Stat 351 Fall 2008
Solutions to Assignment #4

Problem #3, page 55: Suppose that X + Y = 2. By definition of conditional density,

_ fxxyv(z,2)
Ixix4y=2(z) = (@)

We now find the joint density fx x4y (x,2). Let U = X and V = X + Y so that X = U and
Y =V — U. The Jacobian of this transformation is
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Since X and Y are independent I'(2, a), the joint density of (X,Y) is

%ef(aﬂry)/a7 for x >0, y > 0,

x, = €T) - =
fxy(z,y) = fx(@)- fr(y) {O, otherwise,
The joint density of (U, V') is therefore given by
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provided that u > 0 and v > u. The marginal density for V is therefore

fv(v) = /0 WG_”/“ du = a_4e_”/“/0 u(v —u)du = %e_v/a, u > 0.

Since V = X 4+ Y, we can rewrite these densities as fx xtv(z,2) = x(igx)e—z/a’ 0 <z <2, and
fx+v(2) = %6_2/‘1. Finally, we conclude

_ Ixxav(@,2) @6_2“ 3z(2 — )
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provided that 0 < x < 2.

Problem #9, page 56: (a) The density function for Y is given by
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provided that 0 <y < 1. Let u = —% so that du = —% dx, from which it follows that

That is, Y € U(0,1).



(b) The conditional density of X given Y = y is therefore

fX\Y:y(x) _ fX}?/((Z;y) — 2y3 1 — Tyi’) e v

provided that = > 0. That is, X|Y =y € I'(3,y).

(c) Since Y € U(0,1), we know that E(Y) = % and Var(Y) = &. We also use the fact from

page 260 that the mean of a I'(p, a) random variable is pa and the variance is pa®. Thus, we find

that the mean of X is 5
E(X)=FEFEX|Y)) =EQBY)=3E(Y) = B

and the variance of X is

Var(X) = Var(E(X|Y)) 4+ E(Var(X|Y)) = Var(3Y) + E(3Y?) = 9 Var(Y) + 3E(Y?)
=9Var(Y) + 3 [Var(Y) + (E(Y))?]
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Problem #10, page 56: (a) Since
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we conclude that ¢ = 6.

(b) The marginal for Y is therefore given by

1—y
fy(y):/ 6rdr=3(1-y)2 0<y<l1
0
and the marginal for X is

1-x
fX(x)—/ 6rdy =6x(1l—2), 0<z<l1.
0

We conditional densities are then

6x 2x
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and
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1
_ = = 0<y<1l-—=z.
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Finally, we find

1=y 2x
B =)= [ e =

and
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E(Y|X = 1) = ey ==(1—a).
VX =)= [y = g0-a)



Problem #18, page 58: If X|A = a € W(é,%) with A € T'(p,0), then by the law of total
probability,
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b—1 oo
_ b / aPe= 4" =a/0 qq
0PI (p) Jo

Let v = a(z® + }) so that du = (2° + §) da and the integral above becomes
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But
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and so we conclude that for > 0 (and using the fact that I'(p + 1) = p - I'(p)) that

a1 (a? + 1)1

bpzt=1(zb 4 3y=1-p
67T (p) '

fx(z) = T

Flp+1)=

The final step is to determine the distribution of X®. If Y = X?, then
P(Y <y)=P(X"<y)=P(X <y'"
and so

Lapabpy® Pyt )™ p 1
pY op or (y + Lypt1’ y =0

1 _
fry) = gyl/b Yx (') =
which happens to be the density function of a translated Pareto distribution.

Problem #11, page 56: Since
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cx dydx—c/x(l—x)dx—c[x—x] = —
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we conclude that ¢ = 12. The marginal for Y is therefore given by

y

fr(y) = / 1227 do =4y, 0<y<1
0

and the marginal for X is

1
fx(x) = / 1222 dy = 122%(1 — ), 0<z<1.

Hence we compute

and



The conditional densities are then

1222 322
fxlyey(®) = —— =", 0<z<y
X[y =y(7) 4y 3
and )
12z 1
fY|X71‘(y) 121)2(1—1‘) 1— 2’ r<y<
Finally, we find
vy 3z 3y
EX|)Y =y :/as-d:c:
(Xl =y)= [ "o dr =7

and

1
1
E(YX:@“):/ y'mdy:

Problem #12, page 57: Since

1 rzx 1 1
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cxydydwz/a:dx:[x} = —
/0/0 2 J 215 ], 10

we conclude that ¢ = 10. The marginal for Y is therefore given by

1
10
fr(y) = / 1022y do = Ey(l —y?), 0<y<1
Y
and the marginal for X is
Hence we compute

and

The conditional densities are then

102%y 32
fxpy=y(z) = = ;s y<z<l
R
and )
10z7y 2y
fY\X:x(y) = 54 :ﬁ7 0<y<uz.
Finally, we find
1 2 4
3x 3(1—y*)
E(X|Y:y):/1:- dr =
Y 1 _y3 4(1 _y3)
and 5 g 5
y T
EY|X=x)= = dy = —.
VX =a)= [y =3



Problem #13, page 57: Since

Lot ! 1 11 1,
/ / c(:v+y)dydx:c/ t(l—z)+=(1—-2)| de=c|zx+-2?—=23| ==
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we conclude that ¢ = 2. The marginal for Y is therefore given by
y
fr(v) :/ 2 +y)der=y*+20° =3y% 0<y<l1
0
and the marginal for X is
1
fx(x) —/ 20z +y)dy =2x(1—x)+(1—2?)=1+2z-322, 0<z<l.
x

Hence we compute

1
3
E(Y)Z/O y-3y’dy =

and .
1 2 3 5
0 /ox(+x vldr=5+3-7" 15
The conditional densities are then
2(x +y
fX|Y=y(x):(32)7 O0<z<y
Yy
and % )
r+y
= =7 1.
fyix=2(y) 11 22 _ 322 T <Y<

Finally, we find

Vo2 2 Pyt b
E(X|Y:y):/ x.wdx:.<y+y>:y
0

3y? 32 3 2 9
and
E(Y|X = ) /1 2(x +y) J 2 x(l—x2)+(1—x3)
=)= . = .
YV T 32 T 1120 322 2 3

2 + 3z — ba®
3(1+ 2z — 322)
(2 + 5z + 52%)(1 — 2)
33z +1)(1 —x)
245z + 512
33z 4+ 1)

Problem #14, page 57: Since

we conclude that ¢ = 6. The marginal for Y is therefore given by

VY
fy(y)z/ 6dr =6(\G—y), 0<y<1

Y



and the marginal for X is

fX(x):/$6dy:6(x—x2):6x(1—x), 0<z<I1.

2

The conditional densities are then

6 1
Ixy=y(2) = = , Y<w <y
WD =S T v
and 6 !
_ = = 2<y<a.
Finally, we find
v 1 — 2
E(X|Y:y):/ z- o= Y=Y YTV
and ) . ( )
z 1 ¢ - x(l+x
(¥l 7) /gc2y z(1—x) dy 2z(1 — x) 2

Problem #15, page 57: Since

1 pV/i1-a? 1 1 AL
/ / czdy dy dr = C/ 23(1 — 2?) dx = Sloagt— 248 = &

we conclude that ¢ = 24. The marginal for Y is therefore given by

fr(y) = / 24x3y dx = 6y(1 — y2)2, O<y<l1
0

and the marginal for X is

V1—z2
fx(z) = / 2423y dy = 1223(1 —2%), 0<ax<1.
0
The conditional densities are then
2413y 473
_ = = 0<ax<+/1—19y2
B =gy =y ~ e VST EVIT
and 5
24x°y 2y
_ = = 0 <A1 —z2
fY|X—x<y) 12.%‘3(1 _ xg) 1_ 22’ <y= T

Finally, we find

1—y2 3 _ 25/2 02
E(X‘Y_y)_/ .. 4x22d$:4(1 yiQ 41—y
0 (1-192) 51 —y?) 5

and

1-a 2 21— 2232 2y/1—2a?

EY|X =2) = . dy = _
(Y]X =) /0 Y122 YT 30— 3




Problem #16, page 57: Since

1/2  pv/1—42? 1/2 1
/0 /0 ca:ydydx—g/o x(1—4m2)dx:§ [2332—364] :3%

we conclude that ¢ = 32. The marginal for Y is therefore given by

Wi-y? 1 ) ) 1
fy(y)=/ 32zydr =16y - 7 (1-y") =4y(1-y7), 0<ys<g
0
and the marginal for X is
V1—4z2 1
fx(x) = / 32zydy = 16x(1 — 42?), 0<z < 7
0
The conditional densities are then
32xy S8x 1
= = = 0<z<—-v1-—y?
fX\Y—y(‘r) 4y(1 — yg) 1 yg? T 2 Yy
and 39 5
Yy Y /
_ — = 0< < 1-4 2.
Frx=W) = f,0 =28 ~ 1o v= v
Finally, we find
3V 1=y L1 = 42)3/2 2
2 8x 8- z-(1—v°) 1—y
EX|)Y =y) = . dpx = —38 =
(x¥ =9) /0 e 3(1-9?) 3

and

/Vl—“2 2y o 201-42%)) 2Vl da?

Y

E(Y|X = = . = =
WX =a)= | 14227 31— 42?) 3



