Stat 252.01 Winter 2007
Assignment #10 Solutions

1. (a) To find the method of moments estimator of § we must solve the equation E(Y) =Y for

6. Since E(Y') = 6, we conclude ) B
1. (c¢) The likelihood function is

n n -3 n
L(0) = [ [ fv(wilo) = o> (H yz> exp {—92 1}

i=1 i=1 o1 Ji

so that the log-likelihood function is
n n 1
£(0) =2nlogf — 3 logy; — 0 —.
“ 2 loen 02

Since ¢'(6) = 0 implies

i—1 Yi
so that 5
n
0= =7
D13,
and since 9
n
6”(9) - —972 < 0,
we conclude from the second derivative test that
~ 2n
OMLE = -
>
i=1 Yi

1. (d) Since

n -3 n
L(#) = 6*" (H yl> exp {—9 Z yl}
i=1 7"

=1

we see that if we let u =7, i, g(u,0) = 62"~ and h(yi,...,yn) = (1, y:) "%, then

L(@) = g(“? 9) : h(y17 . 7yn)

so from the Factorization Theorem we conclude that
n

1

U= —

is sufficient for the estimation of 6.



1. (e) If T(U) = 32, then since T is a one-to-one function and since any one-to-one function of
a sufficient statlstlc is also sufficient, we conclude that

T <Z ;) = n2n1 = OyLe
i—1 Z .

is also sufficient.

1. (f) Since
log fy (y|¢) = 2log 0 — 3logy — Z’
we find 5 o2
2 1 2
| = ~ 1 ==
Thus,

1. (g) An approximate 90% confidence interval for 6 is given by

A 1 A 1
Baite — 1.645 ————— , By + 1.645 ——
\/nI(HMLE) \/nI(GMLE)
or
2 V2 2 V2
1 4E e e 1645 |
Zi:l Y; Ei:l Y; Zi:l Y; Zi:l Y;

1. (i) If n = 8 observations produce 3°
90% confidence interval for 6 is

ie1 y = 10, then based on this data, an approximate

[1.6 — 0.66,1.6 + 0.66] or [0.94,2.26].

Since 6y = 1 falls in this interval, we conclude from the confidence interval-hypothesis test du-
ality that we do not reject Hy : § = 1 in favour of Hy4 : § # 1 at significance level a = 0.10.

2. (a) Since
2
log fy (y|0) = logy — 2log 6 — %7
we find - 2
2 3y
902 08 fr(ylo) = 7z gl
Thus,

82 3EY2 2 4

2. (b) To find Oriom we solve the equation E(Y) =Y for . This implies

Oriom =

il



2. (c)

Var(éMOM) = ; Var(Y) = 2 Var(Y) = 2 (E(Yf) — [E(Y)]Q) — 2 (2 _

nm nm nm

2. (d) The likelihood function is

L) =[] fv(wilo) = (H yz> 67" exp {—222 ny}
=1

=1 i=1

so that the log-likelihood function is

n 1 n
00) = Zlogyi —2nlogh — 202 ny
i=1

i=1

Hence ¢/(0) = 0 implies

Co2n 1,
0——?4‘9*32%
i=1

R 1 &
_ 2
OmLe = 2n§1YZ
1=

2. (e) An approximate 95% confidence interval for  is given by

so that

brie — 1.96 Onie + 1.96

1 1

Since n = 100 and Z}Qﬂ yf = 80000, we conclude that

éMLE = 780000 =400 =20

200
and 4 4 1
I(éMLE) = = = = —.
gl%/ILE 400 100

Hence, an approximate 95% confidence interval for 6 is
[20 — 1.96,20 + 1.96] or [18.04,21.96].

3. (a) Since

1 1 20 6
E(6y) = ZE(X) + §IE(Y) =5, t3= 6
and

E(fy) =B(X)—E(Y)=20—0=0
we conclude that B(f;) = B(f,) = 0. Thus,

MSE(él) = Var(él) = % Var(X) —+ iVar(Y) - Z




and
MSE(fy) = Var(fs) = Var(X) + Var(Y) = 6.

3. (b) We find

- Var(f)

eff (A1, 0-) = =) — 8.
(61,62) Var(6;)

Since both él and ég are unbiased, the one with the smaller variance is preferrable, namely 91.

3. (c) Since
N c 2ch
E6.) = §]E(X) +(1—-cEY)= 53 +(1—-c)p=0
we see 90 is unbiased. Since

2
Var(d,) = CZ Var(X) + (1 — ¢)2 Var(Y) = ¢ + 2(1 — ¢)? = 3¢% — dc + 2

A~

the value that minimizes Var(f.) is the same value that minimizes the polynomial g(c) =
3¢ — 4c + 2. Since ¢'(c) = 0 implies ¢ = 2/3, and since ¢g”(2/3) > 0, the minimal value of
cis 2/3.

4. (a) We find that

Thus, if

ba= = oo Vi

then 6 4 1s an unbiased estimator of 6.

4. (b) Since
log fy (y|6) = —2521og 6 — log(2511) + 251 logy — %
we find o2
9252 2y
@bg fy(yl0) = 2 T
Thus,

02 252 2E(Y) 252
1(0) = -E (802108; fY(Y|9)> = T

4. (c) The Cramer-Rao inequality tells us that any unbiased estimator 6 of § must satisfy

1 62

- e
Var(¥) 2 775y = 250m

Since
2

) 1 1
Var(04) = ——— Vary; = —— - (2526?) =
ar(0a) = 505, Var¥i = o5 )= 5o

we have found an unbiased estimator whose variance attains the lower bound of the Cramer-Rao
inequality. Hence, 84 must be the MVUE of 6.



5. To find the method of moments estimators for A and €, we must solve the system of equations
E(Y)=Y and E(Y?) = Z Y2

Thus, some trivial algebra gives

2n
- )
DY
i=1

6. (a) If Y ~ Uniform(0, 6), then E(Y) = /2 and Var(Y) = 6?/12. Thus,

éMOM = ? and ;\MQM =

Ovion = 2V .
Since )
E(fnvonm) = 2E(Y) = 2E(Y;) = 25 =0

we conclude that éMOM is an unbiased estimator of 6.

6. (b) In order to find E(éMLE) we must find the density function of OMLE- Now,

R t 10 10
P(HMLESt):[/Q_ldy] = g0 0<t<o,
0

so that f(t) = 1007199 0 <t < 6. Thus,

0
E(AyLe) = / 100719419 gt = — 9.
0 11

An unbiased estimator of # which is a function of the MLE is given by

A 11
93* 10 aX{Yl,...,}/io}.
Also, note that

. 1
E(@%ALE):/O 10971041 gt = 189.

6. (c) From (a), we conclude

Var(f )=4Var(Y) = hd Var(Y7) = wo_"
MOMJ = ~ 10 Y7 10012 30
From (b), we conclude
A 121 121 (10 100 62
0p) = — Yi,..., Y — ) P = —.
Var(0p) = 755 Var(max{¥i, ... Yio}) = 355 < 121> 120
Thus, R
A Var(GB) 1

eff (0 ,0g) = ————4— =~
(Bron, O5) Var(bviom) 4



Since both éMOM and éB are unbiased, the one with the smaller variance is preferrable, namely
0p.

6. (d) Since
log fy (y|¢) = —log ¥,
we find o
1
Wlogfy(y!@ = 92
Thus,
0? 1

6. (e) The Cramer-Rao inequality tells us that that if 0 is any unbiased estimator of 6 based
on Y,..., Y0, then

Var(6) > o _—02

"= T10100) T 10

Of course, for any random variable X, Var(X) > 0. Thus, having a negative lower bound in the
C-R inequality is useless. It give us no new information. The problem in this question arises
from the fact that the density function of a uniform random variable is discontinuous. Therefore,
technically, the computation of the Fisher inequality is invalid. My reason for asking you this
question was to draw your attention to this important fact.

7. (a) Suppose that 0 is an estimator of #. The random interval [L(0), U(6)] is a 93% confidence
interval for @ if
P(L(A) <6 <U(H)) = 0.93.

Hence, we interpret a 93% confidence interval to mean that before the data have been observed,
there is a 93% chance that the parameter will lie in the random interval. However, once the
data have been observed, no such probability statement is true. Either the given interval does
or does not contain . Alternatively, if many, many intervals are observed, each constructed
using the same formula, then the long-run average that will contain 6 is 0.93.

7. (b) It is desirable to find unbiased estimators because by having an unbiased estimator we
know E(f) = 6. Thus, the most likely “value” of 6 is 6. If we have the unbiased estimator
with the smallest variance, then the distribution of 6 is clustered as tightly as possible about its
mean, namely 6. Thus, the MVUE is the “most likely” of all unbiased estimators to be “closest”
to 6.

8. (a) By definition, the significance level « is the probability of a Type I error; that is, the
probability under Hy that Hy is rejected. Hence, since Y ~ N (p,9/n),

— P(Z > eV /3),

_ Y-0_ ¢—0
0.05 = Py, (reject Ho) = Pu—o(Y > c) = P ( ¢ >

R > J—
3/v/n = 3/vn
where Z ~ N (0,1). From Table 4, we find that P(Z > 1.65) = 0.05. Therefore, we must have

4.95
€ n:1.96 or ¢c=——.

3 vn




8. (b) By definition, the power of a hypothesis test is the probability under H4 that Hp is
rejected. Hence, when p =1, n = 36, we find ¢ = 0.825, so that

V-1 _085-1
3/V36 ~ 3/V36

where Z ~ N(0,1). (The last step follows from Table 4.)

power = P,_1(Y > 0.825) = P ( ) = P(Z > —0.36) = 1 — 0.3594 = 0.6406

8. (c) As in (a) and (b),
B 495 495/\/n 1Y _ s
power = P,_; (Y > \/ﬁ> =P (Z > EEEYN ) P(Z > 1.65 —/n/3).

Hence, as n increases (— 00), 1.65 — 1/n/3 decreases monotonically (— —o0), so that the power
increases monotonically (— 1). In particular, if m > n, then

P(Z >1.65—+/n/3) < P(Z > 1.65—+m/3).

This indeed makes sense intuitively. As the sample size increases, it becomes easier to detect
that © =1 is false.

9. (a) By definition, the significance level « is the probability of a Type I error; that is, the
probability under Hy that Hy is rejected. Hence, since Y ~ N (u,4/n),

Y0 3.92/f—0>
2/Vn 2/v/n
= P(Z > 1.96) = 0.025,

a = Py, (reject Hy) = P,—o(Y > 3.92/y/n) = P <

where Z ~ N(0,1). (The last step follows from Table 4.) Hence, we see that the hypothesis test
does, in fact, have significance level a = 0.025.

9. (b) By definition, the power of a hypothesis test is the probability under H4 that Hy is
rejected. Hence, when p = 0.5, we find

— Y —0. .92 —0.
power = Py, (reject Hy) = P,—o5(Y > 3.92/y/n) = P ( 05  3.92/yn—0 5>

NIV
= P(Z >1.96—0.25/n)

where Z ~ N(0,1). If we desire the test to have power 0.9, then using Table 4, we find
P(Z > —1.28) = 0.90. Thus, we require that n satisfy

1.96 — 0.25y/n = —1.28 or n =~ 168.

(In fact, we can take n > 168 to guarantee that the test will have power (at least) 0.9 when
w=0.5.

10. Draw a picture! From the scenario presented, we know that John rejects Hy if and only if
p < 0.01, and that George rejects Hy if and only if p < 0.05. Since Ringo’s p-value is smaller
than 0.03, we can conclude immediately that George will reject the null hypothesis. However,
John cannot make a decision. We are only told that Ringo’s p-value is smaller than 0.03. We



do not know, therefore, how it compares to John’s desired significance level of o = 0.01. (It
could be the case that 0.01 < p < 0.03 or it could be the case that p < 0.01 < 0.03. These yield
different conclusions for John.)

11. Consider a hypothesis test of Hy : 8 = 6y against H4 where H4 could be any one of
Hp:0+#0p, Hy: 0 > 0y, or Hy : 0 < 0y. The significance level « is simply the probability of a
Type I error. A Type I error occurs if Hy is rejected when, in fact, Hy is true. Thus,

a = P(Type I error) = Py, (reject Hy).

12. In this problem, we find that @ = P,—o(Y < ¢) and 3 = P :_1/2(? > ¢) . Since
Y ~ N (u,0%/n) = N(11,0.25), we conclude that

Y -0 < c—0
v0.25  4/0.25

a:PNZO(Y<c):P< >:P(Z<2c)

and _
Y+1/2 c¢+1/2

=P,__ Y>ec)=P >

’ 1/2Y > <) < V025~ V0.25
where Z ~ N(0,1). In order for « = 3, we require that P(Z < 2¢) = P(Z > 2¢+ 1). Since
the standard normal distribution is symmetric about 0, we see that we must have —2c = 2c¢+ 1

or c = —1/4. (DRAW A PICTURE TO SEE WHERE THE MINUS SIGN COMES FROM!)
Consulting Table 4, we find that with ¢ = —1/4, the significance level of this test is

>:P(Z>2c+1)

a=P(Z < —1/2) = 0.3085.

13. (a) The samplig distribution of this estimator is vital in order to construct confidence
intervals (either exactly by the pivotal method or approximately using the MLE and Fisher
information) and to conduct hypothesis tests (either exactly or using the likelihood ratio test
approximation). The sampling distribution is also needed so that the accuracy (bias, mean-
squared error, etc.) of the estimator can be evaluated.

13. (b) You might want additional pieces of information such as the p-value of the test, the
power (which can be computed exactly since both hypotheses are simple), how the data was
collected, the sampling distribution of the test statistic, how the test was conducted (likelihood
ratio test, CI-HT duality, Z-test, T-test, x?-test, etc.), and whether or not any approximations
were made.

14. (a) By the confidence interval-hypothesis test duality, we do not reject Hy : § = 5 if and
only if 5 € (X — 1, X + 2). In other words, we reject Hy if 5 < X — 1 or if 5 > X + 2. Hence,
the required rejection region is

RR={X <3 or X > 6}.
14. (b) By definition, the significance level « is the probability of a Type I error; that is, the
probability under Hy that Hy is rejected. Hence, we must find ¢ so that

19
100 = P, (reject Hy) = Py—1(max{Y7, Y2} > c¢).



Since Y7, Ys are independent Uniform(0, §) random variables, we find

c 2
et (max{Yi, Ya} < ¢) = [Ppey (Vi < 0)]2 = [ /0 ldy] _ 2

and so Pp—i(max{Y7, Y2} > ¢) = 1 — 2. Setting

19
—— =1—¢® implies c= —.
100 10

By definition, the power of a hypothesis test is the probability under H4 that Hy is rejected.
Hence, we find

9 9
power = Py, (reject Hy) = Pp>1 (max{Yl,YQ} > 10) =1— Py>q (max{Yl,Yg} < 10)

9\12
=1- [P6>1 <Y1§10>]
9101 1?
~dy
L

81

10002

15. (a) If X1, X9, X3 are i.i.d. Exponential(\) random variables and Y = min{ X1, X2, X3}, then
for y > 0,

—1—

P(Y >y) = [P(X1 > y) = [ - P(Xa <) = [1 = (1= e V)PP = e

That is,
Fy(y)=1- e /X and fr(y) = §G_3y/>‘7 y >0,

implying that ¥ ~ Exponential(\/3).
15. (b) The likelihood function is
3 _
LO) = fr(ylh) = e

(since there is n = 1 random variable, namely Y'). In order to maximize the likelihood function,
we attempt to maximize the log-likelihood function

(X)) =log3 —log A\ — 3%
Since .
) =—<+Y
W) =-3+3
so that #/(A\) = 0 implies A = 3y, and since
1 6y
/!
FV=%"%
so that !
"(By)=—— <0



we conclude from the second derivative test that
Aure = 3Y.

15. (c) We begin by noting that MSE(Avre) = Var(Amrr)+[B(Avwe)]?. Since Y ~ Exponential()\/3),
we find

2
E(Y)= % and Var(Y) = %

This implies that Var(Ayrg) = Var(3Y) = 9 Var(Y) = A? and E(Aure) = E(3Y) = 3E(Y) = A
so that B(AyLg) = 0. Hence,

MSE(Mire) = Var(Avwe) + [BOwme)]? = A2 +0 = A2

15. (d) We find

3
log fy (y|A) = log 3 — log A —
and so e
1 6y
Wlogfy(y])\) BBV
Thus,
0? 1 6Y 6E(Y) 1 1
IN)=-E( =51 Y =-E|(=—-——= )= - ==.

The Cramer-Rao inequality tells us that any unbiased estimator A of A must satisfy

< 1
Var(\) > o 22

(since n =1 in this problem). Since

L

~ 2
Var()\MLE) =\ = I()\)

we have found an unbiased estimator whose variance attains the lower bound of the Cramer-Rao
inequality. Hence, Ayg must be the MVUE of .



