
Solutions

Problem 1. Observe that
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Now the substitution u = x2/2, du = x dx implies that
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Thus, E(X) = 0

Problem 2. Observe that

E(X2) =
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use integration-by-parts with u = x and dv = xe�x
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Thus,
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If we multiply by 1/
p
2⇡, then using the fact that the density function of a N (0, 1) random

variable integrates to 1, we conclude
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Problem 3. Using the results of the previous two problems, we find

Var(X) = E(X2)� [E(X)]2 = 1� 02 = 1.

Problem 4. By definition,
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Now, we complete the square in the exponent; that is, we write

tx� x2

2
= �1

2
(x2 � 2tx) = �1

2
(x2 � 2tx+ t2 � t2) = �1

2
(x2 � 2tx+ t2)+

t2

2
= �(x � t)2

2
+

t2

2
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However, if we substitute u = x � t, then
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(since it is the integral of the density function of a N (0, 1) random variable), and so we
conclude
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Problem 5. If Y = �X + µ, then

E(Y ) = E(�X + µ) = �E(X) + µ = µ

and

E(Y 2) = E[(�X + µ)2] = E(�2X2 + 2�µX + µ2) = �2E(X2) + 2�µE(X) + µ2 = �2 + µ2

since E(X) = 0 and E(X) = 1 so that

Var(Y ) = E(Y 2)� [E(Y )]2 = �2 + µ2 � µ2 = �2.

Problem 6. If Y = �X + µ, then for any y 2 R, the distribution function of Y is

F
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Problem 7. If Y = �X + µ, then
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Problem 8. Since Y ⇠ N (µ, �2) and
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then the moment generating function of Z is
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which is the moment generating function of a N (0, 1) random variable. Thus, Z ⇠ N (0, 1).

Problem 9. If X
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), then from Problem 7 we know
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Therefore, the mgf of X
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which we recognize as the mgf of a N (µ
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) random variable.

Problem 10. The mgf of X
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+ · · ·+ X
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is
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which we recognize as the mgf of a N (µ
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) random variable.

Problem 11. We know from the previous problem that if X
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, . . . , X
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are iid N (µ, �2), then
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Therefore, the mgf of X is
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which we recognize as the mgf of a N (µ, �2/n) random variable. We can now conclude from
Problem 8 that
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