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Theorem: If A, :={a=1ty <t; <---t,_1 <t, =0} is a partition of [a,b], then

S |By,—Bi,|"—b—a inL?
i=1
as
||A,|| = max (¢t; — t;-1) — 0.

1<i<n

That is, Q2(B;a,b), the quadratic variation of Brownian motion on the interval [a, b], exists
and equals b — a.

Proof: To begin, notice that

Let
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where )
XZ = ‘Btl - Btifl‘ - (tl - ti*l)?

and note that

ZZX X, = ZX2+2ZX X;.

=1 j=1 1<j

The independence of the Brownian increments implies that E(X;X;) = 0 for ¢ # j; hence,

= ZE(X}).

But

]E(XzQ) E (Bt Bt 1) - 2(tl - ti—l)E (Btz - Btifl)Q + (ti - ti—1)2

=3t —tim1)® = 20t — tic1)? + (ti — ti1)?
=2(t; —ti1)?

since the fourth moment of a normal random variable with mean 0 and variance t; — ¢;,_; is
3(t; — t;_1)?. Therefore,

=D EXD) =2 (t —t;i1)? S 20|01 Y (i~ tia) = 2(0 — a) [|Ag]] — 0
i=1 i=1 i=1

as ||An|| — 0 from which we conclude that Y,, — 0 in L?; that is, Qo(B;a,b) =b—a. O



