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Prof. Michael Kozdron

Lecture #24: Conditional Distributions for the Bivariate Normal

Reference. §5.6 pages 127-130
Recall. Suppose that X = (X,Y) € N(u,A) with

2

p,:[’um} and A:[ e pafcay}‘

2
[y poLoy O,

In particular, X € N (j,02), Y € N(py,07), and Corr(X,Y) = p. Assuming that det[A] >
0, or equivalently, that o, # 0, 0, # 0, and —1 < p < 1, then the conditional distribution of

Y given X =z is
Ty

VX =z E/\/’(,t@—i—p (x — pa), (1 —p2)) .

O
In particular,

o

E(Y]X) = py + p—H(X — p1z)

O
and
Var(Y|X) = o2(1 — p°).

Example. Suppose that the random vector X = (X7, X5)" has density

1 1
fx(z1,29) = 5 OXP {—E(x% — 2z + Qx%)} :

(a) Determine the distribution of X.
(b) Determine the distribution of X5 given X; = x.

(c) Determine the distribution of X; — X5 given X; + X5 = 0.

Solution. (a) It appears that X has the density function of a multivariate normal random
vector. Thus, we must determine the mean vector u, the covariance matrix A, and verify
that the distribution is, in fact, MVN. Clearly g = 0. Furthermore,

(1 —1] [«
T} — 2mix0 + 205 = [11 T3] O 2} lxj

which implies that

1 —1]
—1 _
A = [_1 2|
It is easy to invert a 2 X 2 matrix, and so we see immediately that
2 1
=[]

since det[A] = 1.
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Thus, matching the general form of a MVN density function with the function given in this

problem, we conclude that
0 2 1
xev (o] 1))

(b) The conditional density of X, given X; = x is

_ fX1,X2<x7x2) . % €xp {_%(12 — 2xx9 + 2$§)}
Ixalx1=2(T2) = @ L iap(l=
! Vor V2 XP1Te g

since X; € N(0,2). Therefore,

[xolx=a(2) = 1 ;eXp {_%%}

so that Xo|X =z € N (,3).
(c) Consider Y = (Y7, Ys) where Y] = X; — X5 and Yy = X7 + Xo. If we let
1 -1
a=] ]

oA x] [(x5-x] M)
o= )= ) - B

then by Theorem 5.3.1, we conclude that Y € N (Bu, BAB') where

so that

E(Y) = By — m

oo L -]

Since det[Cov(Y)] = 4, we deduce that the density of Y is given by

and

1 5( 5 2 1,
Iy (Y1, y2) = e exp{ 3 (y1 5y1yz+ 592)}-

We now find
Fy(y1,0) _ grexp{=5 (s — 311 (0) + 5(0)*) }
2 (0) 7 exp {—35(0)}

_ V5 {_§ 2}
o p Syl .

In other words, the distribution of Y;|Ys = 0, or equivalently, X; — X5|X; + Xy = 0, is
N(0,3).

le\YQ:O(?h) =
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