Stat 252.01 Winter 2005
Assignment, #9 Solutions

(11.56) For the quadratic model Y = By + B1x + G222 + ¢ given in the problem, we know that
the least squares estimators ; can be found by solving the matrix equation

B=(XX)"'X'Y

where
(1] 1z 27
Y2 1z a3 R
Y3 1 3 a3 ~[Bo
Y = |y X=|1 z4 22 B= |5
Ys 1 x5 x% /BQ
Y6 1 a6 ﬂfg
Y7 1 27 7]
From the data given in the problem, we have
[ 17 [1 —3 9]
0 1 -2 4
0 1 -1 1
Y=|-1], X=1]1 0 0
-1 1 1 1
0 1 2 4
| 0] 11 3 9]
Hence,
[1 —3 9]
1 -2 4
11 1 1111 1 -1 1 7 0 28
XX=|-3 -2 -1 01 2 3{-|1 0 0[=]0 28 0
9 4 1 01 49 1 1 1 28 0 196
1 2 4
11 3 9
so that
1/3 0 -1/21
X'X)"'=| 0o 1/28 0
-1/21 0 1/84
Furthermore,
F 1
0
11 1 1111 0 -1
XY=|-3 -2 -1 01 2 3|-|-1|=|-4
9 4 1 01 49 -1 8
0
L 0]
Finally, we can conclude that
1/3 0o -1/21 -1 —15/21
B=XX)"'XY=| 0 1/28 0 |-|-4|=]| -1/7

~1/21 0  1/84 8 1/7



Hence, the quadratic regression fitted to the data is given by

§=(-15/21) — (1/7) z + (1/7) 2*

2. (b) Referring to Problem #5 on Midterm #2, we see that

SSE(fo, 01) = E[(Y = Y)?] = (hy — o — Bipta)? + 0y + fiog — 26104y,

from which we compute

0 0
a—ﬂOSSE(ﬂoyﬁl) —2(py—PBo—P1z) and %SSE(ﬂo,ﬂl) = — 24 (pty—Bo—P1z) +2B102—20 4.
Furthermore,
0? 0?
E E =2 2 d
8ﬂ0 SS (BO)ﬁl) 7 8,61 SS (/80)51) H;p+ Ux; an
0? 0?
SSE(fo, ———SSE(fo, = 24y
3507 (Bo, B1) = 95170 (Bo, B1) = 2p
Since we have shown already that the partial derivatives equal zero when
60 = My — ﬁlﬂw
and -
Bl = iéyv

T

in order for these to be the minimizing values of SSE((, 1) we must check the second derivative
test. (A statement of this result can be found on the handout dated March 10.) Since,

il =55SE(5, 81) =2 >0

850
and since
2 SSEf, ) 5B, 00) — (9 SSB(5y @))2 2 (22 4 200) — (2= 42 > 0
B2 ’ op? ’ 0Bo ’ * “ ¢ o

we conclude by the second derivative test that Gy and 31 as given do minimize SSE.

2. (c) Consider the modified linear regression model described by Problem #5 on Midterm #2
which outlines a method of predicting the random variable Y based on information contained
in another random variable X. In particular, the predictor of Y, called 17, is assumed to be a
linear function of X so that Y = Gy + (1X. The problem discusses one way of selecting the
coefficients [3;, namely by choosing them to minimize the mean square error E[(Y — }7)2] As
shown on the Midterm, and in the exercise above, the minimizing values of (3; are given by

fo = py — Pipz and [ = —2y
./,U

This implies that

}}:My_gmyﬂx_'_@X'

2 2
O Ox



One thing to immediately notice is that the best linear predictor of ¥ (in the minimum mean
square error sense) depends not only on the random variable X, but on some ancillary informa-
tion about Y, namely its mean, p,; its variance, 05; and its covariance with X, 0,,. Suppose,
however, that Cov(X,Y’) = 0. Then, in the notation of the problem at hand, 0., = 0 so that

g
51:%:0 and  fo = py — Bite = iy
xr

and

Y = py.

This says that the best linear predictor (in the mean square sense) of Y is now simply u,, the
mean of Y. Notice, in particular, that knowledge of X has no bearing on prediction of Y. It is
in this sense that uncorrelatedness is similar to independence. (Although, of course, dependent
random variables may be uncorrelated.)

(11.81) Suppose that
Y=[ViYs Y, and 1=[11-- 1]

are both 1 x n vectors. Then, we can write
— 1 ,
Y=-1Y=[1/nl/n---1/n]
n

In matrix form, we are interested in the equation
Y =2/B

where

Al ~A A
z = [:L‘1£l72 l’k] and IB = [ﬁlﬁl Bk]
Suppose that Y =Y so that R
Y =28 =2 (XX)"'X'Y.
This implies
1
—1'Y =2/(X’X)"'X'Y
n
so that 1
—1' =2/ (X'X)" X/,
n
or )
—1I'X =2/(X'X)"1X'X = 2.
n

Hence, we conclude that
1

=-1UX=[17172 - Ty
n
In other words, the point (Z1,@o,...,T},Y ) satisfies the equation Y = :1:/,[3 so that the least

squares prediction line must pass through this point.



