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Economics 224 – November 19, 2008

Example of a parabolic transformation – wages and salaries by age

Wages and salaries typically increase with age, seniority, or years of experience in the labour force – with many exceptions of course.  But the general trend in the labour force and jobs is in this direction.  At a certain age though, wage increases become less so that wages and salaries level off.  At older ages, wages and salaries may decrease as older employees work fewer hours at jobs.  In addition, a number of other factors such as early retirement of better off workers and lower education levels for older workers may mean that average wages and salaries decrease at older ages.  At age 65 many employees retire so the relationship between wages and salaries and age is no longer so clear after age 65.

Figure 1.  Scatter diagram of mean wages and salaries by age

[image: image1.wmf]AGE

70

60

50

40

30

20

10

WAGE

30000

20000

10000

0


In this example, the relationship between wages and salaries (dependent variable) and age (independent variable) is examined.  The data come from the Saskatchewan respondents in Statistics Canada, Survey of Labour and Income Dynamics (Person File) for 2000.  Survey data were obtained in 2001 and refer to respondents’ income and labour force activity during the 2000 calendar year.  In order to construct an example that clearly demonstrates the need for a transformation, the data are grouped into five year age groups, with the mean wage and salary for each of these groups becoming the dependent variable.  The independent variable, age in years, is measured as the midpoint of the age groups 15-19, 20-24, 25-29, … , 60-64.  Respondents under 15 years of age and those aged 65 or over were not included in this analysis.  

The scatter diagram of mean wages and salaries with age is in Figure 1.  These data come from Table 1, which provides the mean salaries of Saskatchewan SLID respondents for 2000.  The data have been weighted, supposedly providing more accurate estimates of mean wage and salaries than in the case of unweighted data.  
Table 1.  Mean wages and salaries of Saskatchewan respondents by age
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Parabolic transformation

The points in the scatter diagram of Figure 1 appear to follow the shape of an inverted parabola.  The formula for a parabola is 

Y = a + b X + c X2
In order to estimate this equation, compute the square of the X values and regress wages and salaries (Y) on age (X) and the square of age (X2).  The result is the following equation and associated statistics.
Ŷ = - 41,632.8 + 3,382.6X – 40.732X2
                                          (4,451.6)    (244.8)        (3.060)

R2 = 0.965 with significance of under 0.001.  Each of the two independent variables is also significantly different from zero at a probability of less than 0.001.   Note that X has a positive coefficient and X2 has a negative coefficient, indicating a parabola is an inverted one.  
Table 2.  Regression of mean wages and salaries on age and age squared
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Example prediction:

For age X = 32, the predicted value of wages and salaries is

Ŷ = - 41,632.8 + 3,382.6 X – 40.732 X2
   = - 41,632.8 + (3,382.6 x 32) – (40.732 x 1,024)
   = - 41,632.8 + 108,241.7 – 41,709.6
   =   24,899.4
and this matches the predicted value of Y (PRE_1) for age 32 in Table 3.

In order to determine the peak of the parabola, differentiate Ŷ with respect to X and the maximum value of Ŷ occurs when X = - b / 2c.  This is at 

X = 3,382.6 / (2 x 40.732) = 41.5 years.

From Figure 2, this appears to be a close match to the age where the curve associated with the darkened markers reaches its peak.

Figure 2.  Predicted and actual values of mean wages and salaries by age
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Table 3.  Actual (WAGE) and predicted (PRE_1) values of mean wages and salaries and residuals (RES_1) from regression equation
AGE     WAGE    AGESQ       PRE_1       RES_1

17     4817   289.00  4098.97273   718.02727

22    12048   484.00 13068.94848 -1020.94848

27    22335   729.00 20002.31061  2332.68939

32    22172  1024.00 24899.05909 -2727.05909

37    26528  1369.00 27759.19394 -1231.19394

42    28823  1764.00 28582.71515   240.28485

47    28641  2209.00 27369.62273  1271.37727

52    25833  2704.00 24119.91667  1713.08333

57    18527  3249.00 18833.59697  -306.59697

62    10521  3844.00 11510.66364  -989.66364
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