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Abstract

An inequality for symmetric continuous functions E : I* — R is proved
in Theorem 1.1. and a variant for C'— differentiable functions is given in
Theorem.1.2. Some applications concerning inequalities between means or
convex functions are presented in the second section.
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1. The main results

Let I C R be an interval and I" = [ x ... x I(n times),I™ C R". Con-
sider (S,,0) the permutations grup of the set {1,2,..,n} acting on I™ by oz =
(ZTo(1)s - -+ T(o(n)), Where £ = (z1,...,Z,). Recall that a real-valued function
FE : [ — R is symmetric or S,-invariant if for every z € I™ the relation
E(oz) = E(z) holds, i.e. E is constant on the S,— orbits.

The main purpose of this section consists in proving of two general results
on symmetric functions which will be very useful in obtaining some important

inequalities.

Theorem 1. 1 Let I C R be an interval and let E : I* — R be a symmetric
continuous function satisfying for every a = (aj,...,a,) € I™ with a; < ay <
.. < a, the inequality

a+a, a1 +a
)E( 12 2? 12 2aa31“')an> (1)

E(al,""an) (
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Then for every a = (ay,...,a,) € I™ the following inequality holds

< a1+...+an +...+a,
5 (" ) )

E(al, o v ,an)

n n

Proof. We prove by induction on k&, 2 < k < n, that for every a =
(a1,---,a,) € I" with a; < a; <... < a, the following inequality is satisfied

- < a+...+a a+...+a —
E(al)"'1an) (>) E(—l—k—l,...,—l——k———&,akﬂ,,..,an) (3)

Taking into account the hypotheses (1) one obtains that the assertion is true

for k = 2.
Let us suppose that (3) is verified for a fixed number £ > 2 and denote

a1+...+a
a= —1——]6——&7 B = ar1 (4)

Because e < a < ..<a<fLapr £ ... < ay it follows

IV IA

E(a,...,a,B,0k41,---,0n) >) E(Zpy- -y Tpy Ypy Zps Gkt - - - » An) (5)

where the sequences (), (¥p), (2p) are defined by

(k = 1)$2p + 22p

Yop41 = Top1 = Top42 = Z ip2al

ZTop-1 + Z2p-1
Yap = 22p = Z2p+1 = —_—2—1 p 2 1

Put u, = zop = Z2p+1; P > 0 and up = zp = 21 = f. We also denote

Vp = Tgp-1 = Tap, P 2 L. Then

_ (k=Dvp+u
Up+1 = k p’ 6
o = Yt (6)
B = g

where p > 1,u; = a,up = f. From the relations (6) one obtains k(vj41 —
v;) = uj-1 — uj, j = 1. By adding these equalities for j = 1,2,...,p, it follows
k(vps1 — v1) = Uo — Up; 5O k(Vp1 — @) = — up. Therefore kvyy1 = ka+ 8 —u,
and using the first relation of (6) one obtains

k—1 ka+ g
g WY T ST

Because 0 < &1 < 1 it immediately follows that the sequence (v,) is convergent

and
; : . ka+ B
, lim v, = :

p—00 R k+1




Moreover

ka + B
kE+1

ka+p  katp
E+1  k+1

up = kvpyr — (K —1)vp, o k —(k=1)

- Using the continuity of the function E and the inequality (5) it follows for p — 00

< k k
E(a,...,a,ﬂ,akﬂ,...,an) (;) E( Z:lﬁ’, l?jlﬂ,ak.;.z,...,an)

Taking into account that (3) is satisfied for the fixed number k, one obtains

< a;+ ...+ agq1 a1+ ...+ ak41
E(ay,...,a, B = <. . B O « o i
( 1 a ) (Z) ( k+1 ) ) k+1 y QK42 y @

and the assertion is proved by mathematical induction principle.

Theorem 1. 2 Let I C R be an open interval and let E : I* — R be a symmetric
C'—differentiable function satisfying for every a = (a1,...,as) € I" with
a; < ay <...<a, the inequality

oE > OF

O] = = 7

axl(a) (_.<_) 8.’1:2((1) ( )
Then for every a = (a1,...,ax) € I™ the inequality (2) holds.

Proof. Applying the mean value theorem for the function E and the segment
[a,b] where a = (a1,...,as), b = (2122, 2492 g3,...,0a,) one obtains a point
¢ € (a,b) with the property
a;+az a;+ap

2 < B

BE a + as 6E ay + as _
= '5;1(6)(01 -——)+ 6z2(§)(a2 B A

(62— ) (02 (€) ~ 5 ) 5) 0

that is the condition (1) in Theorem 1.1 is satisfied and the desired conclusion is

aa3a"')an) =

E(al,ag,ag, axs .,a,n) - E(

| —

obtained.
Remark 1. 3. Suppose that the function E : I — R is symmetric and con-

tinuous. To verify the condition (1) in Theorem 1.1 for E and a = (ay,...,as) €
I", a1 € az £ ... £ an, consider f = "—1-*2:51, 4 = %32 and the function
¢ : [0,7] = R given by ¢(t) = E(f —t,B+1ta3...,an). I the function ¢ is
decreasing (increasing) on [0,7] it follows

< ay +az a+a
E(ay,az,---,a) = @(7) (;) ¢(0) = E( 1 5 g , 3y« ey Cn)
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that (1) is satisfied and in this case one obtains the inequality (2).
If the function E : I" — R satisfies the hypotheses of Theorem 1. 2 then the

derivative of function  is given by ¢/(t) = — 2 (u(1)) + 2£ (u(t)) (f) 0 on [0,7],

where u(t) = (8 —t,f + t,as,...,a,), consequently ¢ is decreasing (increasing)
on [0,7], and (1) is verified.

Other results involving weighted-symmetric functions are given in the forth-
coming authors’ paper [3].

2. Applications
In this section the following standard notations will be used (see [4],[5]). For
I =(0,00),a =(ay,...,an) € I" let us consider

An(a) = %;}-_n (arithmetic mean)
Gn(a) = /a1 ... a, (geometric mean)
n
Ho(g)= = : (harmonic mean)
R s

a

Mr(La)(a) = (H%&) , >0 (mean of order )

Application 2.1. Let

E(ay,-..,a.) = Se(ay,-.. ,0n)

E [ P/ T

i1 <o i

be the k** symmetric sum of ay, . . ., an. It is easy to verify that fora; <a; <... <
a,, the condition (7) in Theorem 1. 2. is satisfied. Therefore Sk(ai,...,an) <
S¢(An(a), - - -, An(a)) Wwhich is equivalent with the well-known McLaurin’ inequal-
ity

Suta, el () < () ®)

If k = n, (8) becomes the arithmetic-geometric means inequality Gn(a) < Aq(a).

Application 2.2. Consider E(ay, .. vsn) =610 0a(3-F oot +)=
Sn-1(ay,...,ay) satisfying for a; < az < ... < a, the condition (7) in Theorem

1.2. Then E(ai,..-,an) < E(Ax(a),...,Ax(a)), that is (Gn(a))"(n/Hn(a).).g
(An(a))"(n/An(a)) which represents the first part of W. Sierpinski’ inequalities

(6], [5,pp- 21-25)):
(An(@))" ™" Ha(a) 2 (Gal@))" 2 An(@)(Hn(a)" (9)
Taking into account the following relations
(L) = /(@) Ga(3) = 1/6(0) () = 1/An(a)
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one obtains t.llat the first inequality in (9) is equivalent with the second one.
The first inequality in (9) is the best in the following sense:

(Ga(a)/An(a))® < Hy(a)/An(a) = a>n (10)

Using (9) one obtains that a > n is a sufficient condition for (10). To show
that o > n is also necessary for (10) let us consider a = (1 —¢,1+4¢,1,...,1),€ €
[0,1) and it follows (/1 —&2)* < aor = Putt=1- ¢? anid-one obtains the

l—c

equivalent inequality
n

“n-24%

S

t t € (0,1]
therefore (n — 2)tn 4+ 2t7~! < n. If a < n, then for ¢ \, 0 a contradiction follows
and consequently a > n.

Application 2.3. We shall use Theorem 1.1 to prove the inequality

Gu(a)MP(a) < Al(a) (11)

which is a refinement of arithmetic-geometric means inquality since M@ (a) >
Ay(a) (see [4,pp. 76-77).

Consider E(ai,...,an) = (a1@2...a,)%(a? + ... + a,)". Suppose a; < az <
...< a, and put g = “”2'“’,7 = 22221 Following the idea presented in Remark
1.3. let us consider the function ¢ : [0,7] = R, ¢(t) = E(B—t,B+1,a3,-..,ax).
An elementary computation shows that

o(t) = (8% —tY)az...an)’ (22 +28° + @l + ... + an)’

and ¢'(t) = (aa...a,)%4t(B% — *)(26* + 26 + a2+...+a)(—(n+2)*+
(n—Q)ﬁQ—ag—...—ai). Because 0 <t <y < B <a; <az < ..<a,one
obtains ¢'(t) < 0 on [0,7], i.e. ¢ is decreasing on [0,4]. Applying Remark 1.3.

and Theoren 1.1 it follows (11).
The inequality (11) is strongest in the following sense:

(Gn(a)/An(a)* < An(a)/M{(a) = a>1 (12)

The sufficiency of condition a 2 1 was proved above. For the necessity
consider a; = 1 +z,a2 = 1 — 2,83 = @4 = ... = n = 1, where z € [0,1).

Then
(V1 —22)* < Y 23;2n+ o thus (1 — z2)=(22% + n)z < Vn.

Let f :[0,1] = R be the function given by f(¢) = (1 —t)= (2t + n)% Remark
that for every t € [0,1), f(t) < f(0) = y/n,i.e. 1 =0 is a maximum point of f.
On the other hand the derivative of f is

Fi8) = =1 —t)""1 (2t + n)—”?((?’—? +1)t+a—1)
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1-« .
If a <1, then 0 < 1422 < | and one obtains that f strictly increasing on the

. - l-a &
interval [0, £55). Therefore v/ = £(0) < f(2), t e (0,75 ) a contradiction.

Application 2.4. For a given function g : I — R let us denote

(n) 1 n 1 n
Dg (al, s .,am) = ; E_ g(a,‘) —g(; E_l ai)a
where ay,...,a, € I.

Definition. The function f : I — R is m-g-convex if for all a1, a, € I the
following inequality is verified:

fla1) + f(ay) a + ap

The function f : I — R is M-g-concave if for all a;,a; € I the following
relation holds:

=2m- Df’(al, az) (13)

M - DP(ar,az) > fla) ;— 1) f(a1 ;: 02) (14)

Let f: I — R be a m-g-convex and M-g-concave continuous function on 7,
where g : I — R is continuous and convex, M > m. Consider

m

El(ala .. -,an) = Zf(al) = ng(ai)r

i=1

Ey(ay,...,an) =M Zg(a;) 2 Z flay).

It is clear that the functions Fi, E; : I™ — R are symmetric, continuous and
taking into account (13),(14) it follows that Ei, E; satisfy the condition (1) in

Theorem 1.1. with ”>". From (2) one obtains

n

M. D!(]n)(al,- . .,an) Z %Zf(a,) = f(i"zaz) 2 m- D-‘(]")(ala. 4 .,an) (15)

= i=1

which represent refinements of the well-known Jensen’ inequality.
An interesting situation sudied in [1], [2] (see also [5, pp 564-566]) is given by
the convex function ¢ : I — R, g(t) = t*. In this case

1
D{(ay,- -, n) = 73 D (4 = a)°
i<j
and if I = [, A], then every function f € C?*a, f] is m-g-convex and M-g-concave
on I, where

m = :(lz-min{f”(t) :t€[a,fl}and M = -;—max{f”(t) 1€ [, B}

6



The inequalities (15) becomes

M ) 1 n n
e ((li —a; 2 S L N 1
n? o a ) =" i};f(az) f(EZa,-) > gZ(ai _ aj)z (16)

which have many interesting applications (see [1] fore instance)

-
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