Math 302.102 Fall 2010
Solutions to Assignment #2

1. Let R;, j = 1,2,...,50, be the event that the jth box of Raisin Bran contains 2 scoops
of raisins. We are told that P {R;} = 0.93 for each j and that the events Ry, Ra,...,Rs are
independent.

(a) The probability that all of Danny’s 50 packages contain two scoops of raisins is
P{RINRyN---NRso} =P{R}P{Ry}---P{R50} = (0.93)°.
(b) Notice that

{at least one of Danny’s 50 packages does not contain two scoops}®
= {none of Danny’s 50 packages do not contain two scoops}

= {all of Danny’s 50 packages contain two scoops}
This implies that

P {at least one of Danny’s 50 packages does not contain two scoops}
=1 — P {all of Danny’s 50 packages contain two scoops}
=1-—(0.93)>°.

Symbolically, the event {at least one of Danny’s 50 packages does not contain two scoops} can be
written as Rf U RS U --- U R, and so

P{REURSU---URS}=1—-P{(RSURSU---UR)}=1—P{RiNRyN---NRso}
=1-(0.93)%

using the fact that (A°UB°)¢ = (A°)°N(B°)¢ = AN B. (This is sometimes called De Morgan’s law.)

(c) Notice that there are several ways in which exactly one package that does not contain two
scoops of raisins could happen. It might be that only the first box does not contain two scoops, or
it might be that only the second box does not contain two scoops, etc. Thus,

P {exactly one of Danny’s 50 packages does not contain two scoops}
=P{(R{NRyN---NRs50) U(RINRSNR3N---NRs0)U---U(RiNRaN---NREY)}
=P{R{NRyN---NRso} +P{RINRSNR3N---NRso}+---+P{RiNRyN---NRE}
= (0.07)(0.93) - - - (0.93) + (0.93)(0.07)(0.93) - - - (0.93) + - - - + (0.93) - - - (0.93)(0.07)
= (0.07)(0.93)* + (0.07)(0.93)* + - - - + (0.07)(0.93)*
= 50(0.07)(0.93)%.



2. (a) Let D; be the event that the jth song is by Snoop Dogg. We are interested in computing
P {D; N DN D3}. The events Dy, Do, and D3 are NOT independent since we are not allowed to
repeat a song in the playlist. Intuitively, there is a 3/20 chance that the first song is by Snoop
Dogg. Given that the first song is by Snoop Dogg, there is a 2/19 chance that the second song will
be by Snoop Dogg, and finally, given that the first two songs are by Snoop Dogg, the probability
that the third will also be by him is 1/18. Thus, the required probability is

3 2 1 1

P{DlﬂDgﬂDg}:P{Dl}P{D2|D1}P{D3|D1ﬂDQ}:?O'E-E:TZLO.

(b) This problem is solved exactly the same way as (a). Thus, if U; is the event that the jth song
is by U2, then the required probability is

6 5 4 1
P{UlﬂUgﬂUg}:P{Ul}P{UQ‘Ul}P{U3|UlﬂU2}:?O'E'Ezﬁ.

(c) In order to solve this problem we will list all of the different ways that the first three songs can
be by different artists. To begin, we select the three different artists (in any order). The possibilities

are
{U2, Pink Floyd, Snoop Dogg}, {U2, Pink Floyd, Sarah McLachlan},

{U2, Snoop Dogg, Sarah McLachlan}, {Pink Floyd, Snoop Dogg, Sarah McLachlan}.

Thus, if U, D, P, and S are the events that one of the first three songs are by U2, Snoop Dogg,
Pink Floyd, and Sarah McLachlan, respectively, then

P {1st three songs are by different artists}
—P{UNPND)UUNPNS)UUNDNS)U(PNDNS)}
=P{UnNnPND}+P{UNPNS}+P{UNDNS}+P{PNDNS}.

However, within each group, there are six different orderings. That is, if the group is {a, b, c}, then
the orderings are abe, acbh, bac, bea, cab, cba. This means that in order to compute P{U N PN D},
we must consider the six different ways that the first three songs can be by U2, Pink Floyd, and
Snoop Dogg. Thus, if Uj;, P, and D; represent the events that the jth song is by U2, Pink Floyd,
and Snoop Dogg, respectively, then

P{UNnPND}
:P{(UlﬂPgﬂDg)U(UlﬂDQﬂPg)U(PlﬂUzﬂDg)U(P1ﬂD2ﬂU3)
U(D1NP,NUs)U(DyNU2N P3)}
:P{UlﬂpgﬂDg}—l—P{UlﬂDQﬂPg}—i-P{PlﬂUQﬂDg}-FP{PlﬂDQﬂUg}
+P{DiNP.NUs} +P{D;NU; N P3}
6 4 3 6 3 4 4 6 3 4 3 6 3 4 6 3 6 4

=20 10 18 720 19 18 720 19 18 720 10 18 T20 10 18 " 20 19 18
3:-4-6

'20-19-18°

Similarly,

6-4-7 6-3-7 4.3-7

P{UNPNS}=6-———— P{UNDNS}=6-——— P{PNDNS}=6-———.



Therefore, we conclude that
P {1st three songs are by different artists}
- 3-4-6 - 6-4-7 6. 6-3-7 46 4.3-7
20-19-18 20-19-18 20-19-18 20-19-18
15
=35

We want to compute P {Elvis was an identical twin | Elvis had a twin brother}. Using

3.
Bayes’ rule we find
P {Elvis was an identical twin|Elvis had a twin brother}
_ P {Elvis had a twin brother|Elvis was an identical twin} - P {Elvis was an identical twin}

P {Elvis had a twin brother}

We are told that
P {Elvis was an identical twin} = 300°

Furthermore, it follows immediately that
P {Elvis had a twin brother | Elvis was an identical twin} = 1.

Therefore, we must calculate P {Elvis had a twin brother} using the Law of Total Probability.

Thus,

P {Elvis had a twin brother}
= P {Elvis had a twin brother | Elvis was an identical twin} - P {Elvis was an identical twin}

+ P {Elvis had a twin brother | Elvis was a fraternal twin} - P {Elvis was a fraternal twin}
+ P {Elvis had a twin brother | Elvis was NOT a twin} - P {Elvis was NOT a twin}

1 1 1
—1-—+=-—+0
300+2 125+
so that
1
l'swg 5
1 1.1 11

P {Elvis was an identical twin | Elvis had a twin brother} =
L-sigt 2 125

4. The following tree diagram shows the possible values of the stock on days 3, 4, and 5, and
the corresponding probabilities. Note that tomorrow the stock has a 60% chance of doing the same

thing (either increasing or decreasing) as today.

We can now answer both (a) and (b) by following the appropriate branches through the tree.



(a) We know the values of the stock on days 1 and 2. Therefore, in order to determine the
probability that the stock price is $17 on day 4, we need to use the Law of Total Probability and
condition on the possible values of the stock on day 3. Thus,

P{S;=17} =P {8, =17N Y3 =16} + P {S, = 17N S5 = 18}
=P {8 =17|95 =16} P {93 = 16} + P {5, = 17| S5 = 18} P {S5 = 18}
= (0.4)(0.4) + (0.4)(0.6)
= 0.4.

(b) If we know that the price of the stock was $18 on day 5, then in order to determine the
probability that the stock price was $17 on day 4, we need to consider what happened on day 3.
Intuitively, we can just use the definition of conditional probability and notice that there are three
paths that lead to S5 = 18. Of those, there are two that have Sy = 17. Thus,

_ o (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4) 4
P {8y =17] 5 =18} = (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4) + (0.6)(0.6)(0.4) ~ 7

Equivalently, we find

P{S,=17Nn S5 = 18}

P{S,=17|55 =18} = 515, = 18]

We now use the Law of Total Probability in both the numerator and denominator. That is,

P {9 =18} =P {85 =18N Sy = 17} + P {85 = 18 N S = 19}
=P {S;=18N8;=17NS3 =16} + P {95 = 18N S, = 17N Y3 = 18}
+P {9 =18NS5; =19N S5 = 18}
= (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4) + (0.6)(0.6)(0.4)

and

P{S4 =17NS5 = 18} ZP{S5 =18NSy=17NS5 = 16}—|—P{S5 =18NSy=17N S5 = 18}
— (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4)

giving

_ o (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4) 4
P {81 =17] 5 = 18} = (0.4)(0.4)(0.6) + (0.6)(0.4)(0.4) + (0.6)(0.6)(0.4) ~ 7

as above. Note that you could also use Bayes’ Rule, but in order to do so you must account for
what happens on day 3. Hence, you will be lead to precisely the same calculation.

5. In order to solve this problem, we make a map (i.e., a tree diagram) of the possible routes
that Michael could take. Note that on the first movement, there is probability 1/3 that he moves
east, south, or west, respectively. On the second movement, he changes his strategy by flipping
coins as indicated in the problem.



1/4 1/4

12 173 173 172

1/4 13 1/4

S 1/4 1/4 S
1/2

S

Thus, we see that there are two possible routes that leave Michael facing west: (i) west first then
straight, or (ii) south first then right. The required probability is therefore

P {Michael faces west after second movement }
= P {first west, second straight OR first south, second right}
= P {first west, second straight} + P {first south, second right}
= P {second straight | first west} P {first west} + P {second right | first south} P {first south}

1 1
= P {heads} - 3 + P {tails, then heads} - 3
1 11

34 3

= =N =

6. In order for the batter to safely reach base, the batter must safely reach base on the first full
count pitch, or the batter must hit a foul ball and then reach base on the second full count pitch,
or the batter must hit two foul balls and then reach base safely on the third full count pitch, etc.
Let F; denote the event that the batter hits a foul ball on the jth pitch facing a full count, and let
S; denote the event that the batter safely reaches base on the jth pitch facing a full count. We are
told that P {F;} = 0.15 and P {S;} = 0.4 for all j. Therefore,

P {eventually safely reach base}
=P{SIUFINS)UFNFHBNS)UFINF,NF3NSy)U---}
=P{S1}+P{FNS}+P{FNFHNSs}+P{FINFHNF;NS}+---
—P{S}+P{F}P{S} +P{F}P{B}P{S;} +P{FIP{EL}P{FIP{S} +
= (0.4) + (0.15)(0.4) + (0.15)2(0.4) + (0.15)3(0.4) 4 - - -
= (0.4)[1 4 (0.15) + (0.15)* + (0.15)3 + - -]

1
= (04 1-0.15
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