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Abstract

This thesis builds on the notion of quantum, or operator valued, probability as dis-
cussed in Farenick, Plosker, and Smith (J. Math. Phys, 2011) as well as Farenick
and Kozdron (J. Math. Phys, 2012) by generalizing classical limiting results to the
quantum setting. Mimicking the classical setting, we prove a continuity of quan-
tum expectation result, which is the quantum analogue of Lebesgue’s dominated
convergence theorem and use it extensively to prove other limiting results. With
the quantum limiting results in place, we define a quantum martingale and prove a
quantum martingale convergence theorem. This quantum martingale theorem is of
particular interest since it exhibits non-classical behaviour; even though the limit of
the martingale exists and is unique, it is not even identifiable. In order to understand
the limit it is necessary to understand the space of all mean zero quantum random
variables. However, we are able to provide a partial classification of the limit through

a study of the space of all mean zero quantum random variables.
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Chapter 1

Introduction

It is well known that probability plays a large role in quantum mechanics. As such
there is interest in extending classical probability results to the quantum setting,
where the term “quantum” can be interpreted as Hilbert space operator valued. Thus
a quantum probability measure v is a set function operating on a o-algebra F(X)
of subsets of a locally compact Hausdorff sample space X whose values are quantum
effects: selfadjoint operators acting on a complex d-dimensional Hilbert space, where
for every E € F(X), the eigenvalues of the operator v(F) are contained in the closed

unit interval of R.



The benefit of investigating quantum analogues of classical results is apparent in the
ability of the quantum setting to capture behaviour not seen when using the clas-
sical results. That being said, one still wishes that the quantum structure respects
the classical structure and when the Hilbert space is assumed to be one dimensional,
that the quantum structure will reduce to the classical structure. In order for the
quantum setting to properly reflect the classical, one must be cognizant of the con-
sequences of using a quantum system. That is, the quantum system inherits the
non-commutativity of operator algebra, and the partial order structure of the real
vector space of selfadjoint operators. Indeed, suppose a and b are positive operators
acting on a d-dimensional Hilbert space. If d > 1, a and b do not commute in general.
In the case that a and b do not commute, neither ab nor ba will be a positive operator,
contrary to the situation for real numbers or real valued functions. Nevertheless, both
b1/2ab'/? and a'/?ba'/? are positive regardless of whether a and b commute where ¢!'/2
is used to denote the unique positive square root of a positive operator c¢. This fact

will be integral in this work.

The goal of this thesis is to establish limiting results for quantum random variables
with respect to quantum expectation and quantum conditional expectation, which
were first defined in [2] and [3]. In particular, a quantum analogue of the martin-
gale convergence theorem is proved. The non-classical properties of this quantum

martingale convergence theorem are then investigated.



1.1 Outline

In chapter 2| we will introduce the objects of study as well as recall a number of
important definitions and results from both [2] and [3]. In Chapter 3] we will establish
the first primary results of this thesis. In particular, we will prove the continuity of
quantum expectation and prove a number of useful facts about quantum conditional
expectation. We also investigate the set of quantum random variables with mean
zero. This collection of random variables is important for understanding results in

Chapter

In Chapter [4] we recall the classical notion of a martingale and collect important
classical results. We then introduce the notion of a quantum martingale and prove a
version of the quantum martingale convergence theorem that holds for this martin-
gale. This particular result is of special interest since the limit exhibits non-classical
behaviour. It is important to remember that although the quantum notation is de-
signed to mimic its classical counterparts, the results are highly non-classical as a

consequence of the non-commutativity of operator algebra.



Chapter 2

Basic Assumptions

In this section, we will recall definitions and define our notation as well as recall
results from both [2] and [3]. In particular, we will recall basic operator algebraic
facts, the definition of a positive operator valued measure and the operator valued
integral defined in [3], and the definition of quantum conditional expectation, which
is introduced in [2]. We will also use a non-commutative multiplication based on the

change of measure defined in [2], which will greatly simplify many equations.



2.1 States and Effects

This section will serve to review the preliminary operator algebraic results as well as

define the space in which we will work. For further details see [2] and [3].

Throughout this thesis, we will suppose that X is a locally compact Hausdorff space
with the Borel o-algebra denoted O(X) of subsets of X. We will let F(X) be a
sub-o-algebra of O(X). We will also suppose that H is a d-dimensional Hilbert space
and the space of linear operators on H will be denoted by B(H). It is important
to remember that since H is finite dimensional, all linear operators on H will be
bounded. We will take the set {e1,...,eq} to be an orthonormal basis for H. The

trace functional Tr(-) on B(H) is defined for operators z € B(H) by

d

Tr(z) = Z(zej, e;), (2.1)

=1

where (-,-) denotes the inner product on H. If i,j € {1,...,d}, then e;; € B(H)
denotes the unique operator that sends e; to e; and ey to 0 if k # j. Every z € B(H)
has an adjoint z* € B(H), which is defined to be the unique operator for which
(z&,m) = (£, z*n) for all &, n € H. An operator z € B(H) is said to be selfadjoint if

Z = Z.

We say that an operator a € B(H) is positive and write a > 0 if (an,n) > 0 for every
n € H. Moreover, we take B(H); = {a € B(H)|a > 0} to be the space of all positive
operators acting on H. A well known fact of operator theory is that every positive
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operator a has a unique positive square root, a'/?, so that a'/?a'/? = a. An important

operator-theoretic fact that we shall use often is the following; if a, z € B(H) satisfy

2 2

az = za and if @ > 0, then a'/?z = za'/? as well.

If ay,ay € B(H) are selfadjoint, we write a; > ay if a1 — as € B(H)4. This endows
the real vector space of selfadjoint operators with a partial order (called the Lowner
order). We also write S(#H) for the state space of H, which is the set of all p € B(H)
with Tr(p) = 1. Sometimes a state p € S(H) is called a density operator. If 1 € B(H)

denotes the identity operator, then e = 21 € S(H).

We consider the set B(H) in its o-weak topology. That is, a net {z,}o C B(H)
converges to z € B(H) if and only if the net {Tr(pz,)}a converges to Tr(pz) in C
for every p € S(H). Since H is finite dimensional, the o-weak topology on B(H)
is the same as the norm topology of B(#), where the norm ||z|| of z € B(H) is
given by ||z]| = v/ Amax(2*2) and where Ap..(z*z) denotes the largest (necessarily
non-negative) eigenvalue of z*z. Therefore, the o-algebra O(B(H)) of Borel sets of
B(H) is the smallest o-algebra of subsets of B(H) that contains every set of the form
{z € B(H) : ||z — 20| < e}, for all zp € B(H) and £ > 0. We define a quantum effect
as a positive operator h € B(H), where every eigenvalue X of h satisfies 0 < A < 1,
and let Eff () denote the set of all quantum effects. In fact, if h € Eff(H), then we

also have 0 < h < 1. Note that every state p € S(H) is also a quantum effect.



2.2 Positive Operator Valued Measures and

Quantum Random Variables

We now recall the definition of both a positive operator valued measure and a quantum
random variable. These are the operator valued counterparts to Lebesgue measure
and random variables. In generalizing these classical notions to the quantum setting,
some difficulties must be addressed due to the non-commutativity inherited from

operator algebras.

Definition 2.2.1. A set function v : F(X) — B(#) is called a positive operator

valued measure on (X, F(X)) if

1. v(E) € Eff(H) for every E € F(X),
2. v(X) #0, and

3. for every countable collection {Ej}ren C F(X) with E; N Ey = 0 for j # k we

have

v (U Ek> = v(E)

keN keN

where the convergence on the right side of the previous equality is with respect

to the o-weak topology of B(H).



We will write POVMy (X, F(X)) for the set of all positive operator valued measures
on (X, F(X)) with values in B(#). With the definition of a positive operator valued
measure, we are able to define a positive operator value probability measure, which

in turn will be used in the definition of quantum expectation.

Definition 2.2.2. Suppose v € POVMy (X, F(X)) satisfies v(X) =1 € B(H), then
we say that v is a positive operator valued probability measure on (X, F(X)), and
we write POVMy, (X, F(X)) for the set of all positive operator valued probability
measures on (X, F (X)) with values in B(H). We will sometimes refer to v as a

quantum probability measure.

In the case that F(X) = O(X), we will drop the F(X) from the notation.

Definition 2.2.3. The set of positive operator valued measures on (X,O(X)) is
denoted by

POVMy(X) = POVM, (X, O(X)),
and the set of positive operator valued probability measures on (X, O(X)) is denoted
by

POVM;,(X) = POVM}, (X, O(X)).

If v € POVMy/(X, F(X)), then v induces a finite Borel measure o = 1, on (X, F(X))
given by

u(E) = —42) (2.2)



for E € F(X) where Tr : B(H) — C is the trace functional as in Equation [2.1] Note
that by definition v(F) is a quantum effect so that it is necessarily a positive operator
implying that Tr(v(FE)) is a non-negative real number no greater than d. In particular,
since v(X) # 0, it follows that 0 < p(X) < 1. However, if v € POVMy, (X, F(X)),

then the induced finite Borel measure
1
W= p, =—"Trov

d

is, in fact, a Borel probability measure on (X, F(X)).

Suppose M(X, F(X)) denotes the space of finite Borel measures on (X, F(X)) satis-
fying u(X) € (0, 1], namely those countably additive set functions u : F(X) — [0, 1]

with 0 < p(X) < 1. Then we can identify M (X, F(X)) with the subset
{p-1:pe M(X, F(X))} € POVMy (X, F(X)).
In particular,
{p-1p e M(X,F(X)), p(X) =1} C POVM, (X, F(X))

so that we can consider ordinary probability measures as scalar-valued positive oper-

ator valued probability measures.

That is if v € POVM;,(X), the triple (X, O(X),v) is a quantum probability space

while (X, O(X), ) is a classical probability space.



Definition 2.2.4. A function ¢ : X — B(H) is said to be F(X)-measurable if for

every state p € S(H), the complex-valued function f = f, : X — C given by

= Tr(py(x))

is F(X)-measurable in that f~'(E) € F(X) for every Borel set £ € O(C).

In conjunction with the classical definition, we say that a O(X)-measurable function

is a quantum random variable.

Definition 2.2.5. A function ¢ : X — B(#) is called a quantum random variable if

the complex-valued functions

r s Te(pv(x))

are complex-valued random variables.

We now collect some important results regarding quantum random variables. First,
note that the sum and product of quantum random variables is again a quantum
random variable. This follows since every quantum random variable ¢ : X — B(H)
induces d? complex-valued random variables, and it is a standard exercise in basic
probability to show that sums and products of complex-valued random variables are
themselves random variables. Second, note that if ¢ : X — B(H), is a positive
quantum random variable so that ¥(z) € B(H); for every x € X, then 9'/? is a

positive random variable. This fact is Proposition 3.1 of [3].
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Suppose that ¥ : X — B(H) is a quantum random variable. If 7,5 € {1,...,d}, then

the function % : X — C given by

V9 (x) = (h(x)ej, e;) (2.3)

is a complex-valued random variable. Conversely, if the d? functions

{7 1i,5€{1,...,d}}
given by (2.3 are all complex-valued random variables, then 1 is a quantum random

variable.

In addition, if £ € H with |{] = 1 and pe = £ ® £ so that pen = (n, &) for all n € H,

then Tr(pe) = [€]? = 1 and so

Tr(peyp(x)) = (b(2)€,€)

for all £ € ‘H implying that x — Tr(pet)(z)) is measurable. The polarisation identity
then implies that = — (Y ()&, n) is measurable for all £, n € H. Since the set of

extreme points of B(#H), namely {p¢ : £ € H, |{| = 1}, is convex, it follows that

= Tr(pyp(x))

is measurable for every state p € S(H). Hence, to show that the function ¢ : X —

B(H) is a quantum random variable, it suffices to show that

x = ((x)€,m) (2.4)

is a complex-valued random variable for every &, n € H.

11



Proposition 2.2.6. If ¢, : X — B(H) and vy : X — B(H) are quantum random

variables, then so are ¥ + Yy and P11)s.

Proof. Since the trace functional is additive we can immediately conclude that 1+,
is a quantum random variable. That is, since both z +— Tr(py(z)) and = —
Tr(pyo(z)) are complex-valued random variables for every state p € S(H), we con-

clude that

v = Tr(p(hr () + () = Tr(py (2) + piba(2)) = Tr(pgn (x)) + Tr(pa ()

is a complex-valued random variable for every state p € S(H). In order to show that
119 is a quantum random variable, we will make use of the observation (2.4)). That

is, by writing

M&

<¢1( ) €j7

€k7 ez 1/}2( )ej7 €k>
k:l

so that x — (Y1 (x)12(z)e;, €;) can be expressed as the sum and product of complex-

valued random variables, we conclude that

= (1 (x)2(z)8, )

is a complex-valued random variable for every &, n € H. O

For a proof of the following result, see Proposition 2.1 in [3].

12



Proposition 2.2.7. If ¢ : X — B(H)y is a positive quantum random variable, then

P2 is a positive quantum random variable.

Note that as a consequence of the previous two results, it follows that if ¢ : X —

B(H), and 95 : X — B(H)y are both positive quantum random variables, then

Gy Py and Pyt (2.5)

are both positive quantum random variables.

2.3 The Principal Radon-Nikodym Derivative

In this section, we recall the definition of the principal Radon-Nikodym derivative,

which is introduced in [3]. It will be used in section 2.4 to define quantum expectation.

Suppose that vy, v, € POVMy (X, F(X)). Then we say that 15 is absolutely con-
tinuous with respect to vy, written vy <,e vy, if 15(E) = 0 for every E € F(X)
with v1(F) = 0. For a given positive operator valued measure v, we wish to com-
pare it to its induced measure p = p,. We will do so by identifying p with p-1 €
POVMy (X, F(X)). Then since the trace functional maps non-zero positive operators
to strictly positive real numbers, we see that v <, ¢ and p <, v so that p and v

are mutually absolutely continuous.

13



Definition 2.3.1. Suppose that v € POVMy(X, F(X)) and that © = p, is the
induced finite Borel measure as given in (2.2)). If v;; : F(X) — C is the measure
defined by v;;(E) = (v(E)e;, €;), then v;; <, o so by the classical Radon-Nikodym

theorem, there exists a p-almost everywhere unique function

such that

for all £ € F(X). The function

—: X =B
1 (H)
given by
d—V = d dviy Xe
dp = du “

is called the principal Radon-Nikodym derivative of v.

As is shown in [3],

dv
@.X%B(H)

is F(X)-measurable and hence a quantum random variable. Moreover, it is also

shown that

dv
@(l’ )
is a positive operator for py-almost all x € X so that for such z it is possible to consider
dv 1/2
(o)

14



Therefore, we can define a positive quantum random variable

A\ /2
(ﬁ) X = B(H),

by setting it equal to

()

dv
@(iﬂ')

at those x € X for which

is a positive operator and equal to 0 otherwise. That is, if v : X — B(H), is a

positive quantum random variable, then

dp\ /2 dp\ /2
)8

as mentioned in . Finally, it is worth noting that the principal Radon-Nikodym
derivative of v does depend on the choice of orthonormal basis {ei,...,e,} of H.
However, if {€],...,e),} is another orthonormal basis of H, then the principal Radon-
Nikodym derivative of v in this new basis is just the principal Radon-Nikodym deriva-
tive of 6 o v in the original basis where 6 is the automorphism induced by the unitary

operator that changes the new basis to the original basis.

15



2.4 Quantum Expectation

In this section we recall the definition of a new type of operator valued integral first
introduced in [3], which integrates quantum random variables with respect to positive

operator valued measures.

Definition 2.4.1. Suppose that v € POVMy(X) is a positive operator valued mea-
sure and that
dv

is the principal Radon-Nikodym derivative of v. If ¢ : X — B(H) is a quantum

random variable, then 1 is said to be v-integrable if for every state p € S(H) the

complex-valued function ¢, : X — C given by
dv 1/2 dv 1/2
%m:ﬂ@ﬁﬁﬂ v(o) () (2.7
is p-integrable.

Definition 2.4.2. Suppose v € POVMy(X). If ¢ : X — B(H) is a v-integrable
quantum random variable, then the integral of ¢ with respect to v is the unique

operator I(¢;v) : H — H such that

T (p1(wiv)) = [ vpc
X
for every state p € S(H) where 1, is given by (2.7). We then write the integral of 1

with respect to v as

1) = [ wan
16



Ifv e POVM%_[(X ) is a positive operator valued probability measure, then the induced

measure . = 4, is a Borel probability measure, and so it is appropriate to write

Bl = [ vpd

Therefore, we will write E, [¢)] = I(;v) for the unique operator acting on H having

the property that
Tr (pE, [¥]) = K, [1,]

for every state p € S(H) and say that E, [¢] is the quantum expectation (or quantum
expected value) of the v-integrable quantum random variable ¢ with respect to the

positive operator valued probability measure v. Note that we will sometimes write

EVM:/XW

for the quantum expectation. We will also need to consider integrating over sets other

than just X itself. Therefore, if £ € O(X), let

/EwduzwaxEdquu [xs)

where yg denotes the characteristic (or indicator) function of the measurement out-

come E € O(X).

We will now list several important properties of quantum expectation whose proofs

can be found in either [2] or [3].

17



Proposition 2.4.3. Let v € POVM;,(X). The quantum expectation of an effect-

valued v-integrable quantum random variable is an effect.

Corollary 2.4.4. Quantum expectation is monotonic in the sense that if v is a pos-
itive operator valued probability measure and v :— B(H)y is a positive v-integrable

quantum random variable, then E, [¢] is a positive operator.

Proposition 2.4.5. Quantum expectation is a linear operator in the sense that if
v € POVM;,(X), ¥y : X — B(H) and 1y : X — B(H) are v-integrable quantum

random variables, and o1, 02 € B(H) commute with the range of g—/’:, then

E, (01901 + 0212] = 01E, [¥1] + 02, [10o] .

Proposition 2.4.6. Quantum expectation is additive in the sense that if v is a posi-
tive operator valued probability measure and 1p : X — B(H) is a v-integrable quantum

random variable, and E, F € O(X) with ENF = (), then

/EUFMV:/EMH/FMV.

The following result indicates the structure of finitely supported v € POVM;,(X)
and their Radon-Nikodym derivatives. This result will be used to calculate counter

examples, which are proved using a finite dimensional sample space.

18



Proposition 2.4.7. Suppose that X is a finite set, say X = {x1,...,x,}, and let
O(X) = 2% be the power set of X. Suppose further that hy,..., h, € B(H), are
non-zero and satisfy hy + -+ h, = 1. If ¢ : X — B(H) is any function and if

v € POVM},(X) is defined by

for any E € O(X), then 1 is v-integrable and

mM—iWMmW?
j=1

As we have shown, quantum expectation possesses many properties of classical ex-
pectation, namely quantum expectation is monotone, additive, and linear. Moreover,
when the underlying space X is finite, the quantum expectation is given by a sum
which is analogous to the situation classically for the expected value of a discrete ran-
dom variable. Furthermore, if ¢ is a quantum random variable and if ¥* is defined

by ¥*(x) = ¢ (x)*, x € X, then it is easily verified that

E, [v"] = E, [¢]". (2.8)

19



2.5 Quantum Conditional Expectation

In this section we recall the notion of quantum conditional expectation first studied in
[2] and collect important results relating to this notion. As in the classical setting, the
existence of quantum conditional expectation is proved using a quantum version of
the Radon-Nikodym derivative, namely the non-principal Radon-Nikodym derivative

introduced in [2].
First, we begin with the definition and existence of quantum conditional expectation
as proved in [2].

Theorem 2.5.1. Suppose that v € POVM;,(X) and that v : X — B(H)y is a v-
integrable quantum random variable with E, [¢] # 0. If F(X) is a sub-c-algebra of

O(X), then there ezists a function ¢ : X — B(H) such that

1. ¢ is F(X)-measurable,
2. ¢ 1is v-integrable, and

3. E, [YxEe] = E, [pxE| for every E € F(X).

Moreover, if ¢ is any other v-integrable F(X)-measurable function satisfying

E, [Yxe] = E, [PXxE]

for every E € F(X), thenv({x € X : p(z) # ¢(x)}) = 0.

20



Definition 2.5.2. Suppose that v € POVMy,(X) and that ¢ : X — B(H), is a
quantum random variable with E, [¢)] # 0. Suppose further that F(X) is a sub-o-
algebra of O(X). A quantum random variable ¢ : X — B(H) satisfying the three

properties of Theorem [2.5.1]is called a version of quantum conditional expectation of

¥ given F(X) relative to v and is denoted by ¢ = E,, [¢|F(X)].

A consequence of Theorem is that any two versions ¢ and ¢ of E, [¢)|F(X)]
satisfy v({x € X : p(x) # ¢(x)}) = 0. Thus, instead of saying “p = E, [¢|F(X)] v-
almost surely” we will identify different versions and say that E, [¢|F(X)] is the quan-
tum conditional expectation of ¢ given F(X) relative to v. Hence, ¢ = E, [¢|F(X)]
is an F(X)-measurable quantum random variable ¢ : X — B(H) with the property

that

E, [Yxe] = E, [oxE]

for every E € F(X).

The following propositions are found in [2]. However, we include the proofs for com-
pleteness because they illustrate how to work with the quantum conditional expecta-

tion.
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Proposition 2.5.3. If v € POVM;,(X) and ¢ : X — B(H), is a v-integrable

quantum random variable with E, [¢] # 0, then

E, [¢] = E, [E, [ F(X)]].

Proof. The quantum conditional expectation ¢ = E, [¢)|F(X)] satisfies

/Ede:/Egody

for every E € F(X). Since X € F(X), we conclude

E, [0] = /X by = /X odu = /X E, [$|F(X)] dv = E, [E, [)|F(X)]

as required. O

Proposition 2.5.4. If v € POVM;,(X) and ¢ : X — B(H), is a v-integrable

F(X)-measurable quantum random variable with B, [¢] # 0, then E, [|F(X)] = .

Proof. Suppose that ¢ = E, [¢|F(X)]. Since ¢ : X — B(H), is assumed to be F(X)-
measurable and v-integrable, and since it is a tautology that E, [¢)xg] = E, [¢xg]| for
every £ € F(X), we conclude from Theorem that v({z € X : p(z) # Y(x)}) =

0. Hence, E, [¢|F(X)] = ¢ (v-almost surely) as required. O

Proposition 2.5.5. Let v € POVMY,(X) and let ¢y : X — B(H); and ¢y : X —
B(H). be v-integrable F(X)-measurable quantum random variables with E, [¢1] # 0

and E, [1o] # 0. If 01, 00 € B(H) commute with the range of g—;, then

E, [0191 4 0212 F(X)] = 01Ey [t F(X)] + 02K, [¢02| F(X)].

22



Proof. Suppose that p; = E, [¢1|F(X)] and ¢y = E,, [1)2|F(X)] so that

/gpldu:/wldy and /(pgdyz/wgdu
E E E E

for every E € F(X). Suppose further that ¢ = E, [p191 + 0212| F(X)] so that

/SOdV = /(91% + 02¢2) dv
E E

for every £ € F(X). Since quantum expectation is a linear operator (see Proposition

2.4.5)), we conclude that
/(011/)1 + 021p0) dv = / (0191 + 02U2)xpdv = 91/ ixpdr + Qz/ Yox g dv
FE X X X

= 91/ ¢1dV+Q2/ Yo dv
E E
for every £ € F(X) which implies that

/‘PdV:Ql/%dVJrQQ/SDQdV
E E E

for every £ € F(X) and so E, [0191 + 0212| F(X)] = 01 E, [11 | F(X)]+02E,, [1h2] F(X)]

(v-almost surely) as required. O

2.6 A Non-Commutative Multiplication

This section reviews a non-commutative multiplication introduced in [2] and the non-
principal Radon-Nikodym derivative introduced in [3], which is a generalization of the
principal Radon-Nikodym derivative. It allows one to relate two absolutely continuous
positive operator valued probability measures.
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The following theorem proving existence of the non-principal Radon-Nikodym deriva-

tive is from [3].

Theorem 2.6.1. If vy, v, € POVMy/(X, F(X)) then the following are equivalent

1. vy KLac V1

2. There exists ¢ : (X, F(X)) = B(H), a bounded v,-integrable F (X )-measurable

v1-almost everywhere unique function, such that for every E € F(X)

vo(E) = /Egpdz/l.

If the above conditions hold, and if j; = p,, is the induced measure of v;, then

po Lac 1 and

_ (%) (%)‘” ’ (%)‘” ’ (%)‘” ’
7 dypeq dp dpz dpug '

In accordance with the classical Radon-Nikodym derivative, denote the non-principal

Radon-Nidodym derivative by
dV2

:d_yl.

@ (2.9)

It should be noted that the non-principal Radon-Nikodym derivative is a positive

operator valued random variable, which is apparent from Equation [2.9|

In order to introduce the non-commutative multiplication, one first needs to recall
the geometric mean of two positive operators. See [16] for details.
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Definition 2.6.2. Suppose a,b € B(H), are both invertible, then the geometric

mean of a and b is

atb = al/2 (a—1/2ba—1/2)1/2 a2

If a,b € B(H); are not invertible, then

a#b= lim (a +cl)#(b+¢€l)

e—0t

where convergence is with respect to the strong operator topology

With the definition of the geometric mean, one is able to define the non-commutative

multiplication.

Definition 2.6.3. Suppose that vy, 1, € POVM%{(X) with vy <, 1. For j = 1,2,
let p; = 1,,; denote the induced measure of v;. Then given a quantum random variable

Y X — B(H), define
dl/g dV1 ) -1 dV2 (dyl ) 1/2 (dyl ) 1/2 (dl/1 ) -1 dl/g
N—= (7 — | |5 — — — . (2.10
v diy ((dﬂl #dV1> dpu v dp dpiy #dvl (2.10)

If 1y is taken to be py in the previous definition, the formula (2.10]) simplifies.

Theorem 2.6.4. If ¢ : X — B(H) is a quantum random variable and v is a positive

operator valued probability measure, then
dv dv\ /2 dv\ /2
VR —=(—] ¢{—] .
du du du
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Proof. Suppose ¢ : X — B(H) is a quantum random variable and v, € POVM%{(X )
with its associated Borel measure p; = p,,. Then viewing p as a positive operator
valued measure, denoted 15 = pq -1, it follows that v; <, 5. Notice that the induced
measure of v, is the real valued set function ps = p,, : O(X) — R such that

Tr(1)

Te((E) _ Tr(u(E) - 1) -
d

d

pi2(E) 1 (E)

so that o = 1. Then the non-principal Radon-Nikodym derivative of 1y with respect

to vy is,
duvy (d,ul) _(dVQ)l/Q (dyl) (du2>1/2_
dvy dpto I d o dpy d o |
(d,ug) _(dy2>1/2 (dyl) (dy2>1/2_
d o d o dpy dyso

dV2

dVl

dV2

=)

dyiz ) \dus

Then to see that

2 _1
dpeo
notice that
d
dpe A= du

where vy, is the set function vy, : O(X) — C such that vy, (E) = (v2(E)e;, €;). That
is

vo, (E) = (va(E)ej, i) = (p2(E) - Lej, ) = pa(E)(lej, ;) = pa(E)d;
where d;; is the Kronecker delta function. Then

dl/21.].

u € L'(X,0(X), )
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is the unique function such that

dv;;
(B) = < d
i, (B) = [ T

Then if ¢ = j, it follows that vy, (F) = u(E) so that

dl/i‘
u(E) = / —du,

e du

which implies that
dvy;
dp

=1.

In the case that i # j, it follows that v, (E) = 0 so that

dv:
- [ g,
g dp

for all £ € O(X), which implies that

dv;;
i _y,
dp
Then
d d
dl/g dVQ..
dpa 1321 du ! ”21 ! !

where I is the d x d identity matrix, and so

dvs )
dpeo
Then it follows that
dl/1 - dl/1
dl/2 N d/,Ll ’
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Now,

(dyz)_l#dyl B (dy2>_1/2 (dy2>1/2 di <dy2>1/2 (dVQ)-l/Q
dIUQ dl/g d,ug d/lg dVQ d/,LQ d,ug
_dn

dVQ
dVl

dp
Then it follows that

pr 3 _ (%)1#% (%)“@ <%)/ (%)1#%
dvy dpz dvy | \ dpg dpz dpz dvy
dvg \ M2 vy \ /2
() (&)
A\ 2 v\ V2
() ()
Recall that 14 is the positive operator valued measure such that v, = p; - 1. That is

1/2 1/2
¢g%:¢g diy :(dyl) ¢(ﬂ> ‘
dV2 d(,LLl . 1) d,u1 d,ul

In order to simplify notation, p; will be assumed to be either a positive operator

valued measure, or an induced measure as needed so that

5 dny — K din _ (dV1)1/2¢ (ﬂ)m
du d(p - 1) dpn dpn 7

as required. N
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Chapter 3

Quantum Random Variables

The purpose of this chapter is to establish the first of our primary results of the
thesis. Included are limiting results for quantum random variables and a discussion
about quantum random variables with mean zero. The section on limiting results will
detail quantum analogues of classical results such as the the continuity of quantum
expectation, which is the quantum analogue of Lebesgue’s dominated convergence
theorem. The results in this section will prove vital in Chapter [ The section on
quantum random variables with mean zero provides a partial classification of mean
zero quantum random variables. This classification is used in Chapter [4] Again we
stress that although the quantum statements mimic their classical counterparts, the

techniques of proof are decidedly non-classical.
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3.1 Continuity of Quantum Expectation

In this section we will establish limiting results for sequences of quantum random
variables, namely a result concerning the continuity of quantum expectation of a
quantum random variable in Theorem [3.1.4] Tt is the natural quantum analogue of

the classical dominated convergence theorem and we will use it in the Chapter [

Definition 3.1.1. Suppose {¢,}>°, is a sequence of quantum random variables.
We say the sequence {1, }°° | converges ultraweakly p-almost surely to the quantum
random variable ¢ if Tr(p,(z)) — Tr(py(z)) for all p € S(H) and p-almost all

z e X.

Lemma 3.1.2. Suppose ¢, : X — B(H) is a sequence of quantum random variables.
If ¥, — Y ultraweakly p-almost surely, then ¢ : X — B(H) is a quantum random

variable.

Proof. Since 1, — 1 ultraweakly p-almost surely, it follows that Tr(py,(z)) —
Tr(py(x)) for all p € S(H) and p-almost all z € X. But since each Tr(py,(z)) is a
complex valued random variable, the limit of the sequence {Tr(pt,,(2))}nen converges
to a complex valued random variable, namely Tr(pt(x)) for each = € X, and therefore

1) is a quantum random variable. O
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Lemma 3.1.3. Suppose a sequence of quantum random variables {1, }°2, converges

d
ultraweakly p-almost surely to 1. Then 1, X &

q converges ultraweakly p-almost surely
1

top X —.
oY i

Proof. Notice that for any p € S(H),
ﬂ<pC%@0ui%u>C%uQUj:¥n<C%mQUZ%§5@)W¢A@>.
Then define
o ] () )

and notice that p, € S(H). But by assumption v, converges ultraweakly p-almost

surely to . Therefore,

gﬁﬂQ{wx%)m):ggnQ%@Qﬂ@wwn

as required. O

Now we prove the quantum analogue of Lebesgue’s dominated convergence theorem,
namely the continuity of quantum expectation. This is an important result that will

be used extensively throughout the rest of the thesis.
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Theorem 3.1.4 (Continuity of Quantum Expectation). Let ¢, be a sequence of v-
integrable quantum random wvariables. If 1, converges ultraweakly p-almost surely
to ¥, and if there exists a p-integrable random variables Z, : X — C such that

)@D,(,n) < Z, almost surely for all p € S(H), then 1 is v-integrable and E, [1,,]| — E,, [¢]

Proof. By the previous lemma,

dy—mb&%

n&_
v du dp

ultraweakly p-almost surely. Now define the sequence of complex valued random

variables {¢}™ } ey such that

" d
<5,>=Tr<p(wm£)>.

Notice that

where the second equality follows from the continuity of the trace operator, and the
last equality follows from Lemma so that (,(,n) converges pointwise p-almost ev-

erywhere to ¢,. Then notice that the sequence {C,S")} is bounded by a p-integrable

32



random variable Z, : X — C by assumption. Thus by Lebesgue’s dominated conver-

et

is a p-integrable random variable and for every p € S(H)

[olent)o o)

Therefore 1 is a v-integrable function and Tr(pE,[¢,]) — Tr(pE,[¢]) which implies

gence theorem,

that E,[¢,] — E,[¢] ultraweakly. O

As a first application of the continuity of quantum expectation we prove that, under
certain conditions, quantum expectation is linear over infinite sums. In fact, this

could even be considered as a special case of a quantum Fubini-type theorem.

Theorem 3.1.5. Suppose that i,, n € N is a sequence of v-integrable quantum

random variables. Suppose further that
o0 N
Y tu=lim D,
n=1 n=1
exists where convergence is with respect to the o-weak topology of B(H). Then
> tn
n=1
1s a v-integrable quantum random variable with

E,
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N
Proof. Let pn = Z@bn so that on — ¢ ultraweakly p-almost surely where ¢ =

n=1

Z ¥,. By Lemma |3.1.2] it follows that ¢ is a quantum random variable. Then by
n=1

Theorem [3.1.4] ¢ is v-integrable and

lim E, [pn] = E, [¢]. (3.1)
N—o0
However,

El/ [SON] = El/

]EV [wn]

WE

1

<.
Il

which follows from finite additivity of quantum expectation, which is proved in [2].

Thus, by Equation (3.1]),

00 N
Z E, [wn] = J\ll_I)noo Z E, Wn]
n=1 n=1
- Jm B,
> wn]
n=1

as desired. O

=E,

The following example makes use of the results above.
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Example 3.1.6. If ¢ is an effect valued quantum random variable such that ¥ (x) # 0

and 1(x) # 1 for all z € X, then
ZE (W1 — 1+ ) ""y] = 1.
In order to show this, we will use Theorem to establish that
ZE L+ 971"y
and

E,

n=1

¥ (Z[l -1 +w2>11“> w]
are equal. We will first show that the series

[e.9]

Y= +y )

n=1

is well defined.

First, consider the matrix A with o(A) € (0,1). Then

§§A”:(L—AYP—L
n=1

Now, with A =1 — (1 +~2)~!, we have that

(e o]

DN+ =1+~ 1=

n=1
Since the series is well defined, Theorem [3.1.5| says that

=K, |¢ <i[l -1 +w2)1]") w]

n=1

}:E Y1 — (14472 1]

=E, [Yyv Y]

I
—

as required.
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3.2 Quantum Random Variables with Quantum

Expectation Zero

The operator valued nature of quantum expectation allows for a greater class of
functions to integrate to zero than one would expect from a classical viewpoint. In
particular, any function who’s range is orthogonal to the principal Radon-Nikodym
derivative will have quantum expectation zero. We will show that if ¢ is a quantum

random variable, then

for p-almost all x € X implies that E, [¢)] = 0. Functions that satisfy these equalities
will be used to interpret results in Chapter [4l In this section, the set of all positive
operator valued quantum random variables of mean zero will be completely charac-
terized while the set of all mean zero quantum random variables will be partially

characterized.

We will begin by providing a rigorous argument that relates a mean zero quantum

random variable, 1, to the statement

for p-almost all x € X.
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Proposition 3.2.1. Suppose ¥ is a quantum random variable such that

for p-almost all x € X. Then E, [¢] = 0.

Proof. Assuming the hypotheses, it follows that 1,(z) = 0 for p-almost all z € X.

Then E, [¢] is the unique operator such that

T, ) = [ vy =0

for all p € S(H). Therefore, since the equality holds for all states p € S(H), it follows

that E, [¢/] = 0. O

Now we establish results that relate the range and kernel of an operator to its square

root. These results allow for a more natural formulation of theorems.

Lemma 3.2.2. If 2 € B(H),, then ker(z) = ker(z'/?) and Ran(z) = Ran(z'/?).

Proof. If n € ker(z'/?), then z'/?p = 0. This implies that zn = 2'/22'/2p = 0 so that

n € ker(z).

Conversely, suppose that 1 € ker(z). This implies that znp = 0 so that

/2, 1/2

0=(zn,m) = (z""n,2""n).

Therefore 2!/ = 0 so n € ker(z'/?). Then it follows from the orthogonal decomposi-
tion H = ker(2*) @ Ran(z) that since z € B(H), z = z* and Ran(z) = Ran(z'/?). O
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A useful application of the previous lemma is that

R (22101 ) = R ((g_:@))“) |

The result is realized since

d 1/2

Theorem 3.2.3. If ¢ : X — B(H) is a quantum random variable, then

@/J*j—: =0 if and only if Ran(¢(x)) L Ran (j—:(x))

for p-almost all z € X.

Proof. Note that
if and only if

if and only if

<§,@Z)(x)*j—:(x)n> forall &, n e H

if and only if

as required.
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Corollary 3.2.4. If ¢ : X — B(H)+ is a quantum random variable, then

wg—: =0 if and only if Ran(¢(x)) L Ran (j—;(:p))

for all p-almost all x € X.

Proof. Since ¢(x) € B(H), for all z € X it follows that ¢ (z) = ¢ (x)* implying that

dv Ldv
b =Y
I dp
The result is then immediate from the previous theorem. O

We are now able to prove that if the range of a quantum random variable is u-almost

everywhere orthogonal to the range of the principal Radon-Nikodym derivative then

Theorem 3.2.5. If ¢ : X — B(H) is a v-integrable quantum random variable with

Ran(¢(z)) L Ran (j—:(x))

for p-almost all x € X, then

for p-almost all z € X.
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Proof. Notice that if

then by Lemma |3.2.2]

and by Theorem |3.2.3

dl/ 1/2
*_ — 0
dp
SO
dV 1/2
a
Then, multiplying on the left by
dv'/?
du
gives
dv
YR — =0
dp
as desired. O

With positive quantum random variables, one is able to provide a more complete

classification as the following theorems illustrate.

Theorem 3.2.6. If 1) : X — B(H). is a v-integrable quantum random variable, then

E, [¢] =0 if and only if

for p-almost all v € X.
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Proof. Suppose that E, [¢)] = 0. Then

dv 1/2 dv 1/2
T — — dp = Tr(pE, = .
[ m (,, (L) v (fw) ) p=T(E, W) =0 (32
for every p € S(H). Since ¥(z) € B(H)., it follows that
d 1/2 d 1/2
(L) v (@) =0
for every x € X, which combined with equation [3.2] implies that
q 1/2 q 1/2
I (,, (Tw) v (L) ) -0 33)
for every x € X and p € S(H). However,
q 1/2 d 1/2 q 1/2 d 1/2
(T@) v () =(fw) v (f@) ==
where z = z(x) given by
1/2
(o) = vl (L)

Now suppose that p = I/d, then Equation (3.3) implies that Tr(z*z) = 0, from which

it follows that z = 0. That is

for every x € X. Then
dv 1/2 dv 1/2
p(Tw) v (Tw) =0
for every x € X and p € S(H). Therefore,

om0 - [ (p (j—:<x>)l/2w<x> (j—:m)l/z) ap =

for every p € S(H) so that E, [¢p] = 0. O
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Corollary 3.2.7. If ¢ : X — B(H), is a v-integrable quantum random wvariable,

then
if and only if

for p-almost all x € X.

Proof. First suppose that

dv

X — =0.
(& M

Then by Proposition it follows that E, [¢/] = 0 and then by Theorem [3.2.6|

oo () Ry

Now suppose that

s (L) =0

for p-almost all x € X. Then multiplying on the left by

(%:))m Y(@) 2 = 0
gives

()" vt (L) = (002) )0

for p-almost all z € X so that

as desired. O
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Theorem 3.2.8. Ifv : X — B(H). is a v-integrable quantum random variable, then

dv
w@@:) =0
if and only if E, [¢b] = 0.
Proof. Suppose that
dv

Then by Corollary [3.2.4] it follows that
Ran(¢(z)) L Ran (—(az)) :
Now Theorem implies that E, [¢] = 0.
Similarly, suppose that E, [¢)] = 0. Then by Theorem [3.2.6]
() (j—:) "o

d 1/2
for every € X. Hence multiplying by 1 (z)"/? on the left and (d—y(x)) on the
1

right implies

A similar equivalence holds for

which follows the same reasoning.
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Finally, for general random variables, one is able to partially classify when they have

mean ZzZero.

Theorem 3.2.9. If ¢ : X — B(H) is a v-integrable quantum random variable with

dv
i 0
(8 dM
then E, [¢] = 0.
Proof. 1f
dv
— =0
dp

then Theorem implies

d
Ran(¢(z)) L Ran (—V(x)) :
Now Theorem implies that E, [¢] = 0. O

Corollary 3.2.10. Ifv¢ : X — B(H) is a v-integrable quantum random variable with

dv
— =0
v =0,
then E, [¢] = 0.
Proof. From Theorem |3.2.9] if
dv
¢@ =0

then E, [¢*] = 0 so that
E, [Y] =E, [y”] =E, [ =0" =0,

which follows from Equation ([2.8)). O
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Similarly
implies

and so
. dv\ . (dv 2" SARGE Az 12" dv
0:0:[(@) atn ]:[(@) W [(@) ]:m@,

It is important to note that for a given quantum random variable ¢, E, [)] = 0 does

not necessarily imply that

This notion is verified in the following example.

Example 3.2.11. Suppose X = {1, x2}. Then it is sufficient to describe the action

of v and 1 on x; and x5. Define

1/2 0 1/2 0
v(ry) = and v(zy) =
0 1/2 0 1/2
and
-1 0 10
Y(xq) = and  ¢(xq) =
0 -1 01
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Then since X is finite, the principal Radon-Nikodym Derivative is

%(IJ) -9 y({mj})
dp Tr(v({z;}))
so that
dv 1/2 0 10
@( 1) =2 =
0 1/2 01
and
dv 1/2 0 10
d—(l’2)—2 =
1
0 1/2 01
Then
d 2 10 d 2 |10
(d—y(x1)> = and (d—y(x2)> =
H 01 a 0 1
and
1 0] |—-1 O 1 0
E, [¥] =
01 0 -—-1]1(0 1
1 0] (1 O] |1 O
+
0 1110 1] (0 1
-1 0 10
= -
0 -1 01
=0.
But,
dv -1 0 10 -1 0
w(l‘l)@(%l): =



In summary, we will collect our results for both positive valued quantum random

variables and general quantum random variables in the following theorems.

Theorem 3.2.12. Let ¢ : X — B(H), be a positive v-integrable quantum random

variable then the following statements are equivalent

dv

1. w*(x)@(x) =0 for p-almost all x € X

2. Ran(¢(z)) L Ran (j—:(x)) for p-almost all x € X

d
3. (1/1 X d—y> (x) =0 for p-almost all x € X
w

1/2
4. V% (x) (j—:) (x) =0 for p-almost all v € X
5. E,[v] =0
dv
6. ¢(I)d—(I) =0 for p-almost all x € X
I

Proof. Let us first consider the following diagram that describes the relationships

between the statements as described by earlier results.

l &= 2 = 3 = 5

0 0

4 6 <«— 2
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The related theorems for the above implications are collected in the following table.

Implication 1l <= 2 2 = 3 3 <= 141 3 = 5

Theorem | Theorem |3.2.3] Theorem |3.2.5 Corollary [3.2.7] Proposition |3.2.1

Hh <— 6 2 <— 6

Implication

Theorem | Theorem |3.2.8 Corollary (3.2.4

]

Theorem 3.2.13. Let ¢ : X — B(H) be a v-integrable quantum random variable
then consider the following statements.

dv

Ly @) g,

(x) =0 for p-almost all v € X
dv
2. Ran(¢(z)) L Ran <d—(:c)) for p-almost all x € X
i
dv
3. (w X @) (x) =0 for p-almost all v € X

4. Ey[y] =0

dv

G

(x) =0 for p-almost all x € X

Then the following diagram describes the relationships between the statements as de-

scribed in earlier results.

] <& 2 — 3 — 4 < 5
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Moreover, the converses of 2 implies 3, 3 implies 4, and 5 implies 4 do not hold in

general.

Proof. Let us first consider the following diagram that describes the relationships

between the statements as described by earlier results.

] <— 2 — 3 — 4 < 5

The related theorems for the above implications are collected in the following table.

Claim 1 <— 2 2 =— 3 3 — 4 4<«<=5

Theorem | Theorem |3.2.3] Theorem [3.2.5 Proposition |3.2.1] Corollary |3.2.10

Towards showing that 3 does not imply 2, suppose 1 is a quantum random variable

and notice that if

then by Lemma [3.2.2]

and by Theorem [3.2.3

which holds if and only if
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Towards this end, suppose X = {z1, 25} and define

1 0 00
v({z}) = and  v({zo}) =
00 01
as well as
00 0 1
(1) = and ¢ (x9) =
10 0 0
Then notice that
dy 20 dy 0 0
@(Il) = and @(l’g) =
00 0 2

and so

and

as desired.

To show that 4 does not imply 3, suppose that X = {x1, 22} and v({z1}) = v({z2}) =
1/2I5, where I, is the 2 x 2 identity matrix. Then suppose that ¢(x;) = I and

(x9) = —I. Hence



so that
Then
so that

for x € X. On the other hand,
]El/[w] :IQ—[QZO

but

gm%;éo.
dp

The fact that 4 does not imply 5 is Example 3.2.11
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Chapter 4

A Quantum Martingale

Convergence Theorem

Our goal in this chapter is to prove the main result of this thesis, namely an oper-
ator valued version of the martingale convergence theorem for a particular class of
operator valued martingales that we will define shortly. First, we will recall some of
the well known classical results and discuss an important example. Second, we will
then discuss some important features of quantum conditional expectation that will
allow us to define a quantum martingale. Finally, we will prove that an analogue of
the martingale convergence theorem holds for a specific quantum martingale. This

martingale is of particular interest since it exhibits non-classical behaviour.
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4.1 Classical Results

In this section, we will recall the classical definition of a martingale and we will state
the martingale convergence theorem. We will also state an example, which will be

investigated further in the section on quantum martingales. For further details, see

9.

First, let us recall the classical definition of a discrete time martingale.

Definition 4.1.1. Let (2, F, P) be a probability space. A stochastic process {M;};en

is called a martingale with respect to the filtration {F;};en if

1. M; is Fj-measurable for all j € N,
2. E|M;| < oo for all j € N, i.e. M; € L1(Q,F,P), and

3. M, = E[Mj| ).

We also know that under certain hypotheses a martingale {M;},en converges to a
random variable M. The following convergence theorem is not the most general

classical result, but it is sufficient for our purposes.
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Theorem 4.1.2 (Classical Martingale Convergence Theorem). Let (2, F, P) be a
probability space and suppose the stochastic process {M;};en is a martingale with
respect to the filtration {F;}jen. Suppose further that E|M;| < R for alln € N
with R € RT. Then there exists a random variable My, such that E|My| < oo and

{M;},en converges to My, almost surely.

The following special case of the martingale convergence theorem is of particular

interest since the quantum analogues will be investigated.

Example 4.1.3. Suppose (€, F, P) is a probability space with filtration {F;};en.
Suppose further that X € £1(Q, F, P). Then the sequence {M,},cy defined by M; =
E[X|F;] is a martingale. The first condition for a martingale is satisfied trivially since

M; is, by definition of conditional expectation, Fj-measureable.

In order to verify the second condition, notice that conditional expectation is defined

so that

/EIE[X\]-"j]dP:/EXdP

for all £ € F;. In particular, since 2 € F; and X € £1(Q, F, P), we have

/deP:/]E[X|]-'j]dP:/XdP<oo.
Q Q Q
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The third condition follows from the tower property, which is a well known result in

classical probability. More precisely,

E[M; 1| 5] = E[ELX|F]|F)] = E[X|F)] = M,.

J

In Theorem we will establish a quantum version of the tower property.

Corollary 4.1.4. Let (2, F, P) be a probability space and suppose {F;};en is a filtra-
tion and X is a random variable such that E|X| < co. Then M; = E[X|F;] converges

to Mo, = E[X|F] where Foo =0 (U .7-}) If either
j=1

1. X 1s Foo-measurable, or

2 Fo=F

then My, = X.

4.2 Quantum Conditional Expectation

This section collects new results that ensure the sensible definition of a quantum

martingale is well defined.

The following proposition ensures that one is able to repeatedly apply quantum con-
ditional expectation to a fixed quantum random variable. The subsequent proposition

follows quickly from the results of [2].

95



Proposition 4.2.1. Suppose that ¥ : X — B(H)+ is a v-integrable quantum random
variable and let F(X) be a sub o-algebra of O(X). Define ¢ = E, [¢|F(X)]. Then
¢ is a v-integrable quantum random variable, B, [p] # 0, and ¢ : X — B(H), for

V'-almost all x € X where V' = v|z(x) is the restriction of v to F(X).

Proof. The fact that ¢ is a quantum random variable follows immediately from the

definition of quantum conditional expectation. In order to see that E, [¢] # 0, notice

E, [¢] = E, [Ey [ F(X)]] = Ey [¢1] # 0

In order to see that ¢ : X — B(H)4 for v-almost all € X, notice that ¢ is a

non-principal Radon-Nikodym derivative in that

dp

T

where v/ = v|z(x), and
D(E)z/@bdﬂ (4.1)
E
for all £ € F(X). The result is realized since the non-principal Radon-Nikodym

derivative is v/-almost everywhere positive as seen in Theorem H

Since we wish to take the quantum conditional expectation of a random variable that
is itself a quantum conditional expectation, say ¢ = E, [¢|F(X)], we require that
¢ : X — B(H);. The previous proposition only ensures that ¢ : X — B(H), for

V'-almost all © € X. Since ' = v|r(x) is the restriction of v onto F(X), it follows
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that ¢ : X — B(H); for v-almost all x € X since all v/-measure zero sets have

v-measure zero. Then it is sensible to make the association

dv dv

— (z), —(z) € B(H)

o(z) = dv dv +
0, otherwise

so that ¢ : X — B(H), for all x € X where 7 is as in Equation (4.1). We now
prove the tower property for quantum conditional expectation. Note that this was

not considered in [2].

Theorem 4.2.2. Suppose that ¢ : X — B(H)+ is a v-integrable quantum random
variable with E, [] # 0 and G(X) and F(X) are sub o-algebras of O(X) such that

F(X) C G(X). Then

E, [E, [ F(X)NG(X)] = E, [0 F(X)] = E, [E, [$|G(X)]|F(X)].

Proof. Define p; = E, [¢|F(X)] and ¢, = E, [¢|G(X)]. It will be shown that

E, [or|G(X)] = @5 = By | F(X)].

The first equality follows since F(X) C G(X) and that ¢ is a G(X) measurable

quantum random variable. Hence
E, [ps|G(X)] = ¢5.
Now notice that for any F' € F(X) and for any G € G that

EV [prXF] = ]E’l/ [wXF] and ]E’l/ [QOQXG] = EI/ [wXG] .
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But F' € G(X) since F(X) C G(X). Therefore it follows that

E, [pgxr] = E, [¥xF],

which implies that

E, [osxr] = Ey [pgXF]

for any F' € F(X) and therefore ¢, = ¢y. O

4.3 A Quantum Martingale Convergence

Theorem

In this section, we investigate the main results of this thesis. We give a definition of
a quantum martingale and state an important example. We then prove an analogue
of the classical Martingale Convergence Theorem holds for this specific martingale.
Though the result resembles the classical theorem it is decidedly quantum, which
provides an important relationship that is discussed in Section[3.2] A quantum version

of the conditional dominated convergence theorem is also proved.
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Definition 4.3.1. Let (X, O(X),v) be a quantum probability space. A sequence of

quantum random variables {¢;, }nen is called a quantum martingale with respect to

the filtration {F,(X)}nen if

1. ¢p is Fn(X)-measurable for all n € N,

2. ¢, is v-integrable for all n € N, and

3. E, [pns1|Fn(X)] = ¢, for all n € N.

Theorem 4.3.2. If ¢ : X — B(H), is a v-integrable quantum random variable and
E, [¢] # 0, then the sequence of F,(X) measurable v-integrable quantum random

variables {¢y fnen with @, = E, [¢|F,.(X)] is a quantum martingale.

Proof. The fact that ¢, is F,(X) measurable follows immediately from the definition

of conditional expectation. Similarly, the fact that ¢, is v-integrable follows since

By lon] = By [Ey, [ Fn(X)]] = E, [¢]

and v is v-integrable. Now notice that

E, [¢n+1|fn(X>] =E, [EV [¢|]:n+1(X)]|]:n(X)]

Then by the tower property, Theorem [£.2.2] it follows that

By [Ey [ Fna (X)]|Fn(X)] = By [0 Fn(X)] = ¢n

which proves that ¢, is a martingale. O
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Theorem 4.3.3 (Continuity of Quantum Conditional Expectation). Fiz a sub o-
algebra F(X) C O(X). Assume that the sequence of v-integrable quantum ran-

dom wariables {1, tnen converges ultraweakly p-almost surely to 1. Suppose v €
POVM},(X) and assume that 1, : X — B(H)+ and E, [,] # 0 for alln € N. Then

E, [{n|F(X)] converges to E, [¢|F(X)] ultraweakly p-almost surely.

Proof. Notice that since 1, converges to ¢ ultraweakly p almost surely, it follows
from Theorem that E, [¢,] converges to E, [¢] ultraweakly. Now suppose that
I € F and notice that since 1, — 1, it follows that ¢, xr — ¥ xr, and so Theorem
3.1.4) says that E, [, xr] — E, [xr]. Therefore E, [¢,|F(X)] = E, [¢|F(X)] as

required. O

There is an important relationship between ¢ = E, [¢|F(X)] and the collection of
complex random variables ¢, with p € S(#). This relationship will allow the use of

the classical Martingale Convergence Theorem in the proof of the quantum version.

Proposition 4.3.4. Suppose ¢ : X — B(H); is a v-integrable quantum random

variable with B, [p] # 0. Then

v({zfe(z) = E, [0[F(X)] (2)}) =1

if and only if

n({zlep(x) =B, [¢,|F(X)] (#) Vpe S(H)}) =1.
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Proof. Suppose that ¢ = E, [¢|F(X)]. Then ¢ is a F(X)-measurable quantum

random variable such that for any £ € F(X),

E, [pxe] = E, [YxE]

if and only if
Tr(pE, [pxe]) = Tr(pE, [YxE])
if and only if
By [(oxe)) = Eu[(¥xe),)
if and only if
By lepxe] =By [Ypxe]

where (pxg), = ¢,XE since on E, both functions give ¢, and off E they are both

zero. Therefore it follows that ¢, = E, [¢,|F(X)]. O

It is important to note that conditional expectation is almost everywhere unique.
Since the previous proposition relates the quantum conditional expectation and clas-

sical conditional expectation, one needs to be explicit about which measure is used.

We are about to prove the quantum martingale convergence for the quantum martin-

gale

on = By, [ Fn(X)].

61



Although we will prove that the sequence {p,} has a unique limit, the value of the
limiting random variable ¢, is not easily determined. All we are able to say is that
VYoo and E, [¢|Foo(X)] differ by a quantum random variable @ such that ®, = 0 for

all p € S(H).

Theorem 4.3.5. Let (X, O(X),v) be a quantum probability space and let 1) : X —
B(H)+ be a v-integrable quantum random variable. Consider the quantum martingale
on = E, [0|F.(X)]. Then there exists a v-integrable quantum random variable Yo

such that

1. lim ¢, = @ ultraweakly p-almost surely,
n—oo

2. Poo 18 Foo(X) = 0 (U, ey Fn(X))-measurable, and

3. po € (B, [1F] + @ | B, = 0Yp € S(H)).

Proof. Consider the sequence of complex random variables {y,,} with p € S(H).
Then since ¢, is v-integrable it follows that ¢, is y-integrable by definition. More-

over,

E, [n,]| = Eu |y [YplFa(X)]| < Ey [

for all n € N. Therefore by the classical martingale convergence theorem, for every

p € S(H) there exists a Po, such that
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1. lim Pn, = Poo,

n—oo

2. Poo, 18 Foo(X) =0 (U, e Fn(X))-measurable, and

3. ooy = By [ Foo (X)),

But this implies that the sequence of quantum random variables ¢, converges to
some o, ultraweakly p-almost surely with ¢, = @oo, for all p € S(H). Then by

the continuity of quantum expectation, it follows that ¢, is v-integrable.

Let
¢ =E, [{|Fe(X)]
so that
@p = Ep [0plFoo(X)] = Poo, = Poo,-
However, if ® is another v-integrable quantum random variable with ®, = 0 for all
p € S(H), then
(B+®), = Fp+ By = Pp = P,
This implies

Yoo € {E, [Y|Fuc] + @ | @, =0Vp e S(H)}

as claimed. O
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Corollary 4.3.6. If either (i) Foo(X) = O(X) or (ii) ¢ is Foo(X)-measurable, then

E, [Y|Fx(X)] =1 so that ¢, = 1, and o € {tp + @ | &, =0Vpc S(H)}.

Proof. Assuming the other hypothesis, the fact that ¢ = E, [¢| Fso(X)] follows from

the definition of conditional expectation. n

We will now study the set of possible limits from our quantum martingale convergence

theorem.

Theorem 4.3.7. Let (X, O(X),v) be a quantum probability space and let 1p : X —

B(H)+ be a v-integrable quantum random variable. Define the set
Ly ={Y¥=E, [¢|Fe(X)] + ® with , =0 Vp € S(H)}.

If U, €T,y then Uy €T, if and only if

Proof. Suppose Wy, W, € I',,,. Then ¥, = W, for all p € S(H). Therefore,

Tr (p (\Illﬁd—y)> =Tr (p (Wg‘gg)),
dp du
which implies that
0=Tr{p \112&% —Tr|p \111&%
du dp

and so



Then since this equality holds for all p € S(H), it follows that

dv
Uy - )X — =0
(V= ) B
as desired.
Conversely, following the same reasoning in reverse gives the theorem. O]

We can now use our results from Section to study I', . We know that if ® is a
quantum random variable then ®, = 0 implies E, [®] = 0 whereas the converse is not

necessarily true.

Corollary 4.3.8. If S, = {U|U = E, ()| Fos (X)]+®, E, [®] = 0}, then T,y C Sy

Proof. Suppose that ¥V € ', ;. Then ¥ = E, [¢|Foo(X)] + © where ¢, = 0 for all
p € S(H). Then by the earlier remark, it follows that E, [®] = 0, so that ¥ =

E, [¢)|Fae(X)] + ® with E, [®] = 0. Hence ¥ € £, and T, C 5,4 0
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Chapter 5

Conclusion and Future Work

In this thesis, we have extended the study of integration of operator valued functions
with respect to positive operator valued measures first introduced in [3] and further
studied in [2], to sequences of quantum random variables. In particular, we have
proved a continuity of quantum expectation result for positive operator valued prob-
ability measures in Theorem We have also introduced the concept of a quantum
martingale with respect to a positive operator valued probability measure and in the
case of a particular quantum martingale, we have proved a quantum version of the
classical martingale convergence theorem, which is Theorem [4.3.5] This result is of

particular interest since in the quantum setting, the limit is decidedly non-classical.
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In future work, we would like to consider a more general quantum version of the
martingale convergence theorem. There are a number of technical difficulties that
need to be overcome, however, in order to prove such a theorem. In addition to
considering a more general martingale convergence theorem, we would like to classify
the current quantum martingale convergence theorem limit more completely. We
conjecture that “removing the mean zero part” of a random variable ¥ € I', ;, will
result in the unique limit that is described in the classical theorem. In order to do so,
we wish to construct an inner product on the space of all quantum random variables

and consider them as a Hilbert space H, so that

H=TI,&T;

where

I, = {®|®, =0Vpe S(H)}.

In the case where the underlying sample space X is finite, initial calculations suggest
that there is a suitable inner product on H such that the projection of ¥ € I, ,, onto
'} is indeed the unique limit ¢, = E, [1/|Foo(X)]. However, it is not at all clear that

this can be done when X is not finite.
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In addition to fully understanding the martingale convergence theorem in the quan-
tum setting, we would like to investigate other limiting properties of quantum condi-
tional expectation with a family of quantum random variables. In particular, suppose
that I = [0, 1] with the Borel sets O(I) and Lebesgue measure and consider the col-

lection of quantum random variables
v (Ix X,0(I) @ O(X)) = (B(H), O(B(H)))

where O(I) ® O(X) is the product o-algebra. Then say that ¢ is measurable if for

every state p € S(H), the complex valued function f, : (1, X) — C given by

(t, ) = Tr(pp(t, x))

is measurable. That is, f,(E) € O(I)®@O(X) for every £ € O(C). Assuming that 1
is measurable and integrable, it is natural to ask when (¢, -) is a v-integrable quantum
random variable for fixed ¢t € I and when (-, z) is a Lebesgue integrable function
for fixed x € X. If p is Lebesgue measure on I, then when can one interchange

integration? Namely, in what circumstances are

L/I¢(t,w)dudu
/I/X@b(t,x)dudu

and

equal?
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In the classical setting, conditional expectation is also integral in defining a Markov
process. Thus, a natural question to ask is whether or not one is able to define a
quantum Markov process using the quantum conditional expectation defined in [2].
If such a definition is possible, it would be informative to study the properties of

those processes as one would do in the classical setting.
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