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Prof. Michael Kozdron

Lecture #29: Calculating Laurent Series

Example 29.1. Determine the Laurent series for

1

f(z) = -2z

for (i) 1 < 2| <2, and (ii) |2| > 2.

Solution. Note that the only singular points of f(z) occur at 1 and 2. This means that (i)
f(z) is analytic in the annulus 1 < |z] < 2, and (ii) f(z) is analytic for |z| > 2. Hence, in
either case, the Laurent series for f(z) will necessarily be of the form

fR)=> a2+ a2,

J=1 J=1

and so the idea is that we will find the coefficients a; directly rather than by contour inte-
gration. (It is worth stressing that the coefficients in the Laurent series expansions for (i)
and (ii) will not necessarily be the same.)

(i) Using partial fractions, we find

1 1 1

IO = ez " o1 a2

Now consider

1 1 =
= — = — Z-]_
z—1 1—-=2 Z
7=0
We know this series converges for |z| < 1. However, we are interested in determining a series
which converges for |z| > 1. Thus, we write
1 1/z
z—1 1-1/z

and observe that the series .

1 .
=1/ IZ(l/Z)j

Jj=0

converges for |1/z| < 1, or equivalently, |z| > 1. This implies

Now consider

1 1/2 1 N2
_ _ = J—
2—2 1-2/2 3 212 =D
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which converges for |z/2| < 1, or equivalently, |z| < 2. Thus, when we add these two series,

we obtain
1
_ _ —j
i Z +ZW

Note that the first series converges for |z| > 1 while the second series converges for |z| < 2.
This means that they BOTH converge when 1 < |z| < 2, and so we have found the Laurent
series for f(z) for 1 < |z| < 2, namely

1 —J
f(Z):m Z2]+1+Zz )

(ii) We now want the Laurent series for f(z) to converge for |z| > 2. We already know that

oo
= E Z_]
j=1

converges for |z| > 1. However, the series that we found for

1
z—2

converges for |z| < 2. This means that we need to manipulate it differently, say

1 1/z 1 — =i i >
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which converges for |2/z| < 1, or equivalently, |z| > 2. Thus,

1 1 —J J—1l,—J — J—1y,—J
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for |z| > 2.

Example 29.2. Determine the Laurent series for

622

f(Z):m

for all |z — 1| > 0.

Solution. Observe that f(z) is analytic for |z — 1| > 0. Now
2z 2(z—1+1) 2(z—1)
f)= o= =
(-1 (z-1)° (z—1)°

Recall that the Taylor series for e¥ is
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which converges for all w € C. This implies

22(z—1)2  2%(z—1) L (z— 1)

A =14 22— 1)+

Hence,

so that the Laurent series of f(z) for |z — 1| > 0 is

e _€2°"2ﬂ'(z—1)1*3:e2 1 2 4 8,
S s VA > 7l ((z—1)3+(2—1)2+2(z—1)+6+ )

=0

Example 29.3. Let
sinhz = ———— = —isin(iz)
and let
1
22sinh 2

f(z) =

Determine the first few terms of the Laurent series for f(z) in 0 < |z| < 7, and then calculate

1
——d
/CzQSinhz :

where C' = {|z| = 1} is the unit circle centred at 0 oriented counterclockwise.

Solution. On Assignment #8 you showed that the Taylor series for the entire function sinh z

is
(o ¢] o
3 5 52j+1

. 2z
smhz:z%—a—i—EﬂL'”:;m
which converges for all z € C. Moreover, it is not too difficult to show that sinh z = 0 if and
only if z € {0, £im, +2im,...}. This implies that f(z) is analytic for 0 < |z| < 7. Now

1 1 1 1

Z) = R —= _ — .
/) 22 sinh 2 22(2+§_?+Z5_T+...> 231+§_?+§+...

Using the identity

1 2 3
—=l-wt+w —w +---,
1+w
we obtain
! =1 Z2+24+ + 22+Z4+ 2+ =1 Z2+7Z4+
+2 425+ ETRT] 31 5 B 6 360

so that
1 _1 1 z2+7z4+ _1 1+7Z+
22ginhz 23 6 360 23 6z 360
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for 0 < |z| < m. Hence,

/ 1 d 1 1 . Tz L d 2mi ™
o 22sinh z oz 6z 360 6 3

Example 29.4. Determine the Laurent series of

22 —-22+43

fe) ==

for |z —1| > 1.

Solution. Note that f(z) is analytic for |z — 1] > 1 since the only singularity for f(z) occurs
at z = 2. Since we are expanding about the point zy = 1, the Laurent series will necessarily

have the form
o o0

f) = ajz—2) =Y ajz—1).

j:—oo j:—OO

Therefore, if we want to expand in powers of z — 1, we need to turn both our numerator and
denominator into functions of z — 1. Observe that

L= 1 - L_ 1y ! j—oo 17171_0o 1)~/
z—2_(z—1)—1_z—11_ﬁ_z_1z o —;(2—) —;(z—)

for [1/(z —1)| < 1, or equivalently, |z — 1| > 1, and
2 —224+3=(z—1)7+2.

This yields

f(z)=[(z—1)+2] i(z—l)‘j :i (;JHH ) <zi1)j
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:(z—1)+1+3i(z—il>j

for |z — 1| > 1 as the required Laurent series.
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