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Prof. Michael Kozdron

Lecture #32: Computing Real Trigonometric Integrals

Suppose that C' is a closed contour oriented counterclockwise. Last class we proved the
Residue Theorem which states that if f(z) is analytic inside and on C, except for a finite
number of isolated singular points zq, ..., z,, then

/ f(z)dz = QWiiRes(f;zj).
c i

In order to compute Res(f;z;), we need to determine whether or not the isolated singular
point z; is removable, essential, or a pole of order m. If z; is a pole of order m, then we
know

1 dmfl

Res(f3 %) = (m—1)!dzm1

(= = 2)"f(2)

Z=Zzj5

In particular, if z; is a simple pole, then

Res(f; z;) = (2 — 2;) f(2)

2=Zj

Example 32.1. Compute

et
————— dz
c22+4z+1

where C' = {|z| = 1} is the circle of radius 1 centred at 0 oriented counterclockwise.

Solution. Clearly
2
J(z) = 224+4z+1

has two simple poles. Notice that 22 +4z+1 = (22 +42+4) —3 = (2 +2)* — 3 = 0 implies
21:\/5—2 and 22:—\/5—2

are simple poles. However, |z;| < 1 and |z3| > 1 which means that f(z) only has one isolated
singularity inside C'. Since

PAhdr4+l=(2—2)(z—2)=(2—V3+2(z+V3+2),

we find 5
Res(f;z) = Res(f; V3 —2) = ———— = =
(f:21) = Res( )= AT, "

<
5l-

so by the Cauchy Residue Theorem,

/ 2z d o 2 .
— 42 = 4T+ —= = —=Tr1t.
o +4z+1 V3 V3
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Suppose that we now parametrize C' by z(t) = e, 0 < t < 27, and attempt to compute this

same contour integral using
2 ) )
/ f(z)dz = / f(e™) -ie™ dt.
c 0

2 2 2

——dz = _— Tt =2 ——dt

/022+42+1 : /0 e?it 4 4eit + 1 e Z/0 62”—1—46“54—1
_dt

/0 6”—|—4+6 it

27
2@/
0 4+2008t

2
= —dt
/0 2+ cost

2 [ 1 , S | 2
—Ti =1 ——dt or, equivalently, ——dt = —m.
o 2+ cost o 2+ cost V3

That is,

and so

Notice that we were able to compute a definite integral by relating it to a contour integral
that could be evaluated using the Residue Theorem. If we have a definite integral, the limits
of integration are 0 to 27, and the integrand is a function of cosé and sinf, then we can
systematically convert it to a contour integral as follows. Let C' = {|z| = 1} denote the
circle of radius 1 centred at 0 oriented counterclockwise and parametrize C' by z(6) = e,
0 < 0 < 2, so that 2/(0) = ie? = iz(f). Since

2(0) = € = cosf +isinf and ﬁ =e " =cosf —isinb,
we find
R R Y C R n )
Therefore,
/O%F(cose,sin 0)do = /OZWF (% (z(0> + %) % (2(0> - ﬁ)) do
TG0 ) (0 ) 2
-/ i (5 (04 =5) 3 (-0 - 75 ) ) 7@
() A e



Example 32.2. Compute
2m
2
/ cos(20) 4.
o D—4cost
Solution. Let C' = {|z| = 1} oriented counterclockwise be parametrized by z() = €%,
0 < 8 < 27. Note that

2i0 | —2if 4
cos(20) = erre ™ 1 <z(0)2 + ! ) = 20y +1

2 2 z(0)? 22(0)?
and
 deosd— 5 — 1 B R L(0) — 2 :_22(0)2—52(9)+2
5—4cosf=5—14 2(””49)) 5 — 22(0) 0 0 :
so that
cos(20) Zg(zz;;gl _ z(0)* +1 _ z(0)* +1
5—4cosf IR ZOB RO T 22(0) (22(0)2 —52(0) +2)  22(0)(22(0) — 1)(2(0) — 2)

This implies

T cos(26) _ 2m () +1 _ 2 +1 1
/0 5 —dcosf 0T _/0 22(0)(2200) — D)0y —2) 0 = _/C 2202 -1)(z=2) iz "

/ 2 +1
== dz.
2 Jo 2222 —1)(2—2)

~.

Let

B 441
1@ = a5 169

so that f(z) clearly has a double pole at z; = 0, a simple pole at z; = 1/2, and a simple pole
at z3 = 2. Of these three singularities of f(z), only two of them are inside C. Therefore,

o d 2P+ 1 42222 -1)(2—2) — (2" +1)(42 = 5) 5
Resl/:0) = L@ -9 o (22 — 1)2(z — 2)2 ., 4
" Res(f;1/2) = (z— 1) Z 41 = —Z4+1 -
’ 2) 222 = 1)(2—2) [,y 2232 —2) |00 12

By the Residue Theorem,
Qﬂ- . 4 .

/ Mdng/ - Z+1 dz:f.gm(§_1_7):f

o D—4cosd 2 Jo 2222 —1)(2—2) 2 4 12 6
Remark. It is possible to compute both

] T cos(26)
——df d ———df
/0 2+ cosf o /0 5—4cosd

by calculating indefinite Riemann integrals. However, such calculations are very challenging.
The contour integral approach is significantly easier.
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