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A TOPOLOGICAL PROPERTY OF THE EXPONENTIAL
IMAGE i

Liviu Mare

1. Preliminaries. If G 1s a Lie group, B is Lie
algebra and exp: g —>G the exponential mapping, denote by
E; the image of this mape Mgny authors considered this set,
obtaining algebraio descriptions for it (aee for example,Lal [37],

(41 4 (5] or Dokovié {1] ). One may expect to deduce now some

topological properties‘ror Ec. The-purpose of the present paper
is that, by using the algebraic characterisation given by Lai
in (3], to deduce that IEE'E& EE. tirst for G feal, semi-
simple with finite center and then for GL(n,IR) (tor any sube
spaces A of G, A always representa tha closure of A in G),

The tollowing result of Lai, (3. p.323] will be a basie
tool for ust _ )
l. 1& Theorem. Let G Dbe a . connected real semisimple
Lie group with finite centers Then we can find a positive 1nteger
p such that gr € By ror any g € G,

We shall call a such posittve integer p a sufficlent

exponent for G Also recall, from the same work [3] , that if
p is a adfficient exponent for the adjolnf groﬁp Int (B) an&
r the order of the center of G then rp 18 a suffloient
exponent for Ge S . ,

| In investigatlng the topological structure of Egs we
are first interested if it L& perhaps open or closed,
In the beginning we‘shéll see that both questions admit a nega-~



tive answer, even for a connected semisimple Ge. Our counter-
example will be SL(Z. R)e
A well-known result says that a matrix A e SL(2 tR)
belongs to exp(al (2, IR)) if and only if A = 32 with
B e SL(2, R),,
T mo prove that .exp(sl (2, R)) is not open, consider

-1 0 0 =
i = 68X
(o -1) - Pl o

-} 0
while for any € >0 the matrix ( ¢

) does not belong to
exponential image, Our main result (Th{.ﬁ%-S) is intended somehow
to remb this drawback. :
Let observe now that exp(sl (2, R)) 1is not closed.
To show this, choose -; :i) frém !."t_:s complem'ent [7, €X«5,
che, J;II] « Using the u;;-mentioned characterisation of exp(sl(2,R)),

one can easily deduce that

('2 "i') € exp(sl, (2, R)) , for eny £ > O.

2, Main result, We begin with three- technical resul ts;
2+le Lemmaes Let A € GL(n, R) a non-singular matrix ~

ard q » 2 an integer. The linear operator ‘

{)A:M (R) ~—> U (R)
) — Aq"lx-u‘i"gxu..v x93l

is an isomorphizm if and only if for any }/u e Q‘(A) and any
wel N {3} s ™MNéew o Equivalently



W
A

L:.

det v - P,(eA) # Oy

L e}:‘l‘}

Here L *® {ss €t 3%=1}, c(a) denotes the !

———— —

get of preper values of the Operator A and P, is the charao-
teristic polynomial of Ae For the proof of this Lemma please

see [6]

2.2, Leamg. Let X,¥ De topological spaces and T 8

P

loea)l homeomorphism of X into Y, I¥ &4 is any subspace st |
Yy, £ (I) . 2°5(A) Py '

2.3. qu Let X be a topologica‘.l space, Y an opea
gsubspace of X and A a subaspace of Y, Thent . |

(1) Dy = @yny PR

(n) (int A)Y = (mt A)x .

: These. last two lemmas are immediate results of general

topology ‘ '

Let now G be a real oonnaoted ‘sealsimple Lic group
witk finite conter, 4 its Lie algebra. oxp: £ —>G the 7
exponential mapping and Eq = exp 63). Donote by G, the adjoint
group Int{g) of k& whlch is alearly a topological Lie sub-
group of GL(»g) [2, The 24104, h.II] « If p is a sufficient
exponent for 01 and r = IZ(G)I then q = pr will te a suf-
ficient exponent for G(and also for Gl) " Consider the zaps -
£(g) = g1 of G into G end £,(x) = %3 of G, into Ga
The set

ql-s&gcznt(.g)s‘aiaﬁ for any 1./11@‘»7{@ uid f-,at.‘\i.i‘&’i

' ip an opea salaspmcgs‘ off ﬁl‘-' Being the complemant of ins mere ned

of an analytio funotion oa Gi, is aleo donss in Gye

£ API—— e~
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244+ Propositiop. The restriction f, | Q is a local
diffeomorphism of Q1 into Ql‘
Proof, For an arbitrary g € Ql' consider the map

helL _~ofol,tG —>G (L, denotes the left translation
g9 € . g T

by g)e It will be sufficlent to prove that h is & local diffeo-
morphism at the identity I of G,, Because G, is a submanifold
of GL(4), we oan calculate the differentiel of h at I by

means of the G8teaux differential,
So (dh); 1 adg —>adp 1is given by

1im —LE B(T+ )= h(I)] -
- \"" [ o]

(dh) (4)

= B‘qtl (A gq""-l- g A gq‘z +eoot zq-l A).‘

Finally Lemma 1.1, completes the proof.
Consider now Ad: G —>G, the adjoint representation

of G, which is c¢learly a.loeal diffeomorphism. The set
Q= Ad":'(Ql) is an open subspace of ' Ge By Lemma 2.2y Q 1is
also dense in G. ’
Because :tl\ Q and Ad GL—sG
are local diffeomorphisms,the same ﬂo Mg L ‘Q‘

is true for ¢ \ Q°
So £(Q) is an open subset of G, £(Q) ¢ t(G) - EG'

On the other hand, E; = £(G) = £(Q) € £( Qe
By £(Q) B, € £(Q) one can immediatly conclude:
2¢50 Theorem. For any real connected semiéimple Lie

group G with f£inlte oenter we have

2o

-

= int B..
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3. An_gpplications. In the sequel we shall use rh.a;z.,
to obtain a similar result for the exponential mapping on the
space Mn( IR) of real square A x o matrices.

.The Lie algebra of the Lie group GL{(n, R) can be
ldentificd with M (R), As for SL(n, B), 1ts Lie algebra is
the subalgebra sl(n. IR) of gl(n. \R) - X (IR)- The uni$ coapo-
nent of GL(n. lR) ‘18

at(n, B) = A @ GL(n, M)t det A> 0} .

)
numbers, the diffeomorphism

It B® denotes the set of the strictly positive real

q:m’xsx,(n,\n)—-»cz. (n.ﬂi)
g (%, M —> & Ay
maps W] x Eg 'homeomorphl.eauy onto By (we denoted by Eg,

B
vely SL(na, IR)). By using Lemma 2.3. one deduce

thé exponential images corresponding o GL(n, (R) respecti-

int By, nGY(n, R) = Bg 0 a’(n, B)
and because GLt(n, m) is o].osad (as a conneoted component),
int EGI- = BGI. o

Evidently all tOpolog:lcal operatora involved here (closuro and
interior) were considered relativoly to tha tOpology of
GI-(n. R)e _ : :

. Pingl remarks. Our main result (The2.5.) 18 certainly
Just a first step in ’t'ho) topological study t;f the set Eqe

I4¢ would e interesting ‘for instanee to ses when B, is dense

in 4y




A1l results of our 2-ndi section remain valid in the
somplex case (that is considering gozplex conrected semisimple
Lle groupa), Qut a result, mentioned for instance in [3] » cays
that in thie case E; 1s donse in G. So the real case seems

to be more interesting from the point of view of our present

papers,
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On a linear matrix operator
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Let A ¢ GL(n,R) be a non=-singular matrix and q> 2
an integer. We stated through Lemma 2.1, of [3] a characterisa-
tion of all A <for which the operator F: M (R) —> M (R),

F(X) = X AT 4+ axa9°2 4,..+ A7 (1)

is a linear isomorphism. We shall give in this note a complete

proof of this result, based on some general considerations of

linear algebra.
It will be convenient for our treatment to write F

as '
F(X) = (XHAXA™Y 4eees 4071 xa=(a-1)y 071

and consider the map Gt Mn(lR) —> U (R),
6(X) = X+AXA™Y #e0o+ 4071 x4-(a°1) (2)

To every ¢ = linear endomorphism E of a certain cP,

associate the set denoted by G(E) of all proper values of E.
Let H be an |R= linear endomorphism of a certain space RF .

Define Hct GP‘-—SD ef by

Hw(x-o-iy) = H(x) + LH(y)




for any =x,ye IRP. 6ne evidently obtains a C-linear endomore

phism of GP. which is a C-linecar isomorphism if and only if

H is an R-linear one. Define
S(H) = <%,

We are interested now by the proper values of the

C-linear endomorphism % u,(€) —> U, (c),
6%(x) = x + axa~l 4...4 292 x p-(a-1) (3)
In a natural way, consider R Mn(c) ——)Mn(c).
%) = 2 X A",
Lemma. The proper values of & A are given by
G’(ceA).-.{%; \,/aeﬁ'(A)} .

Proof. Let £irsi be AE€S(@,), 80

AX = X(otA) = O,

for a non-zero matrix. X, By a well=known result of matrix
theory (see for instamce [1] p.288 or [2] p.222), of must
be on the form % ,\,}u eT(A).

Conversely, let 7\./1 e o(a) = G(*A) and 1et

! N
X=|oe e y = .
Xn Yn

be two vectors of €2 such that Ax = A x and




tAy =Ny  oOr o A'l - i .ty. If X = (.».xiyj)

. 1<1,j=n
then A
AX = === XA,
.
Put = {z e G: z9 = 1} o, We are in position to

q -
state our main result.

Theorems The following conditions are equivalent,
(L) The map F: M (IR) —> M (R) given by (1) is an

~ |R=linear 1somorphj.sm.
(11) The map Ge: M (G) -3 M (0) gliven by (3) is

a 0-11near isomorphism.
fiii) For any gu € G"A) and any anq\U}
NEE Mo
2roof. We must only observe that

G‘” =I+ c(sAq» ?f +..;+ qﬂ"l

and 80 G(G ) = Z(-—-—-) P e G’(A)}

k-o

A simple result of linear algebra says that a®

' phism if and only if O ¥ V(Gw).‘

is an isomor-

Exemple. As an imedlate consequence, obseve that for
any A ¢ GL(2, IR) and any integer q > 1, the map
IR L IR) ""->M2( R) »
F(X) = XA%9 4 axa®9 4,000 A2%

is a linear isomorphism,



REFERENCES

1. Bellman,R., Introduction to Matrix Analysis (romanian),

Editura Tehnicy 1969

5, Gantmacher ,F.R., Théorie des matrices, tome 1,Ed.Dunod, 1966 .

gical property of the exponential image (to appealr).

3.Mare,L., A topolo




