Statistics 351 (Fall 2015) October 26, 2015
Prof. Michael Kozdron
Lecture #17: The Joint Distribution of Xy and X,
Recall. Suppose that Xi,..., X, are random variables. We define
Xy =min{Xy,..., X,,} and X, =max{X;,..., X,}.
In general, Xy, k =1,...,n, denotes the kth smallest of Xi,...,X,,. We call

the order statistic and X () the kth order variable. Note that some texts call X the kth
order statistic.

If Xq,...,X, arei.id. with common distribution function F'(x) and common denisty function
f(z), then

d FX(l)(yl) =1- [1 - F(y1>]n and fX(1)(y1> = nf(yl)[l - F<y1)]n_17
o Fx, (yn) = [F(yn)]" and fx, (yn) = nf (ya) [F(ya)]" "
Note that even though X;,..., X, are independent, there is no reason to suspect that X
and X(,) are independent.
Consider (X(1y, Xn)). We want to compute
Fx oy X0 W1, yn) = P{Xq) < y1, Xy < yn}
To do so, we proceed in a manner similar to the one-dimensional case. Notice that

P{X)y>y, Xy St =Pl < Xe <y V k=1,...,n}

= H P{y; < Xy <wy,} since Xj,..., X, are independent
k=1
= [P{y1 < X1 <wyn}]" since Xi,..., X, are indentically distributed

= [F(yn) — F(y1)]" provided y; <y,
On the other hand, if 31 > ¥y, then P{X 1) > y1, X <y} = 0.
We now observe that
and so
Fx ) X W1, Un) = P{Xq) < y1, Xn) S yn} = P{X@wm) <y} — P{X@) > v1, Xm) <yl
Therefore, if y; < y,, then
FX(1),X(n) (ylayn) = FX(n) (yn> - [F(yn> - F(yl)]n
and if y; > y,,, then

Fx ) X (Y1:9n) = Fx(,, (Un)-
Since Fx, (yn) = [F'(yn)]", we conclude the following.
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Theorem. If Xi,..., X, are i.i.d. with common distribution function F(x) and common
denisty function f(x), then the joint distribution function of (Xnuy, X(n)) is

[F(ya)]™ = [F(yn) = F(y)]",  if y1 < Yn,

Fx.y x0 W1, yn) = ‘
@ (>( ' ) [F(yn)]n7 nylzyn-

Furthermore, if X1,..., X, are continuous random variables, then

82
fX(l),X<n) (Y1,9n) = mFX(l),X(n) (Y1, Yn)

{n(n = D) f ) [Fyn) — Fy)" ™, if y1 < Y,
0, if Y1 > Yn-

Distribution of the Range

Let R = X(,) — X(1) denote the range which gives some information about how spread out
the distribution F' is. We can determine the distribution of R by combining our earlier
results with the techniques of Chapter 1.

Let R = X(n) — X(l) and V = X(l) so that
X(l) =V and X(n) =R+V.

The Jacobian of this transformation is

Oy Oy
or  Ov 0 1
J = = = —1.
Oy Oyn ’1 1‘
or  Ov

Therefore,
frv(r,v) = fxg) X0 (01 +0) - 1=n(n = 1) f(0) f(r +v)[F(r +v) = F(o)]"™
provided v < v+ r, i.e., r > 0. Integrating implies that

fr(r) = /OO fvr(v,r)dv =n(n —1) /00 f)f(r+0)[F(r+v) — F()]" ?dv, r>0.

Example. Suppose that X,..., X, are i.i.d. Exp(1) random variables so that

1l—e® x>0
F — ’ ’ d =e 7 > 0.
(x) = {07 >0, an flr)=e" =z

We compute
o Fx,(p)=1-[1-(1—-e")"=1—e"" 3y >0,
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'Lﬁmﬂw)=7w’wh y1 > 0,
* FX(”) (yn) = []‘ - e_yn]n7 UYp > 07
o (o) = e [1 = e g, 50,

[ ]
[1—emm]t — e —e¥ ], if 0 <y1 <y, < 00,

[L—e], otherwise,

FX(I)ix(n) (yhyn) = {

° fX(l)’X(n) (ybyn) = n(n - 1)€—y1€—yn[€—y1 - e—yn]n—2, 0< Y1 < Yn < 00,

°
fR(T‘) = n(n — 1)/ [e—v _ 6_(7"+’U)]7L—26—q)_(r+,u) do
0
= n(n — 1)6*7“[1 — er]n2/ 671}(71,72)6721) dv
0

= n(n — 1)6—7"[1 _ e—r]n—Q/ =" do
0

o0

1
=n(n—1)e "1 - e—r]n_g Ll
n

e (T

0
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