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Exercise: Suppose that S and T are stopping times. Show that FS ∩ FT = FS∧T .

Solution: Suppose that A ∈ FS ∩FT so that A∩ {S ≤ n} ∈ Fn and A∩ {T ≤ n} ∈ Fn for
each n. Since {S ∧ T ≤ n} = {S ≤ n} ∪ {T ≤ n}, we find

A ∩ {S ∧ T ≤ n} = A ∩ [{S ≤ n} ∪ {T ≤ n}] = [A ∩ {S ≤ n}] ∪ [A ∩ {T ≤ n}] ∈ Fn

so that A ∈ FS∧T . Thus, FS∩FT ⊆ FS∧T . Conversely, suppose that A ∈ FS∧T . This implies
that A ∩ {S ∧ T ≤ n} ∈ Fn for each n so that

A ∩ {S ∧ T ≤ n} = A ∩ [{S ≤ n} ∪ {T ≤ n}] = [A ∩ {S ≤ n}] ∪ [A ∩ {T ≤ n}] ∈ Fn.

However,
[A ∩ {S ≤ n}] ⊆ [A ∩ {S ≤ n}] ∪ [A ∩ {T ≤ n}] ∈ Fn

so that A ∈ FS, and similarly

[A ∩ {T ≤ n}] ⊆ [A ∩ {S ≤ n}] ∪ [A ∩ {T ≤ n}] ∈ Fn

so that A ∈ FT . Therefore, A ∈ FS∩FT , and we conclude FS∧T ⊆ FS∩FT . Taken together,
we have FS∧T = FS ∩ FT as required.


