Stat 252 Winter 2016
Solutions to Assignment #2

1. (a) If Y ~ Unif(0, ), then f(y|#) = 1/0 for 0 < y < 6 so that E(Y) = 6/2 and Var(Y) = 62 /12.
Therefore,

E(6;) =E(2Y) =2E(Y) =2- g =
so that 6; is an unbiased estimator of 8. Moreover,
MSE(f1) = Var(d)) = Var(2Y") = 4 Var(V) = 4 . 927/1 12 _ gz
1. (b) If Y3y := min{Y,...,¥,} and 0 < 2 < 6, then
P (> 0) = P> o) = | 202]

so that

This implies
0 0
E(Yq) = / z-nf "0 —x)" de = n9"/ 2(0 — )" da.
0 0

If we substitute u = 6 — z so that

E(Y) = nﬁ_”/ w0 — w) du = ne_n/ Ou™t —udu=nb" [ ] =
0 0

n o n+l1 n+1’

E(f,) = E((n + 1)) = (n+ 1) - nil "y

so that 65 is an unbiased estimator of 6. Moreover,
0 0
E(Y(Ql)) = / 22 nf"(0 —z)" Ldr = né?_”/ 220 — )" tda
0 0
so that if we substitute u = 8 — z, we find

0 0
IE(Y(QU) = nH_”/ u" N0 —u)du = nﬁ_"/ 0%u""! — 20u™ + u" T du
0 0

9n+2 20n+2 9n+2
=nl" - +
n n+1 n+ 2
2n n
=|1- 62
[ n+1+n+2]

and so

n n 2
Var(Yy) = (V) - [E(¥Ya)]” = [1 - } - ( 0

n+1+n+2 n+1)2



Therefore,

MSE(6s) = Var(fa) = Var((n + 1)Y1y) = (n + 1)* Var(Y{y))

=0t ([ ) )

B nb?
n+2

1. (c) If Y{,) := max{Y1,...,Y,} and 0 < z < 0, then P (Y},,) < z) = [P (Y1 < 2)]" = 67"2" so
that fy,, (z) = nf~"z"! for 0 < z < 6. Therefore,

0 n-+1
0 no
E(Yy,,)) = " ldey =g ——— =
(Yiny) /0 z-nl """ de = nb e iaear
and so ( 0
A n +
E(ds) = " E(V,,) = 6
implying that s is an unbiased estimator of 6. Furthermore,
0 n+2 2
0 nd
E Y2 — 2 -n, n—1 — -n —
Yiy) /0 x“-nf """ dx = nb N 2 nt2
so that e 242
B 9 L n
Var(}/(n)) - E(Yn)) - [E(Y(n))] “n 19 - (n + 1)2
" (n+1)? (n+ 17 ¢
- n+1 n+1 n 9
ar(6s) n? ar(X) < n? n+2 > n(n +2)
1. (d) We find
N 92
A A 9 n(n
Eff (0, 0y) — o 0s) _ ) - L
Var(61) T n+2

provided n > 1. Since Eff (61,03) < 1, we conclude that Var(f3) < Var(f;) so that in this example
03 is preferred to 6.

1. (e) We find
~ 02
PN Var(6 n(nt2) 1
Eff (60, 03) = arlds) _ wd = 5 <1
Var(eg) :+2 n

provided n > 1. Since Eff (62,03) < 1, we conclude that Var(f3) < Var(f) so that in this example
03 is preferred to 0s.

1. (f) As shown in class,
A Var(6y) B 7%22 _ 3n?

Eff (6, 05) = 2 = - >
(61,02) Var(61) g—i n-+2

provided n > 1. Since Eff (61,05) > 1, we conclude that Var(fy) > Var(&l) so that in this example
01 is preferred to 3. By combining (d) and (e), we conclude that s is preferred to either 1 or 6,
provided n > 1. Note, however, that if n = 1, then 91 = 92 = 03 = 2Y7.



2. (a) If Y3y := min{Y1,...,Y,} and 2 > 0, then P (Y{;) > z) = [P (Y] > 2)]" = e~ *"/? implying
that the density function for Y(y) is

n —Irn
fyy (@) = 2¢ % xz>o0.

That is, Y{1) ~ Exp(6/n) and so E(Y{;)) = 6/n. Thus, if 0 := nY(yy, then E() = nE(Y)) =
n-0/n =6 so that 6 is an unbiased estimator of .

2. (b) Since 0 is an unbiased estimator of 6, we know MSE(f) = Var(d). However, since Yy is an
exponential random variable with parameter 6/n, we know that Var(Y(;)) = 6*/n? which implies

a A 62
MSE() = Var(f) = Var(nY{y)) = n* Var(Yy)) = ”Zﬁ — 62,

3. (a) If 6 := max{Y1,...,Y,} and 0 < x < 6, then

P <é < x) =P Y1 <2)]"= [/ af oyt dy] =0 " "
0
so that
fi@) =nad 2" 0< <0,
We easily calculate that
na+1

. na
na+1 na+l1

0
E(9) = / z-naf " lde =naf
0

Thus, we conclude 0 is a biased estimator of 6.

3. (b) Clearly, the estimator

is an unbiased estimator of 6.

3. (c) We observe that since 0; is unbiased,

noa—+1
no

MSE(0;) = Var(6;) = < >2Var(é).

A~

In order to calculate Var(f) we note that

na+2 na 5

na+2:na+2

0
E(6%) = / 22 naf "l de = na "™
0

and so

Var(f) = E(6?) — [E(0))* = s 92 — [

nao 2 no 9
(na+ 1)%(na + 2)

na—+1 -



Therefore,
na+1 no 02 1 02

2
na ) (na+ 1)?(na + 2) na(na + 2)

4. (a) If X = /1Y%, then E(X) = E (v¥1%2) = E (V11 ) E (vV¥2) = [E (v¥71)] using the fact
that Y7, Y5 are i.i.d. Since

MSE(4;) = (

E(ﬁ) Z/OOO\/@- ge‘y/edyz @/Oooume‘“du: VO -T(3/2) = \/éér(lp) _ \/;?0

using the facts from Stat 251 that I'(1 + p) = pI'(p) and I'(1/2) = /7, we deduce that

Thus,

is an unbiased estimator of 6.

4. (b) If W = /Y1Y2Y3Y}, then
4
sov) <& (viwanm) - s (vA)] - [ 7| - e

as in (a) using the fact that Y7,Y3,Ys, Y, are i.i.d. Thus,

~ 16
91 = ﬁ\/ Y1Y2YE;Y4

is an unbiased estimator of §2.



