Solutions

Problem 1. Observe that

E(X) = /_OO rfx(r)dr = /_OO T - \/LQ_We””Q/2 dz.

Now the substitution u = x?/2, du = z dx implies that

/:L‘e_‘vz/2 dox = /e_“ dy= —e ¥ = —e /2

and so
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/ ze”*/?dr = lim e " 2 dz + lim ze /2 dx
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= lim [1—e /2 4 lim[e /2 — 1]
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=0.
Thus, E(X) =0

Problem 2. Observe that

oo [e.e] 1 5
E(X?) = / 2 fx(z)de = / 2 ——e /2 du.
o0 NS V2T

o 2
/ 22e 2 dy
—Oo

use integration-by-parts with v = x and dv = ze/2dx so that

To evaluate

/xQe_”z/2 de = —ze™ + e /2 dg
Thus,
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22 /?dz = lim 22e /2 dz + lim 22e 2 dy
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= lim [—ae~*]+ lim [be_b2]+/ e da

a——00 b—oo

:/ e /2 g,

If we multiply by 1/4/27, then using the fact that the density function of a A(0, 1) random
variable integrates to 1, we conclude

1 o 2 1 < e
E(XQ)—\/—Q_W/ x2e_m/2dx—\/—2_7r/ e/ 2dx = 1.



Problem 3. Using the results of the previous two problems, we find
Var(X) = E(X?) — [E(X)]*=1-0*=1.

Problem 4. By definition,

00 00 1 ) 1 0o ,
mx(t) = E(e!* _—/ et i (x) dax :/ el . e 2y = — / ole=22/2 o
X< ) ( ) —0 fX( ) -0 \/% \/% o0

Now, we complete the square in the exponent; that is, we write

2 1 1 1 t? —1)* ¢
tx—%:—§(:v2—2tx):—§($2—2tx+t2—t2):—§(x2—2t:v+t2)+5:—(x 5 ) t3
so that

1 tr—2 1 / _(z=t)? 2 1 / ()2
i e=r?/2 Qp — st dr=¢ /2. —— (z=1)*/2 q
e T e r=ce e x.
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However, if we substitute u = = — ¢, then

_(z—t)?

1 o0 1 & 2
— e 2 do=— e "2y =1
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(since it is the integral of the density function of a A(0,1) random variable), and so we
conclude
2
mx(t) = e /2,

Problem 5. If Y = 0 X + u, then
E(Y)=E(0X 4+ p) =cE(X)+p=p
and
E(Y?) =E[(cX + p)?] = E(6?X? + 20uX + i) = 0°E(X?) + 20uE(X) + p* = 0 + i
since E(X) =0 and E(X) = 1 so that
Var(Y) = E(Y?) — [E(Y)]? = 0% + p* — pi? = o>

Problem 6. If Y = 0 X + p, then for any y € R, the distribution function of Y is

Yy—H

Fy(y)zP(YSy):P(angy)=P(X§y_“> z/”fx(ar)dx

o 00

so that

fr(y) = dinY(y) = fx (%) diy (y;,u) = g\}% exp{—%}.




Problem 7. If Y = 0 X + p, then

my(t) _ E[etY] — E[et(aXJr,u)] — E[et#eatX] — etuE[eotX] — €t“mx<0't) _ etye(gt)2/2 _ etﬂ+02t2/2.

Problem 8. Since Y ~ N (u,0?) and

then the moment generating function of 7 is

mz(t) E[etZ] —E [et(%Y—g)] _ e_t“/"my(t/a) _ e—tu/aetu/a+a2t2/(202) _ €t2/2

which is the moment generating function of a A/(0,1) random variable. Thus, Z ~ N (0, 1).
Problem 9. If X; ~ N (yu;,07), then from Problem 7 we know

mXi(t> _ E(etXi) — et“i+gz'2t2/2,

Therefore, the mgf of X; + X5 is

mMx,+X, (t)

_ E[et(X1+X2)] _ ]E[etXl eth] _ E<6tX1)E(€tX2) — ptmtoit?/2 tuat+ott? /2

— tlmtpz)+(of+o3)t?/2
which we recognize as the mgf of a N(u1 + po, 057 + 03) random variable.

Problem 10. The mgf of X; +--- 4+ X, is

My 4t X (1) = Bl 0)]

= E[e" ..

. 6tX"]

= E(eX1) - . E(en)

— etm+ott?/2 | Jtuntopt? /2
— et(ul+"'+Mn)+(0%+"‘+0%)t2/2
which we recognize as the mgf of a N'(juy + - - - + pin, 0> + - - + 02) random variable.

Problem 11. We know from the previous problem that if X, ..., X, are iid N (u, 0?), then
the mgf of X7 +---+ X, is

M, 4, (1) = €T
et X :

Therefore, the mgf of X is

my(t) E(etX) — E[ei(Xl“ruA—‘an)] = Mx,4.+X, (t/n) _ enu(t/n)+n02(t/n)2/2 _ eut+o2t2/(2n)
which we recognize as the mgf of a N'(i, 0%/n) random variable. We can now conclude from
Problem 8 that o
X —p
~ N(0,1).
T (0,1)




