Statistics 252—Mathematical Statistics
Winter 2007 (200710)
Final Exam Solutions

Instructor: Michael Kozdron

1. (a) By definition, the likelihood function L(6) is given by
L) = [ [ fvwilo) = H 20%y exp{—07y;} = 2"0*" <H yi) exp {—92 Zyg} :
i=1 i=1 i=1 i=1

1. (b) In order to maximize L(f), we attempt to maximize the log-likelihood function

0(0) =log L(#) = nlog2 + 2nlogd — Zlogyi — 6? ny

i=1 i=1
We find that
d
7(0) = — 20
(0) = —¢(0) Zyz

and setting ¢'(f) = 0 implies that

Since

" —2n -
'(0) = 7 —2) ¥l <0
=1

for all 0, the second derivative test implies

QMLE =

1. (c) If we let

uzzyz27 h(y177yn):2n (Hy2> ) and g(uue):02nexp{_02u}7
=1

=1

then since L(0) = h(yi,...,yn) - g(u,0) we conclude from the Factorization Theorem that
U=>""Y?issufficient for the estimation of §. We now recall that any one-to-one function
of a sufficient statistic is also sufficient. Suppose that



Since T' is a one-to-one function, we conclude that

is also a sufficient statistic for the estimation of 6.

1. (d) We find
log fy (y|f) = log2 + 2log § + logy — 6y?

so that
2

) 2 ) 2
%log fr(ylo) = i 20y~ and 502 log fy (y|0) = g 27,
The Fisher information is given by
0 2 2\ 2 )
[(0) = —E ( 55 log fr(Y10) ) = —E ( —55 = 2Y? | = o5 + 2E(Y?)
and so we see that we must now compute E(Y?). Therefore,

o 1 1

x 0 1
2\ 2 _ 2.3 _—02y2 _ —u _
E(Y~) —/ooy fr(yl@) dy—/o 207y eV dy = 72 i ue "du = 9—21“(2) 72

making the substitution u = 6%*y?, du = 20y dy. We therefore conclude that

2 2 2 4
[(9):6—2+2E(Y2) ZtE =g

1. (e) Recall that a (1 — «) confidence interval based on the Fisher information and the
maximum likelihood estimator is given by

A 1 A 1
OnLE — Zaj2 - > OMLE + Zas2 - T
A/ n[(@MLE) \/ nI(QMLE)

Using the results of (b) and (d) we conclude that the required confidence interval is

vVn—129 /n+1.29

[ o
=1 =1

since zg.005 = 2.58 from Table 2



2. (a) Let U = Y2 so that for u > 0,

/\/u/B 20y

PU<u) =P’ <uff) =P <Vu/f) = | * s

dy.

Therefore, the density of U is given by

20, /a0
d%P(USu): wh 4 e 2Vhu 1 ! u> 0.

(1+0(y/u/0)?)? du “ (14 u)? . 2 0u - (1+u)?

Thus, we must find a and b so that

a 1 o0 1
/ —2du:g and / 2alu:g.
o (1+w) 2 py (L+u) 2

Computing the integrals we find

fo(u) =

1 2 —
1— _— and - ° so that a = a 04'
2 1+ 2 2 —« «

Hence,

2 — 2 _
1—a:P(a§U§b):P<2a <oy? < a)zp(%§9< O‘).

In other words,

v v

is a confidence interval for 6 with coverage probability 1 — a.

2. (b) If @ = 0.10 and we observe y = 2, then the observed confidence interval is

0.10 2—0.10} { 1 19

= = imately, [0.013,4.75].
(2-0.10)22° 0.10- 22 76’ 4] or, approximately, {0013, 4.75)

Since #y = 3 lies in this interval, we conclude that there is not sufficient evidence to reject
Hy : 0y = 3 in favour of H, : 6 # 3 at the a = 0.10 significance level.

3. (a) We find that fo(y) =1for 0 <y < land fa(y) =1-1(y—1/2) =2—-%for0 <y < 1.
Therefore, the likelihood ratio is

Ay = 2 = =

for 0 < y < 1, and so the rejection region is

RR:{A(Y)<c}:{9_82y<c}:{Y<90_8}:{Y<c’}



where ¢ = 28 is another constant. We now choose ¢ (or, equivalently, ¢’) so that this test

has the desired significance level. Since

/

a = Py, (reject Hy) = Pp—o(Y <) = / foly)dy = / ldy =<
0 0

we conclude that ¢ = a and so RR ={Y < a}.

3. (b) By definition, power = Py, (reject Hy). From part (a) we know that RR = {Y < a}
and so we compute

9 9 1 5 9(l—a)

(0% « y
power = Pjp_ (Y<a):/ fA(y)dy:/ ——2dy=-a—-a°=
12 o , 8 4 8" 8 8

3. (c¢) If @ = 0.10, then RR = {Y < 0.10} is the rejection region of test constructed in
(a). Hence, if a single observation produces y = 0.25, we conclude that since 0.25 is not
smaller than 0.10 there is not sufficient evidence to reject Hy in favour of H 4 at the a = 0.10
significance level.

4. (a) The generalized likelihood ratio test for the simple null hypothesis Hy : 8 = 6, against
the composite alternative hypothesis H4 : 6 # 6y has rejection region {A < ¢} where

_ L(y)

L(éMLE>

is the generalized likelihood ratio and L(6) is the likelihood function. In this case,

and 0y = 1 so that

(1)
éIT\L/ILE <H yz) et

A:

NI 1-bure Z]ogyi " 1+E+gyi
=i (TT) ) ()

_ (Z lOg yl)n (62 logyi)1+z+gm

=n" <— log yz> exp {Z log y; + n}
i=1 i=1

—> logY; approx
—2logA = -2 [n log (£> + ZlOgY;; + n} TN,
n

4. (b) We know that



Since the observed data imply
4
—2logA = -2 [8 log <§> -4+ 8] ~ 3.09,

and since X%,O.IO = 2.70554 from Table 6, we conclude that there is sufficient evidence to
reject Hy in favour of H,4 at the o = 0.10 significance level.

5. Since Y7, Y5, Y3 are independent normal random variables, we know that Y; + Y5+ Y3 also
has a normal distribution with mean E(Y;) + E(Y2) + E(Y;) =4+ 4 4 4 = 12 and variance
Var(Y7) + Var(Y3) 4+ Var(Y3) = 2+ 2 + 2 = 6. Therefore,

Vit Yt ¥s—12 1312
V6 V6

where Z ~ N(0,1) and the last equality follows from Table 4.

P(Yi+Yy+Y;>13) =P ( ) ~ P(Z > 0.4082) ~ 0.3416

6. Let X := min{Y7, Y5} so that
P(X>z)=PY,>2,Y,>2)=PY;>2)P(Yy >2)=[P(Y1 > 1)]?

since Y) and Y, are independent and identically distributed. Thus, we calculate (for z > 4)

that
*1 1 *1 —u/2 —u/2 = 1
P(Y, >z) = —exps —=(y—4) ¢ dy = —e 2 du = —e =expq —=(x —4)
2 2 2 . 2
1 2
PX<z)=1-PX>zx)=1- lexp{—i(:c—ll)}] =1—e"

T

making the substitution v = y — 4, du = dy, and so

from which we conclude that
d

Ix(x) = %P(X <z)=¢e"" x> 4

7. To find the method of moments estimators for a and (3, we must solve the system of
equations

_ 1 —
E(Y)=Y and E(YQ):EE Y2
=1

Since E(Y) = %42 and VarY = =2 " we find

12
B—oz)2+ (a+0)? o*+af+

E(Y?) = VarY + [E(Y)]* = ( 3 T 3

Thus,
— 3 —
a+ [ =2Y and 042+04ﬂ+52:—23/i2.
i

5



Since a = 2Y — f3, write a? + a3 + 3 = ala + 3) + 3? to see that

2

2 taf+ B =2V 2V —B)+32 = B2 -2V B+4Y = 2 —2YB+Y +3Y = (B-Y)*+37".

Hence, we find

_ _ R — 3 — —9
Y2437 =23"V2 sothat B=Y SN"y2 3y
B-Y)*+ n; sothat B=Y + n;

and

— — 3 — —2
=2Y - f3=Y— | — Y2 -3Y".

In other words,

— 1 n . . o 1 n .
&MOMY\@JEZY@‘QYZ and 5M0MY+\/§\IEZYi2Y2.
=1 i=1

8. (a) The method of moments estimator of ¢ is found by equating the first population
moment E(Y") with the first sample moment Y and solving for §. We find

EY)=0-P(Y =0)+1-P(Y =1)=0+6'(1-0)""1=0

and so we conclude that éMOM =Y.

8. (b) Since E(Y;) = --- = E(Y,,) = 6 we conclude that

EV) +---+E(Y,) _nf _

E(Oyion) = E(Y) = - -

which shows that Oyom is, in fact, an unbiased estimator of 6.

8. (c) We begin by calculating
EY?)=0*-P(Y=0)+1*-PY=1)=0+60"(1-0)""=0
so that Var(Y) = E(Y?) — [E(Y)]? = 6 — 6* = 6(1 — ). Therefore,

Var(éMOM) = Var(?) = Var(Y1) + - + Var(Yy,) _ nd(1 —0) _ (1 — 9).

n? n? n

8. (d) By definition, the likelihood function L(#) is given by
L(0) = H Ty (yil0) = 92?:1%(1 — 9)"72?:1 Yi — 97@(1 _ e)nfny.
i=1

6



In order to maximize L(6), we attempt to maximize the log-likelihood function
0(0) = log L(0) = nylogf — (n — ny) log(1 — ).

We find that p _ _
rigy 4 _nhy n—ny
oo = d@g(m 0 1-0

and setting ¢'(f) = 0 implies that
0=71.

Since
—2ny  2(n —ny)

2 (1-0)2

for all @, the second derivative test implies

0'(9) = <0

éMLE =Y.

8. (e) We find
log fy (y|0) = ylog® + (1 — y) log(1 — 0)
so that
2
]_ _
= log fy (y16) = —5 — 4

0 1—
—log fy (y|0) = Y_-7Y and R e

00 0 1-06 06?

We now find the Fisher information is

1(6)= -E (aa—; log fy(Y|9)> ) (‘% _ ﬁ) E(Y)  1-E(Y)

since E(Y') = 0 as calculated in (a).

8. (f) It is shown in (b) that fyon = Y is an unbiased estimator of 6. Since

L ! _ =9 _ Var(Y) = Var(fyom)

from (c), we see that Oriom = Y attains the lower bound of the Cramer-Rao inequality.
Therefore, we conclude that fyiom = 2Y is the minimum variance unbiased estimator of 6.



9. (a) This is incorrect because the researcher is claiming that (1 —p-value) is the probability
that the null hypothesis is false. The p-value is not a probability of a null hypothesis being
true or false. It is the probability of observing a value of the sample statistic that is as or
more extreme than what was observed, when the null hypothesis is true.

9. (b) With four units, the null hypothesis is unlikely to be rejected because the variability
in the test statistic will be large. Hence, there is not enough data to support the researcher’s
claim that the alternative hypothesis is clearly not right.

10. The correct answers, in order, are: True, False, True, False, False, False.



