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Abstract

Inequalities are at the heart of mathematical and statistical theory. No inequality
is completely perfect, but the Hajek-Rényi inequality, which is the main subject of
this thesis, is arguably the closest to absolute perfection of all the inequalities within
all theories of probability. It has many applications in proving limit theorems, and
examples of these are presented in this thesis. The strong law of large numbers for
sequences of random variables and the strong growth rate for sums of random variables
were obtained through utilizing the Hajek-Rényi inequality. This thesis will further
extend and improve the proof of the strong law of large numbers. Additionally, the
approach, utilizing the Hajek-Rényi inequality to prove limit theorems, is also applied

to the weak law of large numbers for tail series.
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Chapter 1

Introduction

The strong law of large numbers allows for the transformation of a sequence made
up of cumulative sums of random variables into a nonrandom sequence. This is
completed through normalizing the initial sequence using a sequence of nonrandom
numbers before approaching the limit. Proving the strong law of large numbers
can be done by determining the desired result for a particular subsequence, before
taking the whole sequence and reducing the problem, so that the subsequence result
is applicable. The determination of a maximal inequality for the whole sequence
of cumulative sums is necessary. Previous research in probability theory has found
numerous maximal inequalities for various classes of random variables. Therefore,
individual determination may not be necessary. An alternative method to prove

the strong law of large numbers is more difficult, but can be done by applying a



maximal inequality for normalized sums. This inequality is referred to as the Héjek-
Rényi inequality, in honour of a paper written by Héjek and Rényi (1955) describing
independent summands. This thesis will illustrate that the Hajek-Rényi inequality
is a result of choosing the correct maximal inequality for a sequence of cumulative

sums.

1.1 Literature review

Discussion will begin in the literature pertaining to the Hajek-Rényi inequality.
Most of the research will focus on the strong law of large numbers, which applies to
the main topic of this thesis. We start with Héjek-Rényi (1955). The authors proved
the following important inequality: if {X,,n > 1} is a sequence of independent
random variables with EX,, = 0 and EX? < co,n > 1, and {b,,n > 1} is a positive
nondecreasing real sequence, for any € > 0, any positive integer m < n,

" EX? " EX?
26)§62<Z b2]—|— ij)'

]:m+1 J _]:1

k
Zj:l Xj
bn

P | max
m<k<n

The following result is proved by Chow (1960). Let {yx, k > 1} be a semimartingale,

let ¢4 > c9 > -+ be positive constants, and let € > 0, then

m—1

5P{mrg%>2<1 ey > e < ;(Ck - Ck+1)E{yk+} + CmE{mer}‘



where y™ = max [y, 0]. This inequality reduces to one proved by Hajek-Rényi (1955).
Three theorems are proved by Bickel (1969). Let { X} be a sequence of independent
random variables, {Si} the sequence of their partial sums, and {Cj} a decreasing
sequence of positive real numbers. Let g be a positive convex function.

Theorem 1: If the X}, have a symmetric distribution, then

Plmax Cig(Sk) > €] < 2P[{C,g(S,) + Z(Cj —¢j+1)9(5;)} > €l.

1<k<n

Theorem 2: Let S(t) be a stochastic process with symmetric independent increments

on an interval [a, b], and let the function —c(t) + c¢(a) generate a positive measure on

[a, b], then

.
Plsup c(t)g(S(t)) = €] < QP[{/+ g9(5(t)) d[=c(t)] + ¢(b) lim sup ;. g(S())} = €.

a<t<b

Theorem 3: If, in addition to the conditions imposed in Theorem 2, the X, has zero
expectation and g is even and satisfies g(x + y) < K{g(z) + g(y)}, for all real =,y

and some constant K, then

o0

E(sup c,g(Sn)) < 4K[Z(Cn — ¢nt1)E(g(Sn))] + lim sup ¢, E(g(5,)).
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An inequality, similar to the Hajek-Rényi inequality, is derived by Sen (1972). The
inequality is based on a decomposition of the U-statistic and a semi-martingale exten-
sion of the Hajek-Rényi inequality by Chow (1960). Moreover, the Kolmogorov type
inequality for generalized U-statistics is presented. An extension of the well-known
Hajek-Rényi inequality for the sum of a sequence of random variables, which does
not involve any moment conditions or the assumption of independence, is obtained
by Szynal (1973). This extension allows him to establish the almost sure convergence
of certain sequences of random variables which other known inequalities are unable to
accomplish. Chandra and Ghosal (1996) introduce two classes of sequences of random
variables: the class of asymptotically quadrant sub-independent sequences (AQSI)
and the class of asymptotically almost negatively associated sequences (AANA). By
definition, {X,,,n > 1} € AQSI if there exists a nonnegative sequence {g(m), m > 1}

such that, for all distinct ¢ and j:

PIX; > s, X; >t — PIX; > s|]P[X; >t] <q(]i —j])ai;(s,t), s,t>0;
and

PIX; <s,X; <t]—P[X; <s|P[X; <t] <qlli—j|)Bi(s,t), s,t<0.

where g(m) — 0 as n — oo and «; ;(s,t) > 0,5 ;(s,t) > 0. However, {X,,,n > 1} €

AANA if there is a nonnegative sequence g(m) — 0 such that

cov(f(Xim), (X1, X)) < q(m) (var(f(Xom))var(g(Xmsr, -+ Xni)))'?
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for all m,k > 1 and for all coordinatewise increasing continuous functions f and g,
whenever the right-hand side is finite.

In Gan (1997), a p-smoothable Banach space is characterized in terms of the
Héajek-Rényi inequality for Banach space valued martingales. As applications of this
inequality, the strong law of large numbers and integrability of the supremum of
Banach space valued martingales are also given. In Liu, Gan, and Chen (1999),
the Hajek-Rényi inequality is obtained and the Marcinkiewicz-Zygmund strong law
of large numbers for negatively associated random variables is discussed. In par-
ticular, for independent and identically distributed random variables, the classical
Marcinkiewicz strong law of large numbers is generalized to the case of negatively
associated random variables. The material from this paper is discussed in detail in
Chapter 2 of this thesis.

In Fazekas and Klesov (2002), the authors obtain a maximal inequality for the
partial sums, S, of random variables without any assumptions of independence or
distribution on the random variables. Using the maximal inequality, they prove the
following strong law of large numbers: Let {b,} be a nondecreasing unbounded se-
quence of positive numbers and {«, } be a sequence of non-negative numbers. Assume

that

E (lrgggxn\SkO < Zak and ;ak/bz < 00,



for all n > 1 and a fixed number r > 0. Then lim,, ., S,,/b, = 0 a.s. In Cai (2000),
the Hajek-Rényi inequality for p*-mixing sequences of random variables is proved.
The material from this paper is discussed in detail in Chapter 3. In Yang and Su
(2000), a general method based on the H4jek-Rényi inequality for establishing the
strong law of large numbers is provided. The material from this paper is discussed in
detail in Chapter 6.

Rosalsky and Volodin (2001) study the rate of convergence of the tail of a conver-
gent sequence of random variables. Let {V;}22, be a sequence of random variables
with values in a separable space such that Z;"il Vj; exists a.s.. The authors investigate
under which additional conditions b, 7 (lim,, .. F(max,<g<m || Z] _, Vi) = 0(1)
implies that b,” supys,, [| 2272, V;||P is bounded in probability, where {b,};2; is a se-
quence of positive numbers and p > 0. The authors generalize the above situation to
the case where, instead of f(x) = |z|P, the nondecreasing function f: [0,00) — [0, 00),
such that f(0) =0 and f(x) > 0 for > 0, is used.

In Rao (2002), the following result is proved. Let X, Xs,..., X, be positively

associated random variables. The author deduces an upper bound for

1<k<n

k
P(max [(1/b,) > (X; — EX;)| > ¢),
=1

where 0 < by < by < b3 <... and e > 0.



In Kim, Ko, and Han (2005), the following result is provided. Let {X,,n > 1}
be a sequence of asymptotically quadrant subindependent (AQSI) random variables.
Under some restrictions on «;;, 3;; and ¢, it is shown that there exists ¢ > 0 and a

nondecreasing sequence, {b,,n > 1}, of positive numbers such that for any ¢ > 0,

Z§:1 (Xz' — EXz‘)

logn (log3) +2\° = 1+ EX?
> el < — .
>e Ogn} _c( (e >

Also, it is shown that (b, logn)~'S, — 0 as n — 0o a.s. and for any 0 < r < 2

1Sul 1\
E
stllp (bn log 1 < 00,

where S, = > " | (X; — EX;). This paper is discussed in detail in Chapter 4.

In Ko, Kim, and Lin (2005), the Hajek-Rényi type inequality and the strong law of
large numbers are proved for weighted sums of asymptotically almost negatively asso-
ciated sequences of random variables. This paper is discussed in detail in Chapter 5.
In Qiu and Gan (2005), the Héjek-Rényi inequality for NA (negatively associated)
and arbitrary random variables are established, and the strong law of large numbers
for NA sequences is obtained by using the inequality. In Hu, Hu, and Zhang (2005),

the authors show that the Hajek-Rényi type inequality holds for any random variables



X1, Xo, ..., if

n

E(max | Y (X; — EX;)/b;") < CLE)_(X; — EX;)/b;)%,

j=m Jj=m

holds for any 1 < m < n and a positive constant C, where {b,} is a nondecreasing

positive real-valued sequence.

1.2 Organization of the thesis

The thesis is organized as follows. In Chapter 2, the Hajek-Rényi inequality for
negatively associated random variables is introduced. The material is based on the
paper by Liu, Gan, and Chen (1997). In Chapter 3, the Hajek-Rényi inequality for p*-
mixing sequences of random variable is introduced. The material is based on the paper
by Cai (2000). In Chapter 4, the Hajek-Rényi inequality for asymptotically quadrant
subindependent random variables is introduced. The material of this chapter is based
on the paper by Kim, Ko, and Han (2005). In Chapter 5, the Héjek-Rényi inequality
for asymptotically almost negatively associated random variables is introduced. This
chapter is based on the paper by Ko, Kim, and Lin (2005). In Chapter 6, the Hajek-
Rényi inequality is utilized, in order to prove the strong law of large numbers for
general summands. The material is based on the preprint by Yang, and Su (2000).

Chapter 7 contains new contributions to the study of the Hajek-Rényi inequality and



the strong law of large numbers.

1.3 Contributions of the thesis

Using the Héjek-Rényi type maximal inequality, Fazekas and Klesov (2000) ob-
tained the strong law of large numbers for sequences of random variables. Under the
same conditions, as found in Fazekas and Klesov (2000), Hu and Hu (2006) obtained
the strong growth rate for sums of random variables which improves the result of
Fazekas and Klesov (2000). In the last chapter, we find a new method for obtaining
the strong growth rate for sums of random variables through using the approach of
Fazekas and Klesov (2000). It allows us to generalize and sharpen the method of Hu
and Hu (2006). Our method can be applied to almost all cases of the dependence
structure considered in Hu and Hu (2006), and we can obtain better results. Ad-
ditionally, the approach of using the Hajek-Rényi type maximal inequality to prove

limit theorems, is also applied to the weak law of large numbers for tail series.



Chapter 2

The Hajek-Rényi Inequality for Negatively

Associated (NA) Random Variables

The results of this chapter are based on the paper by Liu, Gan, and Chen (1997).

2.1 Introduction

Let (2, F, P) be a probability space and {X,,,n > 1} be a sequence of random

variables defined on (2, F, P).

Definition 2.1.1 A finite family of random variables { X1, ..., X,} is said to be neg-
atively associated (abbreviated to NA) if Cov(f(X;,i € A),9(X;,j € B)) < 0 for
any disjoint subsets A, B C {1,...,n} and any real coordinatewise nondecreasing

functions f on R4 and g on RE.
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An infinite family of random variables is said to be NA if every finite subfamily

is NA.

2.2 The Hajek-Rényi inequality for NA random variables

Theorem 2.2.1 Let {X,,n > 1} be NA random variables with EX? < oco,n > 1
and {b,,n > 1} be a positive nondecreasing real number sequence. For e > 0, the

following inequality is true

biZ(Xi — EX;)

=1

b

WM

> 5) < 32¢72 Z

where 0]2 = Var(Xj), j > 1, the variance of the random variable X;.

Proof. We suppose that £X; = 0, j > 1, without loss of generality and let by = 0,

we have
k k J k
X X; X;
Sk = : Jb_j = Z (Z(bz bz‘—l)b_j) - Z(bz bz—l) Z E
j=1 7j=1 i=1 i=1 1<j<k

Note that ;= Y% (b; — bj_1) = 1, then

7=1

{IS1/b] 2 €} < {max| > J| > c}.
1<j<k ‘7

11



Therefore,

Sk X; X X
— > Il >l = J_ I >
{max 5o 2 ) € {max max | D, o) > eh = { max ) 50— G2>e)
1<j<k i<k 7j<t
)
Xj g
<l 125|250

Using the Kolmogorov-type inequality of NA random variables (see Matula, 1992),

we have

P(max\—\ >e) <32 Z

k<n

wwlww

The theorem is proved.

2.3 The strong law of large numbers for NA random variables

Theorem 2.3.1 Let {b,,n > 1} be a sequence of positive nondecreasing real num-
bers and let {X,,n > 1} be NA random variables with » —g% < oo where o2 =

varX,,n > 1, for any 0 < r < 2,
1. Esup,(|Su|/bn)" < o0
2. Assume that 0 < b, 1 oo, then S, /b, — 0 a.s.(n — 00), where

i=1

12



Proof. For the first part, note that

Sh
[Sal Y dt < oo.

')"<oo<:>/ P(sup(*
1 n

E sup( |§n

n n

n

Using the Hajek-Rényi inequality (by Theorem 2.2.1), we have

o0

o8] | n| 1 /oo Ly 0_2 00 0_2 /oo Ly
P > /") dt < 32 72N g =32y T +72/"dt < oo,
/1 (sup(221 > 1)t < >3 >3 %

n n 1

As for the second part, using the Héjek-Rényi inequality (by Theorem 2.2.1), we have

k n 2 m 2
1 o o
P(max [- (X — BX)| 22) <1282 30 72+ 7).

m<k<n 0, <
=1 j:m+1

But
J

P(sup|— S (X: — EX))| > ¢) = lim P( max |bi S (X - BX)| > <)

oo ‘m<j<n b,
1=

T =1
oo 2 m0_2
.7 ]
<imi 3 g3t
=m+ J j=1 "m

Using the Kronecker lemma, we have

n

1
lim P(sup ] — Z(Xl —EX;)|>¢)=0,

n—00 n
=1

and the theorem is proved.

13



Chapter 3

The Hajek-Rényi Inequality for p*-mixing

Sequences of Random Variables

The results of this chapter are based on the paper by Cai (2000).

3.1 Introduction

Let {2, F, P} be a probability space and {X;,7 > 1} be a sequence of random
variables defined on it. We denote that a random variable X € Lo(F), if X is F
measurable and FX? < co.

Let S,T C N be nonempty subsets. Define Fs = o(X}, k € S), o-algebra gen-
erated by these random variables. The maximal correlation coefficient is defined as
pl = supcorr(f,g), where the supremum is taken over all (S,T") with dist(S,T") > n

and all f € Lyo(Fs),g € Lo(Fr), where dist(S,T) = infresyer|r — y|.

14



A sequence of random variables {X,,,n > 1} is called p*-mizing if lim,,_, pf < 1.

3.2 The Hajek-Rényi inequality for p*-mixing sequence
Before we formulate the main result of this section, we need a few lemmas.

Lemma 3.2.1 Let {X;,i > 1} be a p*-mizing sequence of random variables with
EX;, = 0,E|X;]? < co for some p > 2, and all i > 1. Then there exist C = C(p),
such that

E max
1<k<n

k p n n /2
dYXi| <CY EIXIP+ (Z Exf> . (3.1)
i=1 =1 =1

Proof. See Utev and Peligrad (2003).

Lemma 3.2.2 Let {§;,i > 1} be a nondecreasing sequence of positive numbers and
a1, -, ap be nonnegative numbers. Let p be a fived positive number. Assume that

for each m with 1 <m < n,

Then

Proof. See Fazekas and Klesov (2000).

15



Now we can formulate and prove the main result of this section, that is the Hajek-

Rényi inequality for p*-mixing sequence.

Theorem 3.2.1 Let {X;,i > 1}be a p*-mizing sequence of random variables with

EX; =0,EX? < oo. Let {$3,i > 1} be a nondecreasing sequence of positive numbers.

Then
Zi“ L X

E max
1<k<n

<CZEX2.

’L

Proof. The proof is obvious, if we use two lemmas presented above with p = 2.

3.3 Applications to convergence of random series and supre-

mum of partial sums

The first theorem shows how the Hajek-Rényi inequality, presented in the previ-
ous section, can be applied to the study of strong convergence of series of random

variables.

Theorem 3.3.1 Let {X;,i > 1}be a p*-mizing sequence of random variables with

mean zero and Y .o, EX? < co. Then, the series Y .o, X; converges almost surely.

Proof. By (3.1), for all m > n > 1, we have

E|Sym— S, <C > EX]—0,

i=n+1

16



when n — oco. Hence, {S,,n > 1} is a Cauchy sequence in L2. Therefore, there
exists a random variable S with E|S,, — S|?> — 0, when n — oo. Using Chebyschev’s

inequality and Theorem 3.2.1 of previous section, we have for all € > 0,

- C
P(|Spt — S| >¢) < e 2E|Sy — S <72 il;‘;lk sup B|Sys — S,2 < C Z EX? < =
i=2k4+1
Using the Héjek-Rényi inequality for p*-mixing sequence, we have
2 2k
P( max  |S, — Spr1| > g) < €2E< max |S, — 52k1|) < Y EX}
2k—1n<2k 2k—1<n<2k A

By the last two inequalities, when k — oo, we have that S;x — S a.s. and
MaXok—1 <ok |Sp — Sor-1| — 0 a.s.. Using the method of sub-sequences, we have
that S,, — S a.s., which completes the proof of the theorem.

The next theorem deals with the supremum of partial sums.

Theorem 3.3.2 Let {X;,i > 1} be a p*-mizing sequence of random variables with

mean zero and > o0 by *EX? < oo, where {b;i > 1} be a positive non-decreasing

sequence of real numbers. Then for any 0 <1 < 2, Esup,s,(b,'[Sy|)" < oc.

Proof. Note that E sup,,>,(b,'S,])" < oo if and only if

/ P(sup(b,'|S,| > tY/")dt < oco.
1

n>1

17



Using the Héjek-Rényi inequality for p*-mixing sequence, it follows that

Il

sup(

n>1

%%M>W?ﬁ§/‘f
1
J

+=2/" lim

2" B(sup b, 252)dt
n>1
N
E max b 2Sidt

N—oo 21—l k<2t

i=1

lim

gc/l _Q/TNHOOZ Z b 2EXdt

IN

=1 =2i-1-1

C / 72" b EXRdt
1

k=1

gc/‘twﬁ
1

< Q.
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Chapter 4

The Hajek-Rényi Inequality for
Asymptotically Quadrant
Sub-Independent (AQSI) Random

Variables

The results of this chapter are based on the paper by Kim, Ko, and Han (2005).
In this chapter, we derive the Hajek-Rényi inequality for AQSI random variables. We
also use this inequality to obtain the strong law of large numbers and some results of

the integrability of supremum for a sequence of AQSI random variables.
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4.1 Introduction

Let {2, F, P} be a probability space and {X,,n > 1} be a sequence of random
variables defined on it. Lehmann (1966) introduced the notion of positive quadrant
dependance. We say that a sequence {X,,n > 1} of random variables is negatively

dependent if, for all s,t € R,

P{XZ>S,X]>t}—P{X1>S}P{XJ>t}ZO, (41)

and

Using the magnitude of the left hand side in (4.1) and (4.2) as a measure of depen-
dence, Birkel (1992) introduced the notion of asymptotic quadrant independence. Let
{q(m),m > 1} be a sequence of positive constants such that g(m) — 0 and «;;(s, ),
Bij(s,t) be nonnegative functions. A sequence {X,,n > 1} of random variables is

called asymptotically quadrant independent (AQI) if for all i # j and s,t € R,

|P{AXVZ > S,Xj > t} — P{Xz > S}P{X] > t}| < q(ll —j|>04ij(8,t), (43)

20



Chandra and Ghosal (1996b) considered a dependence condition which is a useful
weakening of this definition of AQI, proposed by Birkel (1992). Let {g(m),m > 1}
be a sequence of positive constants such that g(m) — 0 and ayj(s,t), 5;;(s,t) be
nonnegative functions. A sequence {X,,n > 1} of random variables is said to be

asymptotically quadrant sub-independent (AQSI) , if for all i # j,

P{X;>s,X; >t} — P{X; > s}P{X; >t} < q(]i — j|)ou;(s,t),s,£ >0, (4.5)

This AQSI condition is satisfied by asymptotically quadrant independence sequence.

4.2 The Hajek-Rényi inequality for AQSI sequences

First we provide a few lemmas.

Lemma 4.2.1 Let X1, X5, ---, X, be square integrable random variables and let there
exist a3, --- , a satisfying
E(Xm—i-l +eee Xm+p)2 < a72n+1 oot agn—&—zv (4'7)

21



for allm,p>1,m+p <n. We have

n

E | max (Zx> < ((logn/log3) +2)*> a?. (4.8)

1<k<n -
=1

Proof. See the proof of Theorem 10 in Chandra and Ghosal (1996b).

Lemma 4.2.2 [f{X,,n > 1} is a sequence of AQSI and {f,,n > 1} is a sequence
nondecreasing (nonincreasing) functions, then {f.(X,),n > 1} is also a sequence of

AQSI random variables.

Proof. See Chandra and Ghosal (1996b).

Now, we present main result of this section.

Theorem 4.2.1 Let {X,,n > 1} is a sequence of AQSI random variables such that

EX?2 <oo,n>1,%">"_ q(m) < oo, and for all i # j
/ / a;j(s,t) ds dt < D(1+ EX? + EX}), (4.9)
o Jo

/ / Bij(s,t) ds dt < D(1+ EX} + EX?), (4.10)
0 0

where a;;(s,t) > 0 and B;j(s,t) > 0 and D is a positive constant. Let {b,,n > 1} be

a positive sequence of nondecreasing real numbers. Then for e > 0, we have

> elogn}

Z?:l (Xi - EX@')
by

22



n 2
< CO(elogn) 2 ((logn/log 3) +2)221+b#' (4.11)

i=1
Proof. Suppose that X,/ = max{X,,0} and X, = max{—X,,0}. It is easy to see
{X;F} and {X, } form AQSI sequences by Lemma 4.2.2. Using Lemma 2 of Lehmann
(1966),

Cou(X;", X) < Dq(li — j|)(1 + EX? + EX).

Hence,
(Zb 1X+> <CZ1+EX |

for all n > 1. Similarly,

for all n > 1. Thus,

ar (i bi_lXi> < 2Var (Zb 1X+> + 2Var (Zb 'X; )
i=1

=1 =1

1+ EX?
<C’Z+— for all n > 1. (4.12)
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Without loss of generality, we assume by = 0 and let T}, = Zle (X; — EX;). We

have

k
X, — FX;
7% ::zz:bj( J b‘ ])
J

j=1

M- 11

i=1

d X; - EX,
<Z(bi b)) = )

X; — EX;
(b —biy) Y L

& b;
1 1<j<k

(2

Note that (1/by) Z?zl(bj —bj_1) = 1. Hence, the event

|Hp>1 C X
b = elogn 112?3}2;

J

X, —E
P

i<j<k J

> elogn}.

Therefore,

T}

X, — EX;
{mox |5 2 Ty

> elogn}

> elogn} - {max max

1<k<n 1<i<k

b i<j<k J

B X; — EX; X, — EX,;
i<k J j<i J
L X;—EX;| _ e
T s )
J:

By Lemma 4.2.1 and (4.6), we obtain

"1+ EX?
> elogn} < C(elogn)?((logn/log3) + 2) Z %

i=1

T
P{max k

1<k<n

k
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The theorem is proved.

From the theorem above, we can obtain the following Hajek-Rényi inequality for

AQSI random variables.

Theorem 4.2.2 Let {b,,n > 1} be a positive sequence of nondecreasing real numbers.
Let {X,,n > 1} be a sequence of AQSI random variables with EX? < oo, n > 1,
Yo _qlm) < oo and satisfying (4.9) and (4.10). Then for any € > 0 and for any

positive integer m < n,

k
- (X — EX;
P{ max iz (X ) > elogn}
m<k<n bk
_ "L 1+ EX? N1+ EX?
< C(elogn)~*((logn/log3) + 2) ( E b—2] + E TJ>
Jj=m+1 J j=1 m
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Proof. Using the previous theorem, we have

k
- (X, — EX;
P{ max Lz ) > elogn}
m<k<n bk:
" (X, — EX;
<p > i1 (Xi i) > Elogn
b, 2
k
. X, — EX;
+P{ max Liizm ) > Elogn}
m+1<k<n by, 2
k
- (X, — EX;
< P{ max iz (X i) > Elogn}
1<k<m b, 2
k
. X, — EX;
+ P{ max 2izm ) > Elogn}
m+1<k<m by 2
_ "1+ EX?2 14+ EX?
< C(elogn) 2((10gn/10g3)+2)2< > — TJ> .
j=m+1 J j=1 m

4.3 Applications of the Hajek-Rényi inequality to the strong

laws of large numbers for AQSI sequence

The first result in this section provides the strong law of large numbers for a

sequence of AQSI random variables.

Theorem 4.3.1 Let {X,,,n > 1} be a sequence of AQSI random variables with o2 =
EX2 <oo,n>1,>"_ q(m) < oo, and satisfying (4.9) and (4.10). Let {b,,n > 1}

be a positive sequence of nondecreasing real numbers. If

- ;0” < o0, (4.13)
n=1 n



holds, then

(b, logn) 1ZX EX;) —0 as. as n— oo.
=1

Proof. Using the Hajek-Rényi inequality presented in the previous section, we have

P ( max > elog n)
m<k<n

1+ 02 1+ 07
gC(elogn)2<<logn/10g3>”)2<z ot b;])'

j=m+1 J j=

Zf:l(Xi - EXi)
by,

But
PL(X - BX, L (X - BX,
P<sup iz ) > elogn> < limP( max iz ) > elog n)
n bn n— 00 m<k<n bk
, _ 1402 Kl+o
< C'nh_)nolo(elogn) *((logn/log 3) + 2)* ( Z T Z 72 ¢
i=m+1 ? Jj=1 m
= 1+o0; K1+o07
<oy S,
j=m+1 J j=1 m
Hence, by the Kronecker lemma and (4.13), we obtain
" (X, - EX;
lim P (sup iz ( 2 ) > elog n) =0,

which completes the proof.
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Chapter 5

The Hajek-Rényi Inequality for
Asymptotically Almost Negatively

Associated (AANA) Random Variables

The results of this chapter are based on the paper by Ko, Kim, and Lin (2005)

5.1 Introduction

Let (2, F, P) be a probability space and {X,,,n > 1} be a sequence of random
variables defined on (£, F, P). The definition of the negatively associated sequence
of random variables was introduced in Chapter 2. A sequence {X,,,n > 1} of random

variables is called asymptotically almost negatively associated (AANA), if there is a
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nonnegative sequence g(m) — 0 such that

M=

Cov(f(Xm), 9( X1, -+ s X)) < q(m)(Var(f (X)) Var(g(Xms1, -+ Xingk))) 2,
(5.1)

for all m, k > 1 and for all increasing continuous scalar functions f and coordinatewise
increasing continuous functions g, whenever the right-hand side of (5.1) is finite. This
definition was introduced by Chandra and Ghosal (1996a,b). By using this inequal-
ity, Chandra and Ghosal (1996a) derived the Kolmogorov type maximal inequality
for AANA random variables and obtained the strong law of large numbers for AANA
random variables. Chandra and Ghosal (1996b) also derived the almost sure con-
vergence of weighted averages on the AANA random variables. In this chapter, we
derive the Héjek-Rényi type inequality of asymptotically almost negatively associated
(AANA) random variables and apply this inequality to obtain the strong law of large

numbers for weighted sums of AANA sequences.

5.2 The Hajek-Rényi inequality for AANA sequences

In order to prove the main result of this section, we need the following lemma.

Lemma 5.2.1 Let {X,,n > 1} be a sequence of AANA random variables with

EX), =0 and 0} = EX}? < oo,k > 1. Suppose that there exist M > 1 and D > 0
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such that for all n > 1,

k 2 n
E (max Xi> < (A+ (1+A2)1/2)2Za,§, (5.3)
- T =1

k=1

and
E (zn:Xk) S (A+ 1+ 422> ap (5.4)

Proof. See Ko, Kim, and Lin (2005).

Now, we can present the main result of this section as follows.

Theorem 5.2.1 Let {a,,n > 1} be a positive sequence of real numbers and {b,,n >
1} a positive sequence of nondecreasing real numbers. Let {X,,n > 1} be a sequence of
AANA random variables with EX,, = 0 and 02 = EX? < co. Suppose that condition

(5.2) is satisfied and A is defined as in Lemma 5.2.1. Then

ZI'C—1 a; X; -2 2v142 - ajo}
i= >ep < )
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Proof. Without loss of generality, we assume that by = 0. Let T} = Zle a; X;, we

have

a; X;
5

i<j<k J

> e} C {max
1<i<k

ol

Therefore,

a; X

b

max
1<k<n bj

.

X X
Py

= max
1<i<k<n j —
i<k J<i

ianj >€
b | T2
1

> €, C < max max
1<k<n 1<i<k
i<j<k

$

which completes the proof.

From this theorem, we can get the following generalized Héjek-Rényi inequality.

Theorem 5.2.2 Let {a,,n > 1} be a sequence of positive real numbers and {b,,n >
1} a sequence of nondecreasing positive real numbers. Let {X,,,n > 1} be a sequence of

AANA random variables with EX), = 0 and o} = EX}? < co. Suppose that condition
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(5.2) is satisfied and A is defined as in Lemma 5.2.1. Then for any € > 0 and any

positive nteger m < n,

k n 2 2 m 2 2
; i X _ 1 as0*: a‘o*
Pl (2% 5 g <se(a (e A Y DY BT (s
m<k<n k . . -
]:m+1 J ]:1 m

Proof. See Ko, Kim, and Lin (2005).

Theorem 5.2.3 Let {a,,n > 1} be a sequence of positive real numbers and {b,,n >
1} a sequence of nondecreasing positive real numbers. Let {X,,n > 1} be a sequence
of AANA random variables with EX;, = 0 and 0 = EX}? < oco. Denote T, =

Yor a;X;,n > 1. Suppose that condition (5.2) is satisfied and that

and

~ 1/M
(Z qM(k:)> < oo for M > 2, (5.8)
k=1
hold. Then
(1) for any 0 <r <2, Esup,(|T,|/b,)" < 00, and

(2) 0 <b, T oo implies T,, /b, — 0 a.s. as n — oo.
Proof. Let B = D(Y o, ¢™(k))YM.
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(1): Note that, for any 0 < r < 2,

T,
Esup(|b <oo<:>/ {su } dt < 0.

By Theorem 5.2.1 above, it follows from (5.7) and (5.8) that

> |Tn| 1 o _2 2 1 2 an 2 2
1 > a 2 *° 2
—9 (B (1+ B?) 5 On 24t
+(1+ nz::l <b ) o, /

< OQ.

Hence, the proof of (1) is complete.

(2): By Theorem 5.2.2 above, we have

==L " | > < < 4
P (B s <ot (e oy’ (3 B30
]:m+1 J ]:1 m
(5.9)

But
i 4
; iXi ] iXi

P supzz:l—aze = lim P maxize
k>m bk n—00 m<j<n bj

_ 1 2 o azo'z m a20'2.
<sct(mraemi) (3 B3
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by (5.7) and (5.8). By the Kronecker lemma, it follows by (5.7) that

" 2o
> 5= 0asm— oo (5.10)

j=1

Hence, combining (5.7)—(5.10) yields

Zf:l @i X;

lim P {sup 2
k

n—0oo k>n

>f <o

which completes the proof of (2).

5.3 The Marcinkiewicz-Zygmund strong law of large num-

bers for AANA random variables

The following theorem gives us the Marcinkiewicz-Zygmund strong law of large

numbers for AANA random variables.

Theorem 5.3.1 Let {X,,,n > 1} be a sequence of identically distributed AANA ran-

dom wvariables. Assume that conditions (5.2) and (5.8) are satisfied.
(1) If E|Xi|" < oo for some 0 <t <1, then Y ", X;/nt — 0. a.s.

(2) If E|Xq|" < oo for some 1 <t <2, then Y . (X; — EX;)/nt — 0. a.s.
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Proof. Suppose that E|X;|" < oo for some 0 < t < 2. Let X;¥ = max(X;,0), X; =

max(—X;,0). To prove (1), it suffices to show that

> X

i — 0 a.s. and
n

>im Xi

— 0 a.s.
ni/t

To prove 2, it suffices to show that

S, (X — BX)

i=1
ni/t

— 0 a.s. and

i (Xi — EX7)

— 0 a.s.
nl/t

Note that {X;",¢ > 1}, {X;,i > 1} are AANA random variables.

(5.11)

(5.12)

(5.13)

(5.14)

Let Y, =

min{X;",n'/*}, i =1,--- ,nsothat {Y¥;,1 <i < n} are identically distributed AANA

random variables. Notice that E|X;|* < oo implies >_°7  P(]X;| > n'/*) < oo and,

on the other hand,

P(Y; # X}) = P(X} An'' # X[) < P(X[ > n'/") < P(1X3] > n'/.

Therefore,

P(Y; # X;i.0.) =0.
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We will prove first

r L RY;

ZZ:+/t—>0f01"0<t< 1, and (5.16)
n

Z?:l(EXz‘Jr — EY;)

nl/t

—0forl1<t<2. (5.17)

We start with the proof of (5.16). Notice that

> =Y 0 EXTI(X{ <nl) 4 aM'P(XS > 0!/}

i/t
n=1 n=1

=> 0 EXFI(XT <)+ P(XT > n'h

n=1 n=1
<> VY CEXTI((k - DY < XF <B4+ P(X| > 0l
n=1 k=1 n=1

<Y EXTI((k—-D)V' < X< B 0TV BIX [
k=1 n=k

<O KO EXTI((k - 1)V < X < kYY) + EIX[!
k=1

<O BEXNI((k-1Y < X <k + BIX|f
k=1
S CE|X1|t < 0.
By Kronecker’s lemma , (5.16) is true. Now, we prove (5.17). Since |[EX" — EY,| <

EXFI(X}F > n'/Y) + n'tP(XF > n'/t) it follows in a similar way as above that

S nYHEXF — EY,| < oco. Hence, (5.17) is proved. From (5.15), (5.16) and
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(5.17), it suffices to show now that

S (Yi— EY;)

nl/t

— 0 a.s. (5.18)
By Theorem 5.2.3, taking b, = n'/t, we have

> nE(Y, - EY,)

n=1

< i n 'EY?

n=1

= Z n 2t E(X] Anlt?

n=1

=> 0 EXHIXT <)+ P(XT > nl

n=1 n=1
< Y BT I((k - DY < X <EYY 4 EIX |
n=1 k=1
=> 0 BXTI((k- D)V < X< B 074 BIX [
n=1 k=1 n=~k
<O K CMOHNEXMI((k- 1)V < XT < kYY) + BIX
k=1
< CZk—(2/t)+1k(2/t)—1E(X;r)t]((k _ 1)1/t < Xf“ < kl/t) + E|X1|t
k=1

< CE|X1|t < 0.

The proof is complete.
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Chapter 6

The Hajek-Rényi Inequality and the

Strong Law of Large Numbers

The results of this chapter are based on the paper by Yang, and Su (2000)

6.1 Introduction

Proving the strong law of large numbers can be done by determining the desired
result for a particular subsequence, before taking the whole sequence and reducing the
problem, so that the subsequence result is applicable. The determination of a maximal
inequality for the whole sequence of cumulative sums is necessary. Previous research,
in probability theory, has found numerous maximal inequalities for various classes
of random variables. Therefore, individual determination may not be necessary. An

alternative method of proving the strong law of large numbers is more difficult, but
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can be done by applying a maximal inequality for normalized sums. This inequality
is referred to as the Hajek-Rényi inequality, in honour of a paper written by Hajek
and Rényi (1955) which describes independent summands.

In this chapter, we prove that the Hajek-Rényi type inequality is, in fact, a con-
sequence of an appropriate maximal inequality for cumulative sums, and also show
that the latter automatically implies the strong law of large numbers.

Fazekas and Klesov (2000) showed an approach using the Hajek-Rényi type in-
equaltiy that allows the strong law of large numbers to be found for a sequence of
random variables. This approach can be applied to sequences, which are made up of

dependent random variables that have undergone normalization of their partial sums.

6.2 General Hajek-Rényi type maximal inequality

Let {S,,n > 1} denote a sequence of random variables defined on a fixed proba-
bility space (€,§, P). The following theorem proved in Fazekas and Klesov (2000),
seems to be the most general form of the Hajek-Rényi type inequality. We would like
readers to be careful that no assumptions on the dependence structure of a sequence

of random variables {S,,,n > 1} are made.

Theorem 6.2.1 Let (31,---,03, be a nondecreasing sequence of positive numbers,
ag, -, ap be nonnegative numbers and {S,,n > 1} be an arbitrary sequence of

random variables. Let r be a fized positive number. Assume that for each m with
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1<m <n,

Then

Proof. We can assume that 3; = 1. Let ¢ = 2'/7. Consider the sets 4; = {k : ¢’ <
Br < ¢} i =0,1,2,---. Denote by i(n) the index of the last nonempty A;. Let
k(i) =max{k: ke A;},i=0,1,2,---, if A; is nonempty, while k(i) = k(i — 1) if A,

is empty, and let k(—1) = 0. Let

k(1)

=Y a;l=01,2--,

j=k(l—1)+1

where ¢; is considered to be zero if A; is empty. We have

g i(n) IS i(n) ' i(n) '
Elmax |2 <Y Emax 2" <Y ¢ "Emax|S)]" <Y ¢ E[max |S]]"
1<i<n  [; — leA; 1 0 leA; P k<k(7)
i(n) k(3) i(n) o i(n) i(n) . i(n) 00
< o ap = o 51 _ 6[ Z i< 5l Z o
=0 k=1 =0 =0 =0 i=l =0 1=l
i(n) i(n) k(1)
1 —lIr 1 —lr
- 1_671" Zélc - 1_677" ¢ Ak
1=0 1=0 k=k(I—1)+1
o i(n) k(1) o LI
b 4Nk
ST 2 m il
1=0 k=k(i-1)+1 "k k=1 "k

The theorem is proved.
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6.3 General method of establishing the strong law of large

numbers

We first present a general theorem to the strong law of large numbers.

Theorem 6.3.1 Let by,by,--- be a nondecreasing sequence of positive numbers with

1 San/bn §C<OO,
for some ¢ > 1. Assume that
Zn maX \Sk|>bn5)<C’<oo

Then

i AX1<j<n |55

=0 a.s.
n—oo bn

Proof. Since b, < by, < cb,,, we have

o0

P( max [S;| > ebyr) = E g (28)LP( max [S}| > ebox)
1<j<2k 1<j<2k

k= k=1 2k§n§2k+1

<> > (n/2)~'P (max ;] > ebno)

1<5<
k=1 n: even and 2k<n<2k+1

+3 > (n/2)7'P (max |S5] > eben1)/2)

1<5<
k=1 n: odd and 2k<n<2k+1
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o0

S 2_12 (n)_lp(llil‘ag( |Sj| > gc—lbn)
k=1 n: even and 2k <n<2k+1 SJsn

+271y > (n) " P(max |S;| > e¢ bypq)

1<j<n
k=1 n: odd and 2k<n<2k+1

2’12 Z (n)"'P(max |S;| > ec™'b,)

1<j<n
k=1 2k§n<2k+1

8

IN

27 (n)7'P(max |S;| > ec™'b,) < oco.

1<j<n

NE

3
||
N

Using the Borel-Cantelli lemma, this implies that max; ;<o |S;/bot| — 0, a.s. k — oo.
Furthermore,

p Ly R Vil = e B S/t = e B2 195/ bl

<c ' max max |S;/by| =c"

) . max [S;/bgc| — 0 a.s.
2k—1on<ok 1<j<2k 1<) <2k

as k — oo. Using the sub-sequence method, we obtain that max;<;<, |S;/b,| — 0 a.s.
n — oo. If b, is geometrically increasing, such as b, = p" for some p > 1, then by, /b,
is increasing and unbounded. In this case, (6.3) holds under a very weak condition.

We have a general result as follows.

Theorem 6.3.2 Assume that sup;>, E|X;|" < oo for some 0 < r < 1. If by, /by, is

increasing and unbounded, then (6.3) holds.
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Proof. In fact, from the fact that by, /b, is increasing and unbounded, we have that
for any given M > 0, by, /b, > M for sufficiently large n. Without loss of generality,
assume that by /box—1 > M for all k > 1. Hence, box > Mbok—1 > -+ > M*b;. Take

M = 51/r’

le(g% 1S5 > eby) < CZIb,ITEg% 185" < Cz;bf Z;E|Xj|r < (lenb;’“
n= n= n= J= n=

:oi > nb;Tgci > zkb;km:ciﬂk—l)b;;l
k=1

k=1 2k—1<p<ok k=1 2k—1<p<2k
<C 22(k—1)M—r(k—1) _ 02(4/Mr>k—1 < 0.
k=1 k=1

Hence, (6.3) holds.

6.4 The strong law of large numbers for positively associated

sequence

The concept of the associated random variables was introduced by Esary et al.
(1967) in the following way. Consider the finite family of random variables {X;, 1 <
i < n}, with finite second moments. We call {X;,1 < i < n} associated if Cov(f, g) >
0 for any real coordinate-wise nondecreasing scalar functions f = f(X,...,X,,) and
g = g(X1,...,X,) on R". An infinite family of random variables {X;,7 > 1} is

associated if every finite subfamily is associated.
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Theorem 6.4.1 Let {X; : j > 1} be a sequence of positively associated random

variables with

iulﬂ(f) < 00. (6.4)

Let ¢: R — RTbe an even and nondecreasing on[0, 00) function with im,_, ¢(z) =

o0, and such that
(1) p(x)/z is nonincreasing,

(2) ¢(x)/x is nondecreasing and o(z)/x? is nonincreasing as x — oo and EX; = 0.

Assume that by, by, - -+ is a nondecreasing sequence of positive numbers satisfying
1 < by /b, < c<o0,¥n>1, (6.5)
> P(X;] > b)) < o0, (6.6)
j=1
N Ep(X;)I(|1X;] < b;
Z o J) (1 J’ > J) < o0, (6.7)
= ©(by)
;b;ﬁ g%bipuxﬂ > b;) < 00, (6.8)
> 2p(XHI(|X,| <b;
Zbr_z2 max 390< (X5 < b;) < oo (6.9)
e 1<<n o(b;)
Then
Sn/bn — 0, a.s. (6.10)



Proof. Let Zj = XJ](|XJ| < bj) — b]I(X] < —bj) + bJ](X] > bj) we first show that

b B Zi] — 0. (6.11)
j=1

If () satisfies the condition ¢(x)/z is nonincreasing, then £ ) < T' as | X;| < by,

. Therefore,

|EZ;] < b E(1X;|/0,)I(1X;] < bj) +b; P(|X;] > b))
< b E(p(1X;)/e(b) (1 X;] < b;) +b; P(|.X;] > b))

S b Ep(X)I(1X;] < 0)/0(b;) + b;P(1X;] > b)).

If p(x) satisfies the condition ¢(z)/x is nondecreasing, then Mb, 1) < X as | X;| >

1XG1

b;. Therefore, Xil < ¢ Note that EX; =0, we get

by — (b

|EZ;| = |[EXGI(|X;] < b;)| +b; P(|X;] > b)) = [EXGI(|X;] > b;)| + b; P(|X;] > by)
< b E(|XG]/0;) (| X5 > by) + b; P(|X;] > b)

< b E(o(1X5]) /e (0) I(1X;] > bs) + b P(1X;] > by).

We have that

|EZj| < b Ep(X)I(1X;] < b;)/@(b;) + b; P(|X;] > b)). (6.12)
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From (6.6), (6.7), and(6.12), we get > | |EZ;|/b; < oo. Thus, b,' 377 | |EZ;|/b; —

0 by Kronecker’s lemma. This implies (6.11). On the other hand, from (6.6)

S P, #2) =Y PX, > by) < o (6.13)

Then, (6.11) and (6.13) imply that it is sufficient to prove

n

b,' > (Z; — EZ;) =0, as. (6.14)
j=1
Now, we say it is true that
X2 X
— < (X)) for | X;| < b;. (6.15)
bj So(bj)

In fact, if p(x) satisfies the condition 2, then ((z)/z? is nonincreasing. So

p(b) _ (X)) _ (X))

b2._ Xz X2
J

implies (6.15). If p(z) satisfies the condition ¢(z)/x is nonincreasing, then “ogl;j) <

2
25D for |X;] < by, implies that bTJ < 203 Note that 0 < 22590 <1 from that
] ]

() is nondecreasing on (0, 00). We have

X3 < 0*(1X;]) < o(1X;])  p(X;)

02 T (b)) T owlby)  wlby)]
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yields (6.15). By (6.16), we know that

EZ? = EXGI(|X;] < b;)| 4+ b5 P(|X;| > b))
= DSE(X7/02)I(1X;] < bj)| + b7P(|1X;] > by)

< b E(p(X;) /(b)) I(1X5] < b;) + b P(IX5] > by).

Thus, using (6.8) and (6.9), we obtain that

00 k
—1 12
Zln P(g%lyZZ EZ;)| > bue) < Zn b, E1r£1]?<xn|ZIZ — EZ))
n= j=
2
< Czl b, max BZ;
< C ) b7 max b{E(p(X;)/¢(0))(1X;] < b)) + P(IX;] > b))} < oo

By Theorem 6.3.1, this yields the desired result.

Corollary 6.4.1 Assume that {X;,j > 1} is a sequence of positively associated ran-
dom wariables with zero means and sup;s; E|X;P < oo for some 1 < p < 2, and

satisfying (6.4). Then for any 6 > 1,

S,/(nlogn(loglogn)’)? — 0, a.s. (6.16)
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Proof. Take ¢(r) = |z|? and b, = (nlogn(loglogn)®)'/? in Theorem 6.4.1. Obvi-

ously, 1 < by, /b, <3, (6.6) and (6.7) holds. Furthermore,

ib_g max M < Ci(nlog n(loglogn)®)~%? max (jlog j(loglog j)°)*/P~*
— "aisn (b)) T 1<j<n

< CZ(nlogn(loglogn)‘s)_l < 00.

n=1
This implies (6.8) and (6.9).

Corollary 6.4.2 Assume that {X;,j > 1} is a sequence of positively associated ran-
dom wariables with identical distribution, zero means and E|Xi[P < oo for some

1 < p <2, and satisfying (6.4). Then S,/n'/? — 0 a.s.

Proof. Take ¢(x) = |z|” where p < 7 < 2 and b, = n'/P. It is easy to get that
1 < by, /b, <2 and (6.6). First, by the fact that Z;’;n]”l"; < Cn~9 for any given

d >0 and E|X1|P < oo, we have

—Eo(X)I(X] <b) O o 4
=) _JPEIXI(|X] < 5P)
; ©(bj) 2 ' '

Jj=1

0 j
=S5 X I((n - 1) < [X| < ntP)

j=1 n=1

< an/pflE’lep[((n — )7 < |X,| < nl/P) Zj*r/p

n=1 j=n

< CYEX[I((n = 1) < [X2] <n'/?) < CEIX,] < co.

n=1
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This gives us (6.7). Next, since » 22| P(|X;] > §1/P) < 0o, we can choose a sequence
of positive numbers {¢(j) : j > 1} with 337, j7'¢(j) < oo and 32P1q(4) T oo, such

that P(|X;| > b;) < Cj~'q(j) for all j > 1. Therefore,

_ 2/p 2/p 1/p
;bn E%pr 1 X;| > b)) Zn max jPP(1X] > 5'7)

< C’Zn 2/p max j :2/p—1 q(j) < C’Znﬂ/p.nz/p*lq(n)

1<]<n

n=1
= C’Zn_lq(n) < 00
n=1
This gives us (6.8). Finally,
b EQ(X;)I1(|X;
-2 J J — 2/p i2/p—r/p r 1/p
;bn max 0 Zn max jHPTELXGT(1XG] < 57)

= Zn_”pElelrf(lle < n'l?)

n=1

< CE|X1|p < 00,

which implies (6.9).

Remark 6.4.1 For the case p = 2, Corollary 6.4.1 implies that the convergence rate

of Sn/n is n=Y2(logn) V% (loglogn)®/2. The result is similar to the iterated logarithm

for independent random variables.
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Chapter 7

On the Growth Rate in the
Fazekas-Klesov General Law of Large
Numbers and Some Applications to the
Weak Law of Large Numbers for Tail

Series

The results of this chapter are my new contributions.

7.1 Introduction

Fazekas and Klesov (2000) gave a general method for obtaining the strong law of

large numbers for sequences of random variables by the H4jek-Rényi type inequality.
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This general approach, in proving the strong law of large numbers, suggests to directly
use a maximal inequality (the H&jek-Rényi inequality), for a sequence of normed
partial sums of dependent random variables. Under the same conditions, as found in
Fazekas and Klesov (2000), Hu and Hu (2006) discovered the method for obtaining
the strong growth rate for sums of random variables. Although the proof of Hu and
Hu (2006) owes much to that of Fazekas and Klesov (2000), their result is sharper.

In this chapter, we find a new method for obtaining the strong growth rate for
sums of random variables through using the approach of Fazekas and Klesov (2000).
It allows us to generalize and sharpen the method of Hu and Hu (2006). Our method
can be applied to almost all cases of the dependence structure considered in Hu and
Hu (2006), and we can obtain better results. Additionally, the approach of using the
Hajek-Rényi type maximal inequality to prove limit theorems, is also applied to the
weak law of large numbers for tail series.

The notation, to be used for this chapter, will now be provided. Let {X,,,n > 1}
denote a sequence of random variables defined on a fixed probability space (€2, F, P).
The partial sums of the random variables are S, = > " | X; for n > 1 and Sy = 0.

Let ¢(z) be a positive function satisfying

Z 80(721) < oo and 0 < p(x) T oo on [¢,00) for some ¢ > 0. (7.1)
n
n=1
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7.2 Main results

The following lemma generalizes Dini’s theorem for scalar series.

Lemma 7.2.1 Let ay,as,--- be a sequence of nonnegative real numbers such that

a, > 0 for infinitely many n. Let v, = > oo a; for n > 1. Let p(z) be a positive

=n

function satisfying (7.1). If Y7 a, < oo, then > 7 a,p(1/v,) < 0.

Proof. Without loss of generality, we may assume that ¢ = 1 and v; < 1. For each

k > 0, define ny by ny = min{n : v, < 27%}. It follows that

00 oo M41—1 ) Ngg1—1
Zangp(l/vn :Z Z anp(1l/vy,) < Z (/v -1) Z a,
n=1 k=0 n=n =0 n=n
[e'e) 0 2k+1 )
< (1/Unk+1 1 Z
k=0 =0

Note that > ¢(n)/n? < oo is equivalent to Y oo, ¢(2%)/2F < oo, since

|

n=2k

2k+1

Mg

> ) <y

k=0

e(n) i

e
Il

0

The result follows (7.1).
It is easy to find examples of functions ¢ (z) that satisfy (7.1). Such functions are
2] or |x]°(log |z|), where 0 < § < 1 and « is any real number.

The following lemma is due to Fazekas and Klesov (2000).
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Lemma 7.2.2 Let {b,,n > 1} be a nondecreasing unbounded sequence of positive
numbers and {a,,n > 1} be a sequence of nonnegative real numbers such that a,, > 0
for infinitely many n. Let r and C' be fixed positive numbers. Assume that for each

n>1

1<i<n

E(max \SA) < CZO@ and Zanb;’" < 00.
i=1 n=1
Then the strong law of large numbers obtains, that is, lim,, .« S, /b, =0 a.s.

The following theorem gives a sharper result than Theorem 2.1 of Fazekas and

Klesov (2000) and Lemma 1.2 of Hu and Hu (2006).

Theorem 7.2.1 Assume that all conditions of Lemma 7.2.2 are satisfied. Let p(z)
be a positive function satisfying (7.1). Let B, = maxi<ic, bip(1/v,)~ V" forn > 1,
where v, = Y>> a;b;". Then the following statements hold:

1. If the sequence {B,,n > 1} is bounded, then S, /3, = O(1) a.s.

i.e. |g—:| < C for all n.

2. If the sequence {f3,,n > 1} is unbounded, then S, /B, = o(1) a.s.

i.e. limy, o Sn/0n =0 a.s.

Proof. It is easy to see that {,} is a nondecreasing sequence of positive numbers.

Since B, > byp(=)"Y", we have by Lemma 7.2.1 that

1
Un

ianﬁnr < iango(l/vn)bnr < 00.
n=1 n=1
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If the sequence {f3,,n > 1} is unbounded, then lim, .. S,/B, = 0 a.s. by Lemma

7.2.2. Now, assume that {(,} is bounded by some constant D > 0. Then

[ee] o0
Zan < D’"Zanﬁn_r < 0.
n=1 n=1

It follows by the monotone convergence theorem that

E(iglf|5n|> :T}LIEOE<1I£1?§}2|S’|> ng;an<oo.

Hence, sup,,> |S,| < 0o a.s.. Since 0 < #; < 3, for all n > 1, we have S,,/3, =

O(1) as.

Remark 7.2.1 For each case of S,,/B, = O(1) a.s. or S,/B, = o(1) a.s., it can be

easily obtained that lim,,_, S, /b, =0 a.s., since lim,,_,« 3, /b, = 0.

Remark 7.2.2 For the special case of p(x) = |z|° (0 <& < 1), in Lemma 1.2 of Hu
and Hu (2006) is proved that S, /3, = O(1) a.s. under the same conditions as found
in Theorem 7.2.1. We can safely state that Theorem 7.2.1 extends and sharpens the

result of Hu and Hu (2006).

It is interesting to investigate the cases, when the sequence {3,,n > 1} is un-

bounded. But, first, we derive a useful condition for ¢(z).
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Lemma 7.2.3 If o(x) is a positive function satisfying (7.1), then o(n)/n — 0 as

n — oQ.

Proof. Without loss of generality, we may assume that ¢(z) is a nondecreasing on
[1,00). According to the proof of Lemma 7.2.1, we have that > -, ©(2%)/2" < oo
and hence, limy_.o, ¢(2%)/2F = 0. For 28 < n < 2KF1,

k k+1
o) _ o) _ o)
9k+1 n 9k

Therefore, we have that lim,, .., ¢(n)/n = 0.
The following lemma shows that {3,} defined in Theorem 7.2.1 is unbounded

when «,, = O(1).

Lemma 7.2.4 Let by, by, -+ be a nondecreasing unbounded sequence of positive num-

bers and p(x) be a positive function satisfying (7.1). Assume that > - b." < 0o for

n=1"n

some r > 0. Let 3, = maxi<ij<, bip(1/v;)~Y" forn > 1, where v, = > - b;". Then,

i=n "1

{B.} is unbounded.

Proof. For each k > 0, define ny by n, = min{n : b, > 2F}. Let d = ny — ny_; for

k > 1. Then, we have that

nk+171
e = Y 0" 2 daby g > dea 27T > d 2770, (7.2)

n=ng
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It follows that

) 2pr N\ M

rir 1/r 41/r
2701, /dy i1 } T

@ iy 2 Y

Since lim, oo v, = 0, (7.2) implies that limg, 20k o0 b}, /dky1 = 00. By (7.3) and
Lemma 7.2.3, we obtain that limg, , 40 koo bnkap(l/vnk)’l/" = oo. Hence, {8,} is
unbounded.

As a consequence of Theorem 7.2.1 and Lemma 7.2.4, we obtain the following

theorem.

Theorem 7.2.2 Let by, by, -+ be a nondecreasing unbounded sequence of positive
numbers and p(x) be a positive function satisfying (7.1). Let r and C be fized positive
numbers. Assume that for each n > 1
P o0
E( max |Sl|> <Cn and Zb;’" < 00.

1<i<n
n=1

Let B, = max;<i<, bio(1/v)) V" for n > 1, where v, = >_oc b;". Then S, /B, — 0

i=n 1

a.s. as n — oQ.

7.3 Applications to associated random variables

By using Theorem 7.2.1 and Theorem 7.2.2, we can extend and sharpen many
results from Hu and Hu (2006). For example, we will show how Theorem 3.2 of Hu
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and Hu (2006) for (positively) associated random variables can be improved. This
improvement will consider negatively associated random variables and martingale

differences. The definition of positive association is given in chapter 6.

Theorem 7.3.1 Let {X,,,n > 1} be a sequence of associated random variables with
mean zero and finite variance, and {b,,n > 1} be a nondecreasing unbounded sequence

of positive numbers. Assume that

< Q.

> BS2— BES?_,
>

n=1 n

Let 3, = maxi<i<, bip(1/v;)"Y2 forn > 1, where v, = Y o0 (ES?—ES? ,)/b?. Then

the following statements hold:

1. If the sequence {B3,,n > 1} is bounded, then S,/B, = O(1) a.s.

i.e. |%| < C for alln.

2. If the sequence {B3,,n > 1} is unbounded, then S, /B, = o(1) a.s.

i.e. limy, oo Sp/Bn =0 a.s.
Proof. The proof is similar to that of Theorem 3.2 in Hu and Hu (2006). Since {X,,}
is a sequence of associated random variables, {—X,} is also a sequence of associated
random variables. From Theorem 2 of Newman and Wright (1981), we have

E( max Sf) < E( max SZ»)Q + E( max(—Si)>2 <2ES2

1<i<n 1<i<n 1<i<n
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By the definition of associated random variables, we obtain ES? = ES? | + EX?2 +

2Cov(S,_1,X,) > ES?_|. Let a, = ES? — ES?_| for n > 1. Then

2 n (o] an
E(lrgaglb’z) < 2;0@ and X:IE < 00.
Thus, the result follows from Theorem 7.2.1.

Remark 7.3.1 Under the same conditions of Theorem 7.3.1 with p(x) = |z|° (0 <
d < 1), Hu and Hu (2006) proved that S, /B, = O(1) a.s., which improves Theorem
3.3 of Prakasa Rao (2002). Thus, Theorem 7.3.1 extends the result of Hu and Hu
(2006). Theorem 7.3.1 especially sharpens the result of Hu and Hu (2006), when
{Bn,n > 1} is unbounded. Such an example can be obtained easily. For example, if

ES? —ES? | =1 foralln > 1, then {B,,n > 1} is unbounded by Lemma 7.2.4.

7.4 The weak law of large numbers for tail series

The rate of convergence for an almost surely convergent series S, = 2;21 X;
of variables {X,,,n > 1} is studied in this section. More specifically, if S,, converges
almost surely to a random variable S, then the tail series T,, = S— 5,1 = Z;.O:n X is
a well-defined sequence of random variable (referred to as the tail series) with T,, — 0

almost surely.
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The main result of this section provides conditions for

sup |Tk|/b,—0 in probability (7.4)

k>n

which hold for a given numerical sequence 0 < b, = o(1). The result is the greatest
interest when b, = o(1). Nam and Rosalsky (1996) provided an example showing
inter alia that a.s. convergence to 0 does not necessarily hold for the expression in
(7.4). Theorem 7.4.1 is a very general result and we will see that some previously
obtained results are immediate corollaries of it. In Theorem 7.4.1, a condition is
imposed, in general, on the joint distributions of the random variables {X,,n > 1}.
However, in corollary, {X,,n > 1} is a martingale difference sequence of random
variables. Certainly, the result is true when {X,,,n > 1} is a sequence of independent
random variables. In corollary, the moment condition on the |X,|, and the limiting

behavior of b,,, are imposed.

Theorem 7.4.1 Let {X,,n > 1} be a sequence of random variables, {b,,n > 1} be
a sequence of nonnegative numbers, {ca,,n > 1} be a sequence of positive numbers,

and r > 0. Let Z‘;‘;l a; < 00. If for all natural numbers n < m,

k m
'
N < .
E( max | E X;)" < E aj,
j=n j=n
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then the series Y X, converges a.s. and the tail series {T,, = Y X;,n > 1} is a

n=1 j=n

well-defined sequence of random variables. Next, if Zjin a; =o(b)) as n — oo, then

the tail series obeys the limit law

SUPg>y, | Tk

2 —0 wn probability.

Proof. For arbitrary ¢ > 0 and n > 1, the Markov inequality implies

Plsup | 30X, = DX\ >} << Esup | 30X~ dOX1
j=1 j=1 mEn =1 7=1

m>n

k

=¢ " lim £ max | E X;|" (by the monotone convergence theorem)
m— o0 n+1<k<m 1
j=n+

<e™" lim Zaj =o(1).
j=n

Then by Corollary 3.3.4 of Chow and Teicher (1997), > >° X, converges a.s. Thus,
the tail series {T;, = > 77 Xj,n > 1} is a well-defined sequence of random variables.

Next, for arbitrary ¢ > 0,

su T

2 > 5} < (eb,) "E'sup |Tx|" (by the Markov inequality)
n k>n

m

. —r q: : T

= (eby) ]\}Excl)o E nax, | nll_rgo E k X;|" (by the monotone convergence theorem)
J:

= (eb,)™" lim E max lim \ZX]'V
=k

N—oo n<k<N m—oo
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m

= (eb,)”" lim E lim max | E X"
N—o0 m—oo n<k<N —r
‘7:

< (eb,)™" lim liminf £ max |ZXj|T (by Fatou’s lemma)

N—oo m—oo n<k<N ¢4 .
J:

m— 00 n<k<m

< (eb,) " liminf F max |ZX]~|T
j=k

< (eb,) " lim ianozj =o(1).

Jj=n

The conclusion of the theorem now follows easily.
The next corollary was obtained by Rosalsky and Rosenblatt (1998). We present

a simplified proof for this corollary.

Corollary 7.4.1 Let {S, =7, X;,n > 1} be a martingale and 1 <r < 2. If

Y EIX| =0,
j=n

then the series y - X, converges a.s.

If

> EIX;|N = o(by),
j=n
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then the tail series obeys the limit law

SUPg>n |Tk|

2 —0 in probability

Proof. By the Burkholder-Davis-Gundy inequality, we have that for all m > n > 1,

k m
E max |Y X" < CY EIX,["
j=n j=n

n<k<m

The corollary follows immediately from Theorem 7.4.1.
Certainly, Theorem 7.4.1 could be generalized on the Banach space setting. We
refer the reader to the papers by Deng (1988), (1991), and (1994), Rosalsky and

Volodin (2001) and (2003) for such generalizations.
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Chapter 8

Conclusion and Future Work

Establishing strong law of large numbers for tail series (we proved only weak one
in our thesis) is more difficult, but we hope that it still can be done by applying a
maximal inequality for normalized sums. This inequality is referred to as the Hajek-
Rényi inequality, in honour of a paper written by Héjek and Rényi (1955) describing
independent summands. This thesis illustrates that the Hajek-Rényi inequality is a
result of choosing the correct maximal inequality for a sequence of cumulative sums.
In my future work, I will find further results on the weak and strong law of large
numbers for tail series towards the application of the Hajek-Rényi inequality. An-
other interesting problem is to find analogs of the Héjek-Rényi inequality for different

dependent structures.
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Appendix

In this section we collect some important definitions from probability theory that

we frequently use throughout this thesis. Let 2 denote the sample space of outcomes.

e F-algebra on ()
A collection F of subsets of €2 is called a o-algebra on €2 if F is an algebra on
2 such that whenever F,, € F (n € N), then |, F,, € F.

e Measurable space
A pair (2, F), where Q is a set and F is a o-algebra on ) is called a measurable
space.

e Almost surely (a.s.)
A statement S about outcomes in (2 is said to be true almost surely (a.s.), or
with probability 1 (w.p.1), if F' = {w: S(w) is true} € F and P(F) = 1.

e Random variable
Let (2, F) be our (sample space, family of events). A random variable X :  —
R is a measurable function. That is, X !(B) € F for every B € B.

e Martingale
A process X = {X,,n > 0} is called a martingale if (i) X is adapted, (ii)

E(|X,]) < 00, Yy, (iil) E[Xo|Fr1] = Xn_1,a.5.(n > 1).
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