time x is a regular point, hence G has only two positive roots,
i.e. it is of type A1 × A1. The adjoint orbit is evidently the product of
the corresponding two principal adjoint orbits, so just a product of two 2-
dimensional spheres.

One can obtain a fonction on S2 ×S2 which has only 3 critical points, by
the same method which Takens used in [37], Statement 1, p.209, in order
to construct a function with the same property on S1 × S2 (without getting
into details, we only mention that the construction can be, in fact, easily
extended to any product of two positive-dimensional spheres).

We can now conclude by:

Corollary 3.2.6 Let G be a compact connected semisimple Lie group and
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Ad(G).x an arbitrary adjoint orbit. Then:

F.(Ad(G).x) = cat(Ad(G).x) = 1 + 1/2dim(Ad(G).x).

3.3 Open questions

We come back to the general question of finding out the L.S.-category for
all isoparametric submanifolds. As we have already seen, a lower bound
given by the Z2-cohomological length can be, at lest theoretically, obtained.
The particular situation when multiplicities are equal and even is a fortunate
one, the multitude of particularities present here furnish even the value of
F.-category. We cannot expect to obtain similar results for the other cases,
at least not by using the same methods.

It would be interesting to know the L.S.-category of the isoparametric
submanifolds of type B2 (i.e isoparametric hypersurfaces in the sphere with
4 distinct principal curvatures). This is the only situation where nonhomo-
geneous examples are known, namely these constructed by Ferus, Karcher
and Münzner in [13]. Moreover, it is conjectured that the only isoparametric
submanifolds of this type are those who occur in the paper mentioned above.
The study of this case from various points of view, can be, of course, useful.
Actually, the case is classified from the point of view of the so-called rational
homotopy type. It makes no sense to get now into the details of the rational
homotopy theory: we just mention that to any simply connected space X we
can associate, together with the usual L.S.-category, the so-called it rational
L.S.-category, denoted by cat0(X), which depends only on the rational ho-
motopy type of X and is, in general, smaller or equal to cat(X) (for more
details, can be seen for instance [2], Ch.V). In [15] the authors obtained the
rational hotopy type for all rank 2 isoparametric submanifolds: in the case
B2, for instance, when the multiplicities m1 and m2 are different and greater
than 2, the corresponding manifold M has the rational homotopy type of the
product Sm1 × Sm2 × Sm1+m2 (this means simply that the homotopy groups
of these two spaces are the same, up to a tensor product with Q). It follows
cat0(M) = 4, hence cat(M) ≥ 4 (the same lower bound could have been
obtained by using the Z2-cuplength, see the table from section 3.1).

On the other hand, we can obtain on the same M a function with only
5 critical points, in the following way: At an arbitrary point x of M , we
consider the normal space νx(M), together with the four focal hyperplanes.
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Without loss of generality we can suppose that x is at equal distances of the
walls l1(x) and l2(x) which bounds its Weyl chamber (we can eventually map
M diffeomorphically, by an easy to imagine end-point map, onto a manifold
which satisfies this request). The distance function from x restricied on m
has as critical set the W -orbit of x (see Figure 3.2 below). Notice that the
two points of index 1, 2, and 3, are respectively on same levels.
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x

x

x

x

x

x

x

x 1

2

3

 4

5

6

Figure 3.2

By the convexity theorem of Terng (see for instance [32], Thm.8.6.4),
the orthogonal projection of M on the affine 2-plane νx(M) is the octagon of
vertices x, x1,..., x7. Consequently, we can find a smooth curve in M , whose
orthogonal projection is the segment [x1, x7], and is consequently contained
in the same level of f as x1 and x7. The same can be said about the pairs of
points x2, x6 and x3, x5. We appply now the result stated by Takens during
the proof of Prop.2.9 of [37] in order to collapse successively each of the
pairs (x1, x7), (x2, x6), respectively (x3, x5) of critical points respectively to
only one critical point and obtain in this way the desired function.

We conclude that cat(M) ∈ {4, 5} and meantime we conjecture that, in
fact, cat(M) = 4.
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TABLE 1 : The marked Dynkin diagrams for irreducible symmetric spaces
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TABLE 2: The first coloured Dynkin diagrams
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E  II
k=6,7,8

F  I

F  II

F  III

G  I

G  II

TABLE 3: The second coloured Dynkin diagrams
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Ein berühmter Satz von Thorbergsson gibt eine vollständige Charakterisierung
isoparametrischer Untermannigfaltigkeiten von Rang grösser als 2 in Euk-
lidischen Räume. Die seien die Hauptorbiten von Isotropiedarstellungen der
symmetrischen Räumen. Die Homologie dieser Räume lässt sich leicht durch
Morse-Theorie erhalten. Das Hauptziel der vorliegenden Arbeit ist, die Koho-
mologie von beliebigen Isotropieorbiten zu bestimmen. Man verallgemeinert
auf diese Weise Ergebnisse von Bott und Samelson, bzw. Hsiang, Palais und
Terng.
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