Mathematics 312 (Fall 2013) October 28, 2013
Prof. Michael Kozdron

Lecture #22: Applications of the Cauchy Integral Theorem
Example 22.1. Suppose p € Z. Compute

/z”dz
c

where C' = {|z| = r} is the circle of radius r > 0 centred at 0 oriented counterclockwise.

Solution. We will consider separately two cases, namely (i) p = 0,1,2,..., and (ii) p =
1,2,

In the first case, we can use either the Fundamental Theorem of Calculus for Integrals over
Closed Contours or the Cauchy Integral Theorem to conclude

/zpdz:O.
c

To use the FTC, observe that f(z) = 2P, p = 0,1,2,..., is continuous in C and that
F(2) = (p+1)7'2P™ is analytic in C with F’(z) = 2P = f(z). Since C is a closed contour,
the hypotheses of the FTC have been met so that

/zpdz:O.
c

Alternatively, the function f(z) = 2P, p = 0,1,2,..., is analytic in C with f/'(z) = 0 for
p = 0and f'(z2) = pzP~! for p = 1,2,.... In any case, f'(z) is continuous in C. Thus,
the hypotheses of the Cauchy Integral Theorem, Basic Version have been met and so we

conclude
/ ZXdz =0
c

In the second case, consider the function f(z) = 2P, p = —1,—2,.... This function is not
defined at z = 0 and so it is necessarily not continuous at z = 0 and not analytic at z = 0.
Thus, in order to compute
/ 2P dz
c

we cannot use either the FTC or the Cauchy Integral Theorem. Hence, we must compute it
as a contour integral using a parametrization of C. Let z(t) = re, 0 <t < 27, parametrize
C oriented counterclockwise. Since 2/(t) = ire™, we find

2w 2m
/ 2Pdz = / (re™)? -ire dt = irp+1/ e POt gy,
c 0 0

We now consider two subcases. If p = —1, then

27 2T
/ 2Pdz = / 2 dy = (D H / DD 4 — z/ dt = 2mi.
C C 0 0
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If p=-2,-3,..., then

S it
/ 2P dz = irPtt / elpttqy — = ilp+1)t
c 0 i(p+1)

t=2m

=0 p+1

since e/Pt12m =1 ag p € Z.
In summary, we have
2mi, ifp=-1
/ Py = )2 1 p ;
c 0, ifpeZ,p+#N0.
Example 22.2. Suppose that C, = {|z — a|] < r} denotes the circle of radius r > 0 centred
at a oriented counterclockwise. Compute

1
/ dz.
C, Z—a

fe) = —

is not analytic at a which happens to be inside C,, we must evaluate this contour integral
by definition. Let 2(t) = a+re®, 0 < ¢ < 2, parametrize C so that 2/(t) = ire. Therefore,

1 o 2 it 2
/ dz = / —— J(t)dt= / T = / idt = 2ri.
c, Z—a o z(t)—a 0 a+tret—a 0

Example 22.3. Suppose that C' = {|z| = r} is the circle of radius r > 0 centred at 0
oriented counterclockwise. Let a € C. Compute

1
/ dz
CZ—a

assuming that (i) a is outside C' and (ii) a is inside C. (Note that a is never on C.)

Solution. Since the function

Solution. If a is outside C, then there is some simply connected domain D containing C'
but not a. Moreover, the function f(z) = (2 —a)~! is analytic in D with f/(2) = —(2 —a) ™2
for z € D so that f’(z) is continuous in D. Hence, the hypotheses of the Cauchy Integral
Theorem, Basic Version have been met so that

1
/ dz = 0.
CZ—a

On the other hand, suppose that a is inside C' and let R denote the interior of C. Since
the function f(z) = (2 —a)~! is not analytic in any domain containing R, we cannot apply
the Cauchy Integral Theorem. Hence, we must compute it as a contour integral using a
parametrization of C'. Let z(t) = re, 0 < t < 27, parametrize C oriented counterclockwise.
Since 2'(t) = ire", we find

1 2m 1 ] 21 - it
dz = . cire dt = A ) (1)
— it __ it
cZ—a o ret—a 0 ret—a

Although this Riemann integral appears innocuous, it turns out to be exceedingly difficult to
compute. As we will see next class, there are tricks to avoid calculating it directly. However,
it is worth including the direct calculation as a supplement just to prove that this can be
done.
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Supplement: Direct Calculation of (7)

Observe that if the imaginary unit ¢ were absent (and assuming a € R) we would find

t=2m

2m t
re .
/o - dt = log(re’ — a)

rev —a

t=0

where the log is a natural logarithm. However, the inclusion of the imaginary unit ¢+ means
that we cannot simply say

t=2m

2m o it
/ T;?;e_ - dt = Log(re" — a) (%)
0

t=0
where the Log is the principal value of the logarithm. In fact, observe that

t=2m

Log(re" — a) = Log(re”™ — a) — Log(r — a) = Log(r —a) — Log(r —a) =0

t=0

and so if (x) were actually true, we would find

1 et
/z—adz:/ 7neit_adtzo.
c 0

But we have already shown that in the case a = 0, the integral does not equal 0, but rather

1
/—dz:Zm'.
CZ

T et
——dt
o ret—a

we must consider the real and imaginary parts separately. Now,

This means that in order to compute

rett rett re ™ —q r? — are'

ret —a ret—a re"*—a 1?2 —aret —are "+ |a?

r2 — ’a|rei(t—Arga)
124 |al? — 2|a|r cos(t — Arga)
r? — |alr cos(t — Arga) , la|rsin(t — Arga)
= —1
r2 + |a]? — 2|a|r cos(t — Arga) 1%+ |al]? — 2|a|r cos(t — Arga)
so that
2 it
|
o ret—a

/2” la|rsin(t — Arga) dt + ,/27r r? — |a|r cos(t — Arga)
= i
o 12+ |a]? = 2|a|rcos(t — Arga) o T2+ |a]? = 2|a|rcos(t — Arga)
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Now,

2 la|rsin(t — Arga) 1
= —log(r* + |a|* — 2 t—A
/0 r2 + |a|? — 2|a|r cos(t — Arga) 2 og(r” + |al jalr cos( rga))

t=2m

t=0
1 1

=3 log(r? + |a|* — 2|a|r cos(27 — Arga)) — 5 log(r? + |a|* — 2|a|r cos(0 — Arga))
1 1

=35 log(r? + |a|* — 2|a|r cos(Arga)) — 5 log(r® + |al* — 2|a|r cos(Arg a))

=0

since 7 > |a|. (Recall that @ is inside C. This is crucial in order for the logarithms to be
natural logarithms of positive real numbers.) However, it is rather tricky to compute

/27r r? — |a|r cos(t — Arga) & — /ZﬂArg“ r? — |a|r cost
o 2+ lal>—2lalrcos(t — Arga) S ama 2+ |af> — 2|alrcost

One way of doing it is as follows. Observe that
/ —2|alr cost df — / r? + |a|* — 2|a|r cost i — / r? + |a)? it
r2 + |a|? — 2|a|r cost r2 + |al? — 2|a|r cost r2 + |al? — 2|a|r cost
2 2
:/ﬁw—/ rtlal at
r2 + |al]? — 2|a|r cost

2 2
:t—/ rtlal dt
r2 + |al? — 2|a|r cost

/ : —la|rcost 4 — t 1/ r? + |a)? gt
r2 + |al]? — 2|a|r cost 2 2) r2+|al? - 2la|rcost

which in turn implies that

r? — |alr cost r? t 1 r? + |a)?
dt = dt + - — = dt
r2 + |a|? — 2|a|r cost r2 + |a|? — 2|a|r cost 2 2) r2+lal]®> —2|a|rcost

t 1/ r? —|al?
_ 4z dt
2 2) r24lal? - 2|alrcost

Recall that cost = cos?(¢/2) — sin?(t/2) and 1 = cos?(t/2) + sin*(¢/2) so that
1/ il Ul dt
2 ) r2+lal?> — 2|a|rcost

_ 1 742 _ |CL|2
> / 7 1 JaP = 2lalr(co(t/2) — sin(/2))
_ 1/ 7"2 _ ‘a’2

2 ) (r2+ |al?)(cos2(t/2) + sin®(t/2)) — 2|a|r(cos?(t/2) — sin*(t/2))
1 r? — |a|?

N 5/ (12 + |al? — 2|a|r) cos?(t/2) + (r2 + |a|? + 2|a|r) sin®(t/2)

so that

dt

dt

_ 1 7,2 _ ‘CL’Q
2 / (r — |a])2 cos2(t/2) + (r + |a])? sin*(¢/2) dt
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which upon further simplification yields

1 r? — |al? r? —|al? sec?(t/2)
2) 2+ |a|2—2|a|7“costdt: 2(r — |al)? +la| 7 dt
1+ (— tan(t/2)>

r—|al

o+ sec?(t/2)
~2(r — |al) / 1+ <L|a\ tan(t/2)>2 o

r—|al
Make the substitution

h=" i :a} tan(t/2) so that df =
r—la

T+ |a

msec (t/2)dt

which implies

2(+/9 1
r+ lal / sec*(t/2) s dt = / 5 df = arctan ¢ = arctan (7‘ +al tan(t/2)>.
2(r = lal)J 1 4 <T+IZ= tan(t/Q)) L+o =l

r—=|

Hence,

2 — t t
/ r— |afrcos dt = 3 + arctan (r +lal tan(t/Q)) .

r2 + |a|? — 2|a|r cost r — lal
However, if we want to compute the definite integral

/2” r? — |a|r cos(t — Arga) & — /Z’TArg“ r? — |a|r cost
o 2+ al> = 2lalrcos(t — Arga) ) ama 2+ |al?> = 2|alrcost

we cannot just write

2n—Arga 2 _ t t e
/ r” — lafr cos dt = [5 + arctan (T *lal tan(t/Z))] '

Arga r? + ’a|2 - 2|CL‘T‘COSt r—= |a’| t=—Arga

The reason for this is that the definite integral on the left in the previous expression is
actually improper. This can be seen by considering the expression on the right. The trouble
spot is when ¢ = 7; that is, tan(7/2) is not defined, and so we cannot just compute the
integral over the range — Arga <t < 27 — Arga without considering what happens when
t = m. Since Arga € (—m, 7|, we can conclude that — Arga < m < 27 — Arga so that the
trouble spot is actually in the range of integration. That is,

/2”_Arg“ r? — |alr cost
_ r2 + |a]? — 2|a|r cost

_ /” r? — |a|r cost dt + /QF_Arg“ r? — |a|r cost
) awga 72+ |a]? — 2[alr cost . r2 + |a|? — 2|a|r cost

[% 2n—Arga

Arga

r? — |a|r cost r? — |a|r cost

— i dt +1;
oin —Arga T2+ |a]? — 2la|r cost oin 9 7?2+ |a|?> — 2|a|r cost
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Now

o r? — |a|r cost

I
oir _Arga T2+ |a]? = 2|a|r cost

tan(t/2))}
t=—Arga
A A
= g + r2ga — arctan (T +lal tan <— r2ga>) + %i%narctan <T +lal tan(t/2)) (%)

t=0

. t T+
= lim | = + arctan
[2 ( ~al

r—lal r—la|
and

i am-Arge 02 glrcost

im

ol J, r2 + |a|? — 2|a|r cost

¢ t=27—Arga
= lim | = + arctan rlal tan(t/2)
olr |2 r— |al t=0

A A
— T8, rctan [ L +lal tan (7 — 2229) ) _limarctan - *la tan(t/2)
2 T2 r—|a 2 O r—lal

so that adding (x) and (*x) and using the fact that tan(—6) = tan(r — ) implies

/%Arg“ r? — |a|r cost
“Arga T2+ |a]? —2|a|rcost

: (T+ |al
= 7 + lim arctan
otr r— lal

tan(t/?)) _ lim arctan (r +lal tan(t/2)>

oir r—|al

Since tan(t/2) — oo as t 1 7 and since tan(t/2) — —oo as t | m, we conclude

lim arctan (T +lal tan(t/2)> _

ot r — |al 2
and al
r—+ |a T
li t tan(t/2) | = ——
lim arctan (r - an(t/ )) 5
so that
Ir—Arga r? — |a|r cost T T
5 dt =m+ -+ = = 2.
—Arga T2+ al* —2|alrcost 2 2

In summary, we have shown that

1 T et
/ dz = / : dt = 273
cZ—a g ret—a

if a is inside C' = {|z| = r}, the circle of radius r > 0 centred at 0 oriented counterclockwise.
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