Solutions

1. (a) Observe that f(x) > 0 for all z € R and that

e 23 1, 8 1
dr = “tdr==2% = —=-=1
/_Oof(x) T /1730 T= =777
so that f is, in fact, a legitimate density.
1. (b) By definition,
e 23 3,7 3 45
E(X) = de= | z2¥de= 2" = -(16-1)= —.
(X) /_Ooxf(x) x /1 -e de = oo 1 28( 6—1) 5%
1. (c) We find
E(XQ)—/Ooxzf(x)dx—/2§x4dx—ix52—3(32—1)—%
) LT 357 ], 35 35
so that ,
93 45 2037
X)=E(X?) - [E(X)? = — |==| = -0 =0.0742347.
Var(X) = B(X%) - [E(X)I" = 35 {28} oraap 0T

1. (d) Note that if z < 1, then F(z) = 0, while if z > 2, then F(z) = 1. However, if
1 <z <2, then

3 1" 2 1
F(x):/ “utdu= vt == — 2.
17 T T 7
In summary,
0, r <1,
3
1
Flz)=¢2 -2 1<2<2
(z) - - l<z<2,
1, T > 2.

1. (e) The median of X is that value a for which

| reae=s,

or equivalently, that value of a for which F(a) =P (X < a) = 1/2. Thus, since we found F
in (d), we conclude that a satisfies

a3

7

1 1
72

0 = med(X) = (g) "

and so



2. (a) If x > 0, then

2. (b) If y > 0, then

P(Yi>y) =Pmin{X;,Xo}>y)=P(X; >y, Xo >y) =P (X; >y)P (X2 >y)
=[1-P(X; <yl -P(Xz <y)]
F(y)

=[1-
= [ye™ +e7V]?
= (y+1)%
so that
Fy(y)) =PV <y)=1-P(Y1>y)=1—(y+1)% .
Thus,
d _
ry) = d—yFYI (y) =2y(y + 1)e
for y > 0.

2. (c) If y > 0, then

FY2(y) =P (}/2 < y) =P (maX{Xl,XQ} < y) =P (Xl < anQ < y)
:P(Xl SZ/)P(X2 <y)

[F(y))?
[1—ye ™ —e )

Thus,

d
fr(y) = d_yFY2 (y) =2ye V(1 —ye ¥ —e™)
for y > 0.

2. (d) If Z; =Y}, then for z > 0, the distribution function of Z; is

Fu(z)=P(Zi<2) =P (YP<2) =P (v, <219 = / Fyr () dy

so by the fundamental theorem of calculus, if z > 0, then

d d

1 2
fZl(Z> _ &le (Z) _ le (ZI/B)aZI 3 _ 221/3(21/3 + 1)6_2Zl/3 . _2—2/3 _ g(l + 2—1/3)6—2z1/3'
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2. (e) If Zy = /Yy, then for z > 0, the distribution function of Zj is

Fa() =P (Z<2) =P (Vi< 2) =P (o < ) /fn



so by the fundamental theorem of calculus, if z > 0, then

d d
fz(2) = &FZz('z) = Ivy (22)522 = 2226_Z2(1—Z26_Z2_6—z

3. By the law of total probability,

P(X<Y):/OOP(Y>x)fX(x)dx

—00

{/ e Y dy] re “dx

[e‘x] ze *dx

8
8
a
o
8
(oW
8

I
Nﬁ%

N N N

o
/ ue “du
0

(Note that this final integral equals 1 since it represents the total area under a density
curve—the density for X, in fact.)

4. By the law of the unconscious statistician, we have

BFCO) = [ F@)f@)ds

o0

If we make the change of variables u = F'(x), then du = F'(z) dz. But we know that F’ = f
so that du = f(z)dz. Now for the limits of integration. Since F(z) — 1 as  — oo and
since F(z) — 0 as © — —oo, we find

/00 F(a:)f(x)d$:/01udu:%2

—00

!

0

as required.



