Stat 351 Fall 2008
Solutions to Assignment #5

1. (a) We begin by calculating E(Y;). That is,
E(Yi) = 1-P(Y = 1)+ (~1) - P(Y = —1) =p—(1—p) = 2p— L.
We now notice that S, 11 = Sy, + Yp41. Therefore,

E(Sns1| X1, .., Xn) = E(Sp + V1| X1, ..., Xn)
=E(Sy| X1,..., Xn) + E(Yo41|X1,..., X0)
=S, +E(Yn+1)
=S, +2p—-1

and so

E(Xns1|X1, - Xn) = E(Sup1 — (n+ 1)(2p — 1) X1, ..., X)
=E(Sp+1|X1,... . Xpn) —(n+1)(2p—1)
=S, +2p—1—(n+1)(2p—1)
=S, —n(2p—1)
= Xp.

We now conclude that {X,,n =1,2,...} is, in fact, a martingale.

1. (b) Notice that we can write X, 1 as

Xp41=Snt1—(n+1)2p—-1)=5, +Y1 —n(2p—1)—(2p—1)
= Xn+ Yn+1 - (2]) - 1)

and so

X2 = (Xn4 Y )?+ 2p— 12— 2(2p — 1)(Xn + Yor1)
= Xp + Y +2X0 Yo + (20— 1)? = 2(2p — 1)( X + Vo).

Thus,

E(XZ,|X1,..., X,)
=E(X21X1,..., Xp) + E(V2 4] X1, X)) + 2E(X0 Yo | X1y, X))
+(2p—1)2=2(2p — DE(X,, + Yy 1| X1, ..., X0)
= Xo +E(Yo+1)? 4+ 2XE(Yorn) + (20 — 1)° = 2(2p — 1)(Xn + E(Yo41))
= X2 414220 - DX+ 20— 1> —22p - 1)(X,, + (2p— 1))
=X24+1+22p - D)X+ (2p—1)2—2(2p - 1)X,, — 2(2p — 1)?
=X241-(2p-1)?

and so we find



E(Zn+1|X1, ..o, Xn) = (X211 X1, ..., X0) — 4(n+ D)p(1 — p)
:X,QL—I—l— (2p — 1)2 —4(n+ p(1 —p)
= X, +1—(4p" —4p+1) — 4np(1 — p) — 4p(1 — p)
= X241 —4p* +4p—1—4np(1 — p) — 4p + 4p*
= X2 — 4np(1 - p)
= Z,.

Hence, {Z,,n =1,2,...} is, in fact, a martingale.

2. We interpret the conditional probabilities given in the problem to mean
PXpi1=01—-qzp| X =2n)=1—2, and P(X,y1=q¢+ (1 —qQ)zp| Xy = zp) = xp.

Therefore,

E(Xpt1|X1=21,...,Xp = )
=(1=q)zn - P(Xnt1= 0 —=q@zn|Xpn =2n) + (¢ + (1 = @)zp) - P(Xpny1 =q¢+ (1 — @)zp| Xy, = )
=l -q@an 1—zn)+ (¢+ 1 —q)zn)  Tn
= (1= q@)zn — (1 = q)zp + gy + (1 — @)z,

= Tp.

In other words,
E(Xpt1|X1,...,Xn) = Xy

and so we conclude that {X,,,n =1,2,...} is, in fact, a martingale.



