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Economics 224, November 19, 2008
Example of a linear transformation – population growth in New France
This is an example of a nonlinear relationship between two variables, with the dependent variable transformed using logarithms, producing a linear relationship.  The example is that of population growth in New France over two hundred years.  The data in Table 1 come from Roderic Beaujot and Kevin McQuillan, Growth and Dualism: The Demographic Development of Canadian Society, Gage Publishing Limited, Toronto, 1972, Table 1.1, p. 12.  From the plot of population by year in Figure 1, it is apparent that a straight line does not fit the points.  Rather, the relationship is curved upward to the right, in an exponential fashion.  

Table 1.  Population of New France by year

	Year
	Time in years, from 1680
	Population in thousands

	1680
	0
	10

	1720
	40
	20

	1750
	70
	60

	1790
	110
	160

	1820
	140
	325

	1851
	171
	890

	1861
	181
	      1,112


Figure 1.  Scatter diagram of population of New France by year
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Fitting a straight line to the points in Figure 1 by regressing population on time gives the equation ŷ = -215.6 + 5.74 x, where x is time in years from 1680 and y is population in thousands.  The R2 is 0.753 with P-value 0.011.  The standard error for the slope is 1.47, with P-value 0.011.   This provides a reasonable fit that is statistically significant.  However, for data with this pattern, a logarithmic transformation of the values on the vertical axis can transform this relationship into a straight line or linear relation – one that is more consistent with the theory of population growth and the assumptions for regression, and provides a better fit to the data.  Figure 2 demonstrates this.

Figure 2.  Scatter diagram of logarithm of population of New France (LNPOP) by year
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Over this period, the population of New France was a closed population, with little immigration or emigration, so most population growth was what demographers term natural growth – an excess of births over deaths.  While deaths may have fluctuated a lot from year to year, demographers consider the birth rate to have been fairly similar from year to year.   In this type of situation, the population of any year (Yt) can be considered to grow exponentially, according to the following equation. Yt = Y0 ert where e is the base of the natural logarithms, t is time in years, and r is the annual growth rate.  Note that this is similar to the equation for growth of a sum of money, where r is the interest rate: Yt = (1 + r)t.  When the compounding is continuous, rather than annually, the exponential formula describes the growth.   

Taking natual logarithms on both sides of the equation gives

ln(Yt) = ln(Y0 ert)=ln(Y0) + rt
In this equation, ln(Yt) is the dependent variable, ln(Y0) is the constant term, and t is the independent variable. The growth rate r becomes the slope of the line.

In order to obtain the regression model of the transformed relationship, let 

T = time in years from 1680,
Y = population of New France in thousands, and
lnY = natural logarithm of population of New France.
From SPSS, the least squares linear regression equation relating log of population (lnY) as dependent variable to T, time since 1680, as the dependent variable, is as follows: 
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The equation is lnY = 2.152 + 0.02668 T.   From the tables below, and from the t-values and their significance in the table above, this linear equation provides an excellent fit of the points to the line.  R-squared is 0.995 and the F- and t-values are statistically significant at well under the 0.001 level.
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The slope of the regression line provides an estimate of the rate of population growth over the one hundred and eighty years.  This rate averages 0.02668 or 2.668 per cent per year, implying a doubling time for population of approximately 70/2.668 = 26 years.

Table 2 summarizes the values of the original data (POP), the natural logarithm of population (LNPOP), predicted values of population (PRE), and residuals or errors of prediction (RES).  In order to obtain the predicted populations (PREDPOP) from the values of the logarithm of population predicted by the equation (PRE), take the exponential of the latter.  RESIDPOP is the error of prediction for actual population (POP minus PREDPOP).
Table 2.  Data in regression equation

YEAR    T    POP   LNPOP     PRE       RES   PREDPOP RESIDPOP

1680    0     10  2.3026   2.15158   .15101     8.60     1.40

1720   40     20  2.9957   3.21875  -.22302    25.00    -5.00

1750   70     60  4.0943   4.01914   .07521    55.65     4.35

1790  110    160  5.0752   5.08631  -.01114   161.79    -1.79

1820  140    325  5.7838   5.88670  -.10287   360.21   -35.21

1851  171    890  6.7912   6.71376   .07746   823.66    66.34

1861  181   1112  7.0139   6.98055   .03336  1075.51    36.49

T – time since 1680


POP – population of New France in thousands


LNPOP – natural logarithm of population


PRE – predicted logarithm from above regression equation


RES – residual or error in equation (LNPOP – PRE)


PREDPOP – predicted population (exponential of LNPOP)


RESIDPOP – residual or error (POP – PREDPOP)

Finally, the regression equation is used to predict the population of Quebec for 1901 and 1997.  The dangers of extrapolation are evident here.  If the growth of the earlier one hundred and eighty years had continued, the population of Quebec would have been over 40 million in 1997, as opposed to the actual population of 7.5 million.

YEAR    T    POP    PRE    PREDPOP RESIDPOP

1901  221  1,649  8.04828    3,128   -1,479

1997  317  7,420 10.60956   40,520  -33,100
Figure 3.  Predicted and actual population of New France by year
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