Statistics 351 (Fall 2008)
Some Computations with the Poisson Process

The Poisson process is a continuous time stochastic process {X;,t > 0} satisfying the fol-
lowing properties.

e The increments {X;, —X;, _,,k=1,...,n} are independent for all 0 < ¢, <t; <--- <
t, < oo and all n;

e Xy =0 and there exists a A > 0 such that
X; — X5 € Po(A\(t —9))
for 0 < s <t.

Example. Suppose that {X;,¢ > 0} is a Poisson process with intensity A\. Let 0 < #; <
ty < t3 < ts. Determine

(a) COV(Xt2 — thaXt4 — Xt3>7 and
(b) COV(Xt3 — th, Xt4 — th)'

Solution. Recall that X; — X € Po(A(t — s)) and that disjoint increments are independent.
It therefore follows that X;, — X;, and X;, — X,, are independent. Hence, we see that
Cov (X, — Xy, X3, — Xi,) = 0 establishing (a). As for (b), we notice that X, — X;, and
X, — X, are non-disjoint increments. The trick is to notice that

Xt4 - th = Xt4 - th + th - th
which gives

COV()(t3 - Xt17Xt4 - th) = COV(Xt3 - Xt17Xt4 - th + th — th)
= COV(XtS — thaXt4 — th) + COV()(LL3 — th,th — th)
= O + COV(Xt3 — th, Xt3 — th)

which follows as in (a) since Xy, — X, and X;, — X;, are disjoint increments. Similarly,

(jOV()(t3 — Xt17Xt3 — th) = COV(XtS — th + th — Xt17Xt3 — th)
= COV(Xt3 — XtQ,th — th) + COV()(t2 — Xt17Xt3 — th)
— Var(X;, — X3,) + 0.

Since Xy, — X, € Po(A(t3 — t2)), we know
Var(Xt3 — Xt2> = )\(tg — tz)

That is,
COV(Xt3 - th,Xt4 - th) = )\(tg — tQ)

Example. Suppose that {X;,t > 0} is a Poisson process with intensity 1. Compute



(a) P{X5—X1 :Z|X4—X1:2} fOFi:3,4,5, and
(b) P{XQ—Xl :]|X4—X1:2} fOI'j:O,]_,Q.
Solution. (a)

P{X5— X, =1i,X,— X, =2}
P{X,— X, =2}

O P{Xs—Xy=i—-2,X,— X; =2}

B P{X, - X, =2}

CP{Xs— Xy =i—-2}P{Xy— X; =2}

B P{X,— X, =2}

=P{Xs— X, =i-2}.

P{X5—X1:Z|X4—X1:2}:

Since X5 — X4 € Po(1), we conclude

IR
o =345

P{X;— X, =i—2}=

(b)

P{X;— X, =7, X, — X, =2}
P{X,— X, =2}
_P{Xy =Xy =2—j, X, — X; = j}
P{X,— X, =2}
P{X,— X, =2}

P{X— Xi = j|Xs— X; =2} =

Since X, — X, € Po(2), we find

PIXi— Xpm 2 j} = 2
— g — j et - (&
P (2-J)!
Since Xy — X; € Po(1), we find

1

P{X2 — X1 = ]} = ﬁefl.

Since X4 — X7 € Po(3), we find

Hence, combining everything gives

: 22751 2! 2\ .
P{Xg—Xlzj\X4—X1:2}:(Q_j)'.ﬁ.§:()22J32‘



Example. Suppose that {X;,¢ > 0} is a Poisson process with intensity 1. Compute
(c) Var(X;3|X; =), and

Solution. (c) Observe that X3 and X; are not independent. However, X3 — X; and X; are
independent. Therefore,

Var(X3|X; = x) = Var(X3 — X7 + X1| X1 = x) = Var(X5 — X1| X, = 2) + Var(X;| X, = 2)
= Var(Xg — X1>

since Var(X;|X; = z) = 0. Using the fact that X5—X; € Po(2) we conclude Var(X3—X;) =
2 and so
Var(X3| X, = x) = 2.

(d) Similarly, we find

]E(X3|X1 = ZE) = E<X3 — X1 + X1|X1 = l’) = ]E(Xg — X1|X1 = ZE) +E(X1|X1 = ZL‘)
:]E(Xg—Xl) + .

Using the fact that X3 — X; € Po(2) we conclude E(X35 — X;) = 2 and so



