Math 302.102 Fall 2010
A Confidence Interval for the Mean of a Normal Population with Known Variance

The purpose of this handout is to guide you through a rigorous derivation of the formula for
a confidence interval for the mean p from a normally distributed population with a known
variance o2. The formula that appears in the very last part of this handout is always stated
without any justification in elementary statistics class. Now you can justify it!

Throughout this handout, suppose that X ~ N(0, 1) so that the density function of X is

fx(z) = e
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for —oc0 < x < 0.
o0

Problem 1. Compute E(X) :/ xfx(z)dz. Hint: use symmetry.
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Problem 2. Compute E(X?) = / 2* fx(z)do. Hint: use integration-by-parts with u =

and dv = ze~""/2dz, and the fact that a normal density function integrates to 1.
Problem 3. Compute Var(X).

Problem 4. Compute mx(t) = E[e'*], the moment generating function of X. Hint: com-
plete the square in the exponent, manipulate it a bit, and use the fact that a normal density
function integrates to 1.

For the next three problems, suppose that Y = ¢ X + u where ¢ > 0 and . € R are constant.
Problem 5. Compute E(Y') and Var(Y).

Problem 6. Determine the density function of Y and conclude that Y ~ N(u,0?). Note
that this justifies the statement “Y" is normally distributed with mean p and variance o? if
and only if Y ~ N (i, 0?).”

Problem 7. Verify that the moment generating function of Y is my (t) = e+ /2,

Problem 8. As a converse to the previous three problems, suppose that Y ~ N(u, 0?) and
let
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Verify that Z ~ N(0,1).

Problem 9. Suppose that X; ~ N(u1,0%) and Xy ~ N (p9,03) are independent random
variables. Let Y = X; + X, and determine the moment generating function of Y. As a
consequence of Problem 7, this proves that X; + Xy ~ N (uy + pa, 0% + 03).

Problem 10. As an extension of the previous problem, show that if X, Xs,... X, are
independent with X; ~ N (u;, 02), then

Xi+Xo+ 4+ X, ~ N+ pa+ -+ fin, 07 + 05+ -+ +02).
In particular, if X, Xs, ..., X, are iid with X; ~ N (1, 0?), then
X1+ Xo+ -+ X, ~ N(np,no?).



Problem 11. Suppose that X, Xs, ..., X,, are iid with X; ~ AN (p,0?), and let

X1+ Xo+--+ X,
" :

X =

Verify that X ~ A (u,0?/n) and therefore conclude from Problem 8 that

X —yp
o/vn

At this point we have all of the results needed to derive the formula for a confidence interval.
Suppose that Z ~ N(0, 1) and assume that z,/, is chosen so that

~ N(0,1).

P {—Za/g <zZ< za/g} =1-q.
For instance, from a table of normal probabilities we see that zy 05 = 1.96 since
P{-196<Z <196} =0.95

and zg05 = 1.645 since
P{-1.645 < Z < 1.645} = 0.90.

Hence, since o
_ X —p
- o/vn

X —p
P20 < —LE <zapp=1—a.
(oo < G < sonf =10

Z N(0,1)

we conclude that

Solving for p implies that

As a result of this probabilistic statement, we say that

_ o — o
[X — za/2% , X + Za/2ﬁ:|

is a 100(1 — a)% confidence interval for p (or a confidence interval for p with coverage
probability 1 — «).



Solutions

Problem 1. Observe that

E(X) Z/OO xfx(x)dxz/oox-\/%e_”Z/de:O

since the integrand is odd.

Problem 2. Since E(X) = 0 from the previous problem, we see that

Var(X) = E(X?) — [E(X) = E(X?) = / T P fx(e)de = / ey %/ dz.
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/ e 2 dx
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use integration-by-parts with v = x and dv = ze /2 dx so that

o0 oo o0 o0
/ 22 2 Ay = —ge® + / e 2 dg = / e 2 4y,

If we multiply by 1/4/27, then using the fact that the density function of a A/(0,1) random
variable integrates to 1, we conclude

1 o 2 1 & 2
Var(X) = — xZe_xﬂdx:—/ e 2 Ay = 1.
( ) V2T /_oo V2T J o
Problem 3. We find Var(X) = E(X?) — [E(X)?*=1-0*=1.

To evaluate

Problem 4. By definition,

1 2 1 2
mx(t) = E(e!* —/ et” T dx——/ et . e xﬂdm———/ e /2 4y,
( ) ( ) —0o0 fX( ) —00 \/2_71 \/2_7 00

Now, we complete the square in the exponent; that is, we write

x? 1 1 1 t2 (x —t)? ¢
tr—— = —=(2* = 2tr) = —~(2* = 2tx +t* —t*) = —=(2* -2 +1*) + = = — -
T 2( ) 2(3: T+ ) 2(35 xr+ )+2 5 —|-2
so that

]_ o 1 oo (z—t)2 2 9 1 ) )
NG € dr = — e” 2 Trdr=¢"?. —/ e~ @=1%/2 qq.
2T /—oo \/27T /—oo /27r oo

However, if we substitute u = x — t, then

te—ax2/2

1 @2 1 /°° 2
— e 2 do=— e "2y =1
\ 2T /_oo V2T J—so

(since it is the integral of the density function of a A(0,1) random variable), and so we
conclude
2
mx(t) = e’ /2.



Problem 5. If Y = 0 X + p, then
EY)=E(eX+p =cEX)+p=0+p=n

and
Var(Y) = Var(c X + p) = Var(c X) = o* Var(X) = o°.
Problem 6. If Y = 0 X + p, then for any y € R, the distribution function of Y is

Yy—p

Fy<y>=P{Y3y}=P{aX+MSy}=P{Xsy‘”}=/_° fx (@) d

o )

so that

d y—p\ d (y—p 1 (y — p)?
= —F e —_— Pype— — - 7 .
o) = o) = x (28] 2 () = e { -
Problem 7. If Y = o X + p, then
my(t) — ]E[ety] — E[et(aX+u)] — E[etueotX] — et}LE[eo'tX] — €t“mX(0t) — et“e(at)2/2 — et“+g2t2/2.

Problem 8. Since Y ~ N (u,0?) and

then the moment generating function of 7 is
my(t) = Ele?] = E [et(iY—g)] = Ty (to) = e It/ THo R /(207) _ f/2

which is the moment generating function of a N'(0, 1) random variable. Thus, Z ~ A (0,1).
Problem 9. If X; ~ N (u;,07), then from Problem 7 we know

mx, (t) _ E(etXi) — et,ui—i-crz?t?/Q.
Therefore, the mgf of X; + X5 is
et(X1+X2)] _ ]E[etXl €tX2] _ E<etX1>E<€tX2> — etu1+aft2/26tp1+0ft2/2

mXH-Xz(t) - E[
_ et(u1+u2)+(0%+03)t2/2

which we recognize as the mgf of a N'(uy + pa, 0% + 03) random variable.

Problem 10. The mgf of X; +--- 4+ X, is
Mx, ot x, () = E[eF 0] — Bletn . o] = F(e1) - E(e! )
— etmtoit?/2 | otuntoit?/2

— et tpn) (o4 toR)t? /2

2

2) random variable.

which we recognize as the mgf of a N(pu1 + -+« + i, 02 + -+ 0



Problem 11. We know from the previous problem that if X, ..., X,, are iid N'(u, 0?), then
the mgf of X7 +---+ X, is

X, et x, (1) = €M7

Therefore, the mgf of X is

m (1)

E(etX) — E[eﬁ(X1+---+Xn)] = MX, 4t X, (t/n) — enu(t/n)+n02(t/n)2/2 — e,ut+02t2/(2n)

which we recognize as the mgf of a N'(i, 0/n) random variable. We can now conclude from
Problem 8 that o
X —p
~N(0,1).
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