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Abstract

This text provides a comprehensive introduction to algebraic K-theory and its extension to higher
K-theory. Starting with foundational topics in group theory and module theory, the work proceeds
to discuss the classical K-groups Ky, K1, and K>, which capture fundamental invariants of rings
and modules. The text then extends into higher K-theory, highlighting its topological foundation
and connections to homotopy theory. By bridging algebraic structures with topological spaces,
higher K-theory offers a powerful framework for understanding both algebraic and geometric objects.
This work serves as a foundation for further exploration into the applications and advancements of

K-theory across mathematics.
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Partial List of Notations

Let A be a set, and +: Ax A — Aand x : A x A — A be binary operations defined on A (called
addition and multiplication respectively) such that the distributivity law holds when A is equipped
with both operations. The algebraic structure A receives the following names based on what laws

the binary operations satisfy (NE stands for Not Equipped):

A * :
Associativity  Identity  Inverses Commutativity Associativity ~ Identity  Inverses Commutativity

Semigroup v NE NE NE NE
Monoid v v NE NE NE NE
Commutative Monoid v v v NE NE NE NE
Group v v NE NE NE NE
Abelian Group v v v NE NE NE NE

Semiring (Rig) v v v v v

Rng v v v v v

Ring v v v v v v
Commutative Ring v v v v v v v

Skew Field v v v v v v
Field v v v v v v v

vii
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C(X,Y)
Mon
CMon

Ab

Ring
CRing
R-Mod
Ho(CW)
Ho(CW),

Hom(A, B)

PARTIAL LIST OF NOTATIONS

set of morphisms from X to Y in the category C
category of monoids

category of commutative monoids

category of groups

category of abelian groups

category of rings

category of commutative rings

category of R-modules

homotopy category of CW-complexes

homotopy category of pointed CW-complexes
set of homomorphism from A to B

direct sum

tensor product

group of integers modulo n

infinite matrix group of the ring R

infinite general linear group of the ring R
infinite elementary matrix group of the ring R
n-th homology group of G with coefficients M
n-th cohomology group of G with coefficients M
Steinberg group of the ring R

n-th K-group of the ring R

n-th relative K-group of the ring R with respect to its two-sided ideal I
group ring of G over Z

invariant basis number

classifying space of the group G

join of topological spaces

plus construction of the topological space X

K-theory space of the ring R



Introduction

Algebraic K-theory and its extension to higher K-theory form a crucial part of modern mathematics,
bridging algebraic topology, category theory, and homotopy theory. At the heart of this theory
lies the study of algebraic invariants that reflect the structure of rings, modules, and groups in
sophisticated and often subtle ways. The development of these invariants has profound implications
across many areas of mathematics, providing a toolset for analyzing everything from the structure

of algebraic varieties to the topology of manifolds.

This text is a comprehensive introduction to the core aspects of classical and higher K-theory. The
goal is to build an understanding that starts from basic concepts in the theory of groups and modules,
progresses through the classical constructions of algebraic K-theory, and culminates at the start of

the modern framework of higher K-theory.

Chapter 1: Foundations of Algebraic Structures. The journey begins with the foundational
concepts that form the basis of much of algebraic K-theory: group theory, modules, and their
relationships. Although these topics are not the primary focus of the text, they serve as the essential

building blocks for the more advanced constructions in subsequent chapters.

In particular, four main areas are explored: projective and stably free modules, which play a central
role in defining the basic K-theory groups. The discussion then turns to the concept of group
completion, which provides a method for constructing abelian groups from abelian monoids. The
study continues with universal central extensions, an important tool in both group theory and
phonological algebra. Finally group homology and cohomology also make an appearance, helping
to lay the groundwork for understanding the interactions between algebraic structures and their

topological properties.
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While these topics are essential in their own right, they form part of the larger landscape that

motivates the study of higher K-theory in later chapters.

Chapter 2: Classical Algebraic K-Theory. The second chapter delves into the classical
algebraic K-theory groups: Ky, K1, and K. These groups serve as the algebraic invariants that
capture essential structural properties of rings and modules. Algebraic K-theory initially arose
from the need to study and classify projective modules, and to capture information about invertible

matrices. The groups Kg, K1, and K reflect various levels of complexity in this study.

The Grothendieck group Kg is the foundation of classical K-theory. It is constructed from the
isomorphism classes of projective modules over a ring R, and provides an algebraic tool to classify
these modules up to isomorphism. More than a mere construction, K reflects deeper questions

about the failure of modules to be free, and the structure of the ring itself.

Building on Ky, the Whitehead group K1 introduces a more refined measure of algebraic structure by
considering the invertible elements of the ring. Specifically, K is related to the general linear group
GL(R) of invertible matrices over a ring, and encodes information about the elementary operations
needed to reduce a matrix to its identity form. This leads to insights into the topology of the space

of invertible matrices and links the algebraic structure of GL(R) with its topological properties.

Moving from K; to Ko, we encounter a more complex group that studies further the matrix identities
and their extensions. The Milnor group, or the second K-group, addresses higher-order relations
among matrices and connects with important algebraic constructions such as Steinberg groups.
Although the computations for Ko become increasingly intricate, they offer valuable insight into the

deeper structure of algebraic objects.

Each of these groups comes with a rich theory of exact sequences, and their relationships give rise to
advanced constructions, such as the extension of the Mayer-Vietoris sequence, which relates Ky, K7,
and Ky to each other in intricate ways. These sequences are critical in the study of K-theory and

serve as a cornerstone for the development of the higher K-groups.

Chapter 3: Higher K-Theory The concept of higher K-theory, as developed by Quillen and

others, significantly extends the classical K-theory by incorporating techniques from algebraic



INTRODUCTION 3

topology. Rather than focusing solely on algebraic objects, higher K-theory introduces homotopy-
theoretic constructions that encode algebraic invariants as homotopy groups of certain topological
spaces. This shift marks a profound deepening of the theory, where the structure of rings is viewed

through the lens of the topology of associated spaces.

The chapter begins with the construction of the classifying space of a topological group, which
serves as a key example of how algebraic objects can be understood in a topological context. This
leads naturally to the plus construction, a powerful tool used in algebraic topology to simplify the

structure of spaces by eliminating perfect normal subgroups from their fundamental groups.

From this point, the discussion shifts toward the higher K-groups themselves, which are derived
from the work of Quillen. These groups generalize the classical K-groups Kg, K1, and K, and their
homotopy-theoretic formulation enables them to encode richer information about the structure of
rings and their associated spaces. Higher K-theory gives rise to powerful techniques for computing

and analyzing these groups, bridging algebra and topology in novel ways.
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Chapter I

Foundations of Algebraic Structures

This chapter addresses fundamental topics in the theory of groups and modules. While these
topics are of great importance in their own right, the chapter focuses on presenting the most relevant
results for the development of the central theme of the text, including examples that illustrate the

key concepts and their applicability.

I.1 Projective and Stably Free Modules

Definition I.1.1 (Projective Module). An R-module P is called projective if one of the following

equivalent statements holds:

e Lifting Property. For every surjective R-module homomorphism g : M — N and R-module
homomorphism f: P — N there exists an R-module homomorphism f’: P — M satisfying

go f' = f, i.e., the following diagram commutes:

P
3f - lf

e
L

MT»N%O.

e Direct Summand of Free. There exists an R-module ) such that P ® @ is a free R-module.

o Splits Exact Sequences. Every exact sequence of R-modules of the form

0 M’ M P 0



6 CHAPTER I. FOUNDATIONS OF ALGEBRAIC STRUCTURES
splits.
o FEzactness of Hompg(P,—). The functor Homp(P,—) : R-Mod — Ab is exact.
From the previous definition, it follows directly that all free R-modules are projective R-modules.

Proposition 1.1.2. The statements from the definition of projective module are equivalent.

Proof. See [Lan02, 11T §4]. O

Proposition 1.1.3. A direct sum of R-modules P = @,.; P; is projective if and only if each

summand P; is projective.

Proof. Suppose that P is projective. Let () be an R-module such that P & @ is free. Then, for
each j € I one has that
rPoQ=Po |Preql|,
i€l
i#]
so P; is projective. On the other hand, if each summand P; is projective, for each i € I there

exists an R-module ); such that P; @ Q; is free. Therefore

PDre@e=@r e,

icl icl icl

which is free, so P is projective. O

Definition I.1.4 (Stably Free Module). An R-module P is called stably free of rank n — m if there
exist non-negative integers m and n such that P @& R™ = R"™. A module is simply called stably free

if it is stably free of rank n — m for some m and n.

Notice that all stably free modules are projective by definition. If the previous definition allowed
m to be an infinite cardinal, then all projective modules would be stably free. This is due to an

algebra trick usually referred to as the “Eilenberg swindle”:

Proposition 1.1.5 (Eilenberg Swindle). For all projective R-modules P there exists a free R-module
F such that P & F is free.
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Proof. Let P be a projective R-module, so that there exists an R-module @) such that P @ @ is

free. It is clear that @;2((P @ Q) is free. Then

P@é@@@)%P@(P@Q)@(P@Q)@...
1=0

“Pe(QaP)e(QaeP)d---

= (PoQ @ (POQ) G

=PPeq)
i=0

is free. O

On the other hand, if the definition of a stably free module allowed n to be an infinite cardinal then
all stably free modules would be free. To prove this, notice that if n were infinite then the stably
free module would necessarily be not finitely generated, and using the following proposition yields

the desired statement.

Proposition 1.1.6. If P is stably free but not finitely generated, then P is free.

Proof. Let P® R™ = @,c; R = F with P not finitely generated. Since the standard projection
from F' to P is surjective, and P cannot be finitely generated, it follows that the indexing set I
must be infinite. Let f : ' — R™ be the standard projection. Because m is finite, there exists
a finite subset Iy C I and a collection {e;},; of the standard basis elements in F' such that if
Fy = Ziejo ei - R C F then f|g, : Fy — R™ is a surjection. Such a collection can be defined
by all the non-zero entries in F' of every inverse image with respect to f of the elements in the

standard basis of R™.

Let @ = PN Fj and observe that @,.; R = P+ Fy. Then, by the Second Isomorphism Theorem,
it follows that

F/FO & (P+F0)/F0 gP/(PﬂFo) %JP/Q,

where F//Fy = @;c;_j, R is free of infinite rank since Iy is finite, so P/Q = R™ @ F for some

free module F}. Now, using the fact that free modules are projective and the fact that projective
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modules split exact sequences, it follows that the sequences

0 Q inc P PIQ=R"®F —— 0
~ f‘FO
0 —— Q = ker(f\po) F() R™ 0
split, so
P2Qao(R"oR) 2 (Qe R e L2 Fyo F.
Therefore, P is free. ]

Proposition 1.1.7. An R-module P is stably free if and only if it is the kernel of a surjection of

finitely generated free R-modules.

Proof. First, suppose that P is stably free, so there exist non-negative integers m, n such that

P& R" = R" Let ¢: R" — P ® R™ be an isomorphism. Observe that the first row of

0 —— P 22y pg pm 2ARY pm 0
e
Rn

Projgpmop

is a split short exact sequence. Then, P = ¢~ ! (ker(projzm)) = ker(R" R™).

f
Now suppose that P = ker(R™ —— R™). Since R™ is free, and therefore projective, the exact

sequence

f

0 —— P Xker(f) 2 R" R™ 0

splits, so P @& R™ = R™. O

Proposition 1.1.8. The stably free R-module P = ker(R" of.» R™) is free if and only if f can be

lifted to an isomorphism f : R™ S Rhe R (for some r) such that projpm o f=f.

R™ & R

P
R 7 R
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Proof. See [Lam06, 1.4.3]. O

Definition I.1.9 (Finite Free Resolution). An R-module M has a finite free resolution if there

exists an exact sequence of R-modules
02 01 €
o= By =SB —Fy=>M—=0

such that all F; are free and finitely generated. Such a resolution has finite length if there exists an

integer N such that F; =0 for all ¢ > .

Proposition 1.1.10. Let P be a projective module. Then P is stably free if and only if P admits a

finite free resolution of finite length.

Proof. See [Lan02, XXI.2.1]. O

The following diagram summarizes the information in this section for any ring R:

M is a free R-module =—= M is a stably free R-module == M is a projective R-module.

iff exists a lift to an isomorphism iff M admits a finite free
as in Proposition 1.1.8 resolution of finite length

Definition I.1.11 (Stably Isomorphic). A pair of R-modules M and N are said to be stably

isomorphic if there exists a non-negative integer n such that M & R* = N @& R".

Proposition 1.1.12. If an R-module M is stably isomorphic to a finitely generated free module,

then it is stably free.

Proof. Follows directly from the definition. O

I.2 The Group Completion

Definition I.2.1 (Monoid). A set M equipped with a binary operation

p: MxM—M

(m1,m2) = m1ma
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is called a monoid if it satisfies the following properties:

o Associativity: for all my, me, ms € M, my(maems) = (mymz)ms;

e FEuxistence of identity: there exists an element e € M such that for each m € M, em = m = me.
Furthermore, a monoid is called a commutative monoid if the operation y is commutative, i.e.,

o Commutativity: for all my,mo € M, mime = mom;.

In a commutative monoid, it is common for the binary operation u to be written as p(mi, ma) =

m1 + mg, and the identity to be written as 0.

Definition 1.2.2 (Monoid Homomorphism). Let M, N be two monoids. A function f : M — N is

called a monoid homomorphism or monoid map if it satisfies the following properties:
o Linearity: for all my,mqg € M, f(mimso) = f(m1)f(ms);

e Maps identity to identity: if eps and ey are the identities of M and N respectively, then

flem) =en.

Remark 1.2.3. A monoid is a semigroup that satisfies the existence of an identity. A group is a
monoid that satisfies the existence of inverses. Notice that a group can be thought of as a monoid if
one ‘forgets’ that every element of the monoid has an inverse. This idea can be further developed

into a functor.

Proposition 1.2.4. The mapping (—)md : Grp — Mon that forgets the unary operation that maps

an element of a group to its inverse is a functor.

Definition 1.2.5 (Group Completion). Let M be a commutative monoid. The group completion
of M is the pair (M®P, ), where M$P is an abelian group and ¢ : M — (M®P),q4 is a monoid
homomorphism, subject the following universal property: for every abelian group G and monoid
homomorphism ) : M — Gpq, there exists a unique group homomorphism ) : M8 — G such that

¥md © ¢ = 1. This is equivalent to the commutativity of the following diagram:
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Remark 1.2.6. By abuse of notation, the universal property of a group completion may be stated as

follows:
M —2— Mep

In fact, throughout this exposition, similar abuses of notation will be made when objects or morphisms
belong to a bigger category, and being explicit about it does not help to comprehend the general

idea. In this case, Grp C Mon.

Proposition 1.2.7. For every monoid M, its group completion (M8P, ) exists and is unique up
to isomorphism in the sense that, if (M®P)',¢') is any other such pair, then there exists a unique

group isomorphism o : M8P =N (MEPY satisfying oo p = ¢'.

Proof. Consider the free functor F' : Set — Ab that constructs the free abelian group on a
given set, and the forgetful functor U : Mon — Set that forgets the algebraic structure of a
monoid. The group F(U(M)) is the free abelian group on symbols (m) for each m € M. Let R

be the subgroup of F(U(M)) generated by the relations (m;) + (m2) — (mima), ie.,
R = ({(m1) + (m2) = (mima) | m1,my € M}) C F(U(M)).

Let M&P = F(U(M))/R, and let [m] be the image of (m) in this quotient. Define ¢ : M — M8P
by ¢(m) = [m]. To prove that (M®P,p) is a group completion of M, let G be a group and
¥ : M — G be a group homomorphism. If a group homomorphism ) : M8 — G were to satisfy

Y o @ = 1, then for every m € M, 1([m]) = 1(m).

By the universal property of a free group, there exists a unique group homomorphism 12 :
F(U(M)) — G given by J((m)) = 1)(m) and extended by linearity. Next, notice that 1,/:1(R) =0
because of the linearity of the homomorphism, so by the universal property of a quotient group

there exists a unique 1 satisfying the definition of a group completion of M.

Now, let ((M8P)',¢') be another group completion of M. By the property proved previously,

there exists group homomorphisms « : M8 — (M8P) and 3 : (M®P) — MS®P satisfying
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aop=¢ and o ¢ = ¢ respectively. Using this in the commutative diagrams

MEP (Mep)’
M — ¢ — (MeP) and — ¢ — MF®P
\ Jﬁ x J{a

(MEPY,

it follows that
—(Boa)op and ¢ =(aoh)o

By construction, ¢(M) generates M5, so foa = idsep. It remains to prove that ao 8 = idpsapy -
To show this, let H be the subgroup of (M®&P)’ generated by ¢'(M). Consider the group (M®P)'/H,

and the zero homomorphism 0 : M — (M8P)'/H. Notice that the following diagram commutes

(MeEPY
(M= /H,
where 0 : (M8P)" — (M®P)'/H is the zero homomorphism, and ¢ : (M8P)" — (M®eP)'/H is the
quotient homomorphism. Therefore, by the previously proved part of the universal property of
a group completion, it follows that ¢ = 0, i.e., H = (M®P)’] which implies that ¢'(M) generates
(M?eP)!, so ao B = id(ppery. Hence, o : M® — (M8P)" is an isomorphism satisfying a o ¢ = ¢'.

O]

Proposition 1.2.8. Group completion can be further developed to a functor (—)&P : CMon — Ab

Proof. Let M, N and L be monoids, and f: M — N, g : N — L be monoid homomorphisms.
Let (M®P pnr), (N8P, N ) and (L8P, 1) be the group completions of M, N and L respectively.
Applying the universal property of a group completion to ¢ = ¢y o f it follows that there exists

a group homomorphism 1) : M8 — N2P such that 1) o 3 = @n o f. Define f8° = ).

M M., prep M MEP
Pk -
N ——— N&P N NEP,

PN
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It remains to prove the functoriality of (—)8P. First, consider the identity homomorphism

idps : M — M. It is clear that the diagram

M 2, ppep
idas idprep

M M, ppep

commutes, so (idys)8P = idpser. Now, observe that the following diagram commutes since each

square commutes:
M —2— pMep

ol

N —2 ., Nep

o Joe

L ——— L*P.
YL

By the uniqueness of the Universal Property of a group completion applied to M and the monoid

homomorphism ¢z o go f: M — L8P it follows that g8 o f8P = (g o f)8P. U

Corollary 1.2.9. The functors (—)8 and (—)ma form an adjoint pair of functors. This means that

for every monoid M and group G, there exists a natural bijection
or.c - Ab(M® G) = CMon(M, Gg)
between the two bifunctors
Ab((—)®,—),CMon(—, (—)md) : CMon? x Ab — Set.

Proposition 1.2.10. Let M be a commutative monoid. Then:
(a) Every element of M®P is of the form [m1] — [ma] for some myi,may € M.
(b) The monoid map M x M — MS$P sending (m1,mz) to [m1] — [ma] is surjective.
(¢) If my,mg € M then [mq] = [mg] in M®P if and only if mi + p = mg + p for some p € M.

Proof. See [Weil3, I1.1.1]. 0
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Corollary 1.2.11. Let M be a commutative monoid. The abelian group M8P is isomorphic to the

quotient (M x M)/ ~, where ~ denotes the equivalence relation on M x M given by

(m1,mg) ~ (my + p,mag +p) forall mi,me,p€ M.

From the previous corollary, if [m, mo] denotes the equivalence class of the pair (mj,ms2), one can

see that the element [mj, mg] € (M x M)/ ~ corresponds to the element [m;] — [mg] € M#®P.
Example 1.2.12.

(a) It is well-known that the integers are constructed from the natural numbers as in Corollary

1.2.11, therefore (N, +)8P = (Z, +).

(b) Let (N, x) denote the monoid of the natural numbers under the usual multiplication as a
binary operation. Then its group completion corresponds to the group of rational numbers

under the usual multiplication: (N, x)8P = (QT, x).

(c) If M is a commutative monoid such that for each m € M there exists m’ € M such that
m+m/ =0, i.e., M already satisfies the definition of a group, then M8 = M. Notice that M

is seen as a monoid and a group indistinguishably.

Proposition 1.2.13. Let M be a commutative monoid, and (M®P, p) its group completion. Then ¢ is
an injection if and only if M is a cancellation monoid, i.e., for allmy,mo,p € M, if mi+p =mo+p

then mi1 = mao.
Proof. Let my,mg € M.
M is a cancellation monoid <= if my + p = mg + p then m; = my

<= if p(m1) = p(mg2) then m; =my  (by Prop. 1.2.10 (c))

<=  is an injection,

where ¢(m) = [m] € M*P for all m € M. O

Definition 1.2.14 (Cofinal Submonoid). Let M be a monoid. A subset N C M is called a submonoid
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of M if N is itself a monoid under the same binary operation as M. If M is abelian, a submonoid L

of M is called cofinal if for every m € M there exists m’ € M such that m +m' € L.
Proposition 1.2.15. If L is cofinal in an commutative monoid M, then

(a) The abelian group L8P is a subgroup of MBSP.

(b) Every element of M®P is of the form [m] — [¢], for some m € M and { € L.

(c) If [m1] = [me] in M®P, then mi + £ = mg + { for some £ € L.

Proof.

(a) This follows from the construction of L8P. In fact, this statement holds for any submonoid

N of M.
(b) Let [m1] — [me] be an arbitrary element in M#P. Since L is cofinal in M, there exists
méb € M such that mg +mbh =€ € L. Set m = my + mb € M. Therefore

[ma] = [ma] = [ma] + ([mj] — [mb]) — [mo] = [m1 + mb] — [ma + mjy] = [m] — [{].

(¢) Suppose that [m] = [mg] in M®&P. By Proposition 1.2.10, there exists p € M such that
mq +p = mo + p. Since L is cofinal in M there exists p’ € M such that p+p' = /¢ € L.

Hence,

mi+p=mo+p = mi+p+p =mo+p+p = mi+L=mg+V/. O

A monoid does not have anything special about it in the sense that a group completion can also be
performed from a semigroup applying the same construction as before. One can also define a Ring

Completion® if the word monoid is substituted by semiring.

This will only be stated as a proposition without proof, but for reference, one can see Chapter 1
of [Ros94], in which a similar procedure is done with semigroups. For the case of semirings, just

observe that those are commutative monoids equipped with another compatible operation.

Do not confuse the ring completion as defined here with the completion of a ring as typically defined in commutative
algebra.
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Proposition 1.2.16. Applying an analogous construction as Proposition 1.2.7 to an abelian semigroup

or a semiring creates an abelian group or a ring respectively.

~Y

Proposition 1.2.17. Let {M;},.; be a collection of commutative monoids. Then (@;c; M;)®" =

Dicr (M)

el

Proof. Follows directly from Corollary 1.2.9 and the fact that left adjoints preserve all colimits.

Recall that the direct sum is the coproduct in the category CMon. O

1.3 Universal Central Extensions

Definition I.3.1 (Central Extension). Let G be a group, and A be an abelian group. A central
extension of G by A is a pair (F, ) consisting of a group E containing A as a central subgroup, and

a surjective homomorphism ¢ : E — G such that the following sequence is exact:

1 A, p 2y @G 1.

Definition I1.3.2 (Category of Central Extensions). The collection of central extensions of G by any
abelian group forms a category. Given (E, ) and (E’,¢') central extensions of GG, then a morphism

from (E, ) to (E',¢') corresponds to a commutative diagram
E—*5aG
A
EF — G,
©

where f: E — E’ is a group homomorphism.

Proposition 1.3.3. The category of central extensions of a group G is well-defined.

Proof. Tt suffices to define the composition of morphisms. Let (E, ), (E',¢’) and (E”,¢") be
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central extensions of G. Let

E—*5a Jo e
E—— G E" — G
@

be morphisms from E to E' and E’ to E” respectively. The composition of these morphisms is

defined as the commutative diagram

E—“2.G

aof | |

E'" —— G.
ez

The axioms of associativity and existence of identities follow directly from the commutativity of

the diagrams when thinking of them as diagrams in Grp. O

Definition 1.3.4 (Trivial and Universal Extensions). Let G be a group, and A be an abelian group.

(a) A central extension (E,¢) of G by A is called trivial if it is isomorphic to the central extension

(G x A, proje) in the category of central extensions of G.

(b) A central extension (U,v) is called universal if for any central extension (E, ) of G by any
abelian group, there exists a unique group homomorphism h : U — E making the following

diagram commute:

U—G

P

The property that h verifies is usually referred to as a homomorphism from U to E over G.

3'h

E.

Lemma 1.3.5. Let G be a group. A central extension (E, @) of G is trivial if and only if ¢ : E — G

admits a section.

Proof. The forward implication is clear. For the converse, suppose that ¢ : F — G admits a

section s : G — E. Define a homomorphism f : A x G — E by f = s o projg + inc o proj4. Use
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the following non-commutative diagram for reference:

S

’/cp\

0 A e g G 0
A x G.

Let e € E. Observe that e is of the form a. + eg for unique a. € A and ey € s(G) by the
exactness of the top sequence. Let g. be the unique element of G such that s(ge) = ¢p. Then

f(ae,ge) = e, so f is surjective.

Now suppose that f(a,g) = 0 for some (a,g) € A x G. Note that ¢(f(a,g)) =0 and

¢((s o projg)(a, g) + (inc o proj4)(a,g)) = ¢(s(g) +a) = (v o s)(g) + ¢(a) = g +0,

s0 ¢ = 0. Then 0 = f(a,0) = (inc o proj4)(a, g) = a. Because (a, g) = (0,0), it follows that f is

injective. Hence, f is an isomorphism. By commutativity of the diagram

E— @

1

Ax G2 g

the claim follows. O

Proposition 1.3.6. When they exist, universal central extensions of a group G are unique up to

isomorphism.

Proof. Universal central extensions of a group G are the initial object in the category of central
extensions of G. The claim follows since initial objects are unique up to isomorphism in any

category. O
Definition I1.3.7 (Perfect Group). A group X is called perfect if its commutator subgroup [X, X] is
equal to X itself.

Lemma 1.3.8. Let G be a group and (X, ), (Y1) be central extensions of G. IfY is perfect, then

there exists at most one homomorphism from'Y to X over G.
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Proof. Suppose that there exists two homomorphisms fi, fo from Y to X over G.

YLG

alle |

XT>G.

For each y € Y one has that ¢(fi1(y)) = ¢(f2(y)), so there exists z, € ker(¢) C Z(Y') such that
fi(y) = f2(y)zy. Therefore, for a,b €Y,

filaba™'b™") = fi(a) fi(b) fr(a) " f1(b) 7
= fa(@)zafo(b)2(fa(@)za) ™' (f2(b)2p) ™
= fa(a) f2(b) fa(a) " fo(b) 202y P22y !
= fala) f2(b) fa(a) ™ fo(b) "
= fo(aba™ 107 1).

Since Y = [Y,Y], then fi = f. O

Lemma 1.3.9. Let G be a group, and (Y,1) be a central extension of G. If Y is not perfect, then

for suitably chosen (X, ) there exists more than one homomorphism from'Y to X over G.

Proof. Since Y is not perfect, the abelianization of Y, Y/[Y,Y], is not the zero group. Let
(G xY/]Y,Y],projs) be the trivial extension of G by Y/[Y,Y]. Setting

fiy) = W), ly)yvy) and  fo(y) = (¥(y), q(v)),

where ¢ : Y — Y/[Y, Y] denotes the quotient homomorphism, one has that f; and fo are distinct
homomorphisms from Y to G x Y/[Y,Y] over G. O

Lemma 1.3.10. If (X, ) is a central extension of a perfect group G, then [X, X] is perfect and

maps onto G. In particular, X is generated by [ X, X] and ker(yp).
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Proof. Since G is perfect and ¢ is surjective, the restriction g0|[ x,x] 1s still surjective. Therefore,
for each 2 € X there exists 2’/ € [X, X] satisfying ¢(z) = ¢(2’), hence, there is a z, € ker(p) C

Z(X) such that x = 2'z,. Consider a commutator [z1, x| € [X, X]. Hence,

[:E17$2] = [l'lllea$2zfr2] = [13/1,11,‘/2],

so [X, X] is perfect. O

Theorem 1.3.11. Let G be a group.
(a) The group G has a universal central extension if and only if G is perfect.

(b) A central extension (U,v) of G is universal if and only if U is perfect and all central extensions

of U are trivial.

Proof. (b) Suppose that U is perfect and all central extensions of U are trivial. Let (E, ¢) be
a central extension of G. Consider the fibered product U X E and the homomorphism

m:U Xg E — U given by the universal property of a fibered product.

Notice that (U x¢ E,7) is a central extension of U, so it must be trivial. Because of
this, there exists a section s : U — U X E of w. Setting s(u) = (u, h(u)) for each u € U
produces a homomorphism h : U — E. By Lemma 1.3.8, hos is the unique homomorphism

from U to E over Gj; hence, (U, v) is the universal central extension of G.

Now, suppose that (U, v) is the universal central extension of G. By the contrapositive of
Lemma 1.3.9, it follows that U is perfect. Let (E, ¢) be a central extension of U. Suppose
that v(p(zg)) = 1 for some z¢ € E, then ¢(x¢) € ker(v) C Z(U). Therefore, defining

h:E — E by h(x) = zozxy ! creates an homomorphism from E to E over U. Observe
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that h([E, E]) C [E, E] because for aba~'b~! € [E, E],

zoaba b ragt = (woaba T g oY) (brob g t) = [zoa, b][b, wo).

So hl(g,g) is @ homomorphism from [E, E] to [E, E] over U. By Lemma 1.3.10, [E, E] is
perfect, and by Lemma 1.3.9, h|p g must be the identity. Thus, zo € Z([E, E]). In fact,

by Lemma 1.3.10, E is generated by [E, E] and ker(y) C Z(E), zo € Z(E).

Hence, (E,p ov) is a central extension of G since Z(E) C ker(p o v). Because (U,v)
is the universal central extension, there exists a homomorphism s from U to E over G.
Therefore, ¢ o s equals the identity of U because of the definition of a universal central

extension. By Lemma 1.3.5, the central extension (E, ) of U is trivial.

suppose that G admits a universal central extension (U, v). Then, by part (b), U is perfect,

so the image of [U, U] under v must be perfect, i.e., G is perfect.

Now, suppose that G is perfect. Consider a presentation of G:

1 R F G 1.

Here, F' is a free group. Notice that [R, F] is a normal subgroup of F' since

o(rfr e = @re @ Y ar e @ e

for every x € F and rfr=1f~! € [R, F], where (zrz~!), (zr~'z~1) € R because R is a
normal subgroup of F, and (zfz~!), (zf~tx~!) € F. Observe that [R, F] C R, so there is
a natural surjection

v:F/[R,F| > F/R=QG,

with ker(v) = R/|R, F| = (R/[R, R])/([R, F]/|R, R]), which is abelian.

Let U = [F/|R, F|,F/|R, F]] 2 [F, F]/[R, F], so that (U,v|y) is a central extension of G.
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By Lemma 1.3.10, it follows that U is perfect. Suppose that (F, ) is a central extension
of G. By the universal property of a free group, there exists a homomorphism A’ from
F to E over G. Notice that h/([R, F]) = 1 since G = F/R and [R, F] C R, so h' induces
an homomorphism h” from F/[R, F| to E over G. By restricting h” to U, one obtains a
homomorphism A from U to E over G, which is unique by Lemma 1.3.8. Hence, (U, v) is

the universal central extension of G. O

Example 1.3.12. Consider the alternating group As. It is known that Ajs is perfect, so by Theorem
1.3.11 it has a universal central extension. Its computation requires some work which can be found
in [Suz82, Chapter 2 §9]. To perform this calculation, one relies on the fact that As is isomorphic to

PSLy(F5), which is also known as the icosahedral rotation group.

Figure I.1. Representations of icosahedrons being rotated in different axes. The
group SLs(F5) describes the full symmetry group of the icosahedron,
including both rotations and reflections, while its quotient P.SLy(F5)
corresponds to the rotational symmetries only.

Consider the group SLs(F5), which is known to be the full icosahedral group, and the quotient
map ¢ : SLy(F5) - PSLy(F5). The claim is that (SL2(Fs), q) is the universal central extension of
PSLy(F5) = As.

(7' 4)

| —— 722 {1, -1}~ 3/ SLo(Fs) —s PSLo(F5) —— 1.
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Definition I.3.13 (Parametrized Central Extensions). Let G be a group, and A be an abelian
group. A parametrized central extension of G by A is a triple (E, ¢, ), where the pair (E, ) is a

central extension of G by A, and ¢ : A — E is an isomorphism between A and ker(¢p).

Definition I.3.14 (Ext(G, A)). Let G be a group, and A be an abelian group. The set of isomorphism

classes of parametrized central extension of G by A is denoted by Ext(G, A).

Proposition 1.3.15. The set Ext(G, A) forms an abelian group, in which the trivial extension is

the zero element.

Proof. Let (E1,¢1,t1) and (Eaq, ¢2,t2) be parametrized central extensions of G by A. Define

the sum [(E1, p1,t1)] + [(F2, p2,t2)] as follows:

Consider the fibered product E; X Fa, and its quotient (Fy xg E2)/{(t1(a),—t2(a)) | a € A},

denoted by E.
E1 Xa EQ —_—> E2

K
E 2
N
Ei ———— G.

©

By construction of the fibered product, the maps Ey xg By — By 25 G and E; xg Fy —
Ey 22, @ are equal. Notice that such a map factors through E by the universal property of the

quotient. Denote this quotient map by .

The kernel of ¢ is central and is given by
ker(p) = {(c1(a1),e2(a2) | a1, a2 € A)}/{(n(a), —12(a)) | a € A}
Furthermore, ker(y) is isomorphic to A via the homomorphism ¢ : A — ker(y) given by
v(a) = [(t1(a), 0)].

Define [(E1, ¢1,t1)] + [(E2, p2,t2)] = [(E, ¢,t)]. This operation, often referred to as the Baer

sum, is well-defined since different representatives of the isomorphism classes of [(E1, ¢1,11)] or
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[(E2, 2, t2)] yield a commutative diagram of the form

E| x¢ B, E)
q/
\ E/ 90/2
o'
E; G
1 o) J{
E1 Xa E2 ‘ EQ
q
Ey o G.

This diagram has isomorphisms in all of the vertical arrows, which implies that the produced

central extension is isomorphic to (E, ¢, ).

Associativity and commutativity follow from the properties of fibered products. For an arbitrary

class [(E1, p1,01)], if [(E1, ¢1,01)] + [G X A, projg, inca] = [(E, ¢, t)], one has that

E = (E) xg (G x A))/{(t1(a), —inca(a)) | a € A}
= {(e (¢(e),a)) | e € Er,a € A}/{(u1(a), —inca(a)) | a € A}
= {(e,a) | e € Er,a € A}/{(11(a),—a) | a € A}

~ F

and ¢ = @1, so [((G x A),projg,inc4)] = 0 in Ext(G, A). Now, observe that if [(E1, ¢1,¢1)] +

[(E1, ¢1,—t1)] is given by [(E, ¢,¢)], then

E = (Er xg E1)/{(u(a),tala)) | a € A}
={(e,e+a)|ec Er,ac A}/{(11(a),ta(a)) | a € A}
~{(g,9+a)|geG,ac A}

G XA,

© = proje, and ¢ = inc4. Hence, [(E1, 1, —t1)] is the inverse of [(E1, ¢1,t1)]. O
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I.4 Group (Co)homology

Definition I.4.1 (Group ring of G over Z). Let G be a multiplicative group, and let I be an
indexing set for the elements of G. The group ring of G over Z, denoted by Z[G], is the set of formal
sums

Z|G] = {Z Xigi | ni € Z,g; € G, and g; = 0 except for finitely many i € I},
el

together with the binary operations
+: Z[G] X Z|G] = Z|G] and -:Z[G] x Z|G] — Z|G]

given by

D Xigi+ Y wigi =Y (Ni + 1) gi

iel iel iel
and

D oNigi- Y mwigi= Y, Nik)gige = Y| D Ajsk | gi-

el il J,kel i€l J,kel
9i9k=3i

It can be immediately verified that (Z[G],+,-) is a ring after noticing that both \; + u; and
Z Ajp are equal to zero except for finitely many i € I.
j,kel
959k=39i

Observe that both G and Z are embedded in Z[G] via

G —— Z[G] 7 — Z|G]

and
g — lg n —— nlg.

Proposition 1.4.2 (Universal Property of a Group Ring). Let G be a multiplicative group, R be a

ring, and ¢ : G — R be a monoid homomorphism from G to the multiplicative structure of R. Then

there exists a unique ring homomorphism @ : Z[G] — R such that the following diagram commutes:
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Proof. If such a ring homomorphism ¢ exists, it must verify that ¢(1g) = ¢(g). By linearity, it

follows that

@ <Z AiQi) = Xio(g:)-

i€l i€l

It is straightforward to check that such a function defines a ring homomorphism. O

Definition 1.4.3 (Augmentation ideal). Let G be a group. Consider the unique ring homomorphism
¢ : Z|G] — Z obtained via the universal property of the group ring from the trivial multiplicative
monoid homomorphism f : G — Z, where f(g) = 1 for all g € G. The homomorphism ¢ is called

the augmentation map of G. Specifically, ¢ satisfies e(1g) = 1 for all g € G. Thus, for any element
Yier nigi € Z[G],

5<Z ng> S

el i€l

The augmentation ideal of G, denoted by IG, is defined by
IG = ker(Z[G] 5 ).

Proposition 1.4.4. The ideal IG, when seen as a Z-module, is free with basis {g— 1| g € G — {1}}.

Proof. Let > ,c; Nigi € IG. Let k € I be the index such that g, = 1. Observe that

0= s(Z /\i9i> =2 N

i€l el

80 Ay = — X jer—{k) Ai- From this, it follows that

DAgi= Y Ailgi—1).

iel iel—{k}

Even more, the coefficients A; are unique since Z[G] can be considered to be a free Z-module

with basis G. O

Definition 1.4.5 (G-module). Let M be an abelian group. A left G-module consists of the pair

(M,k : Gx M — M) where M is an abelian group and « is a left action of G on M compatible with
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the group structure of M, i.e. for all mi,mo € M and g € G,

k(g,m1 +ma) = k(g,m1) + k(g, m2).

A right G-module is defined similarly by considering a right action of G on M compatible with the

group structure of M.

Example 1.4.6.

(a)

Let G be a group. Any abelian group M can be viewed as a G-module by considering the
trivial group action, where the action of every element of G on M is the identity. In this case,

M is called a trivial G-module.

In particular, unless otherwise specified, the structure of Z as a G-module always refers to the
trivial G-module structure.

Let R be a ring. Any subgroup G of the multiplicative group of R acts on R by left (right)
multiplication. This implies that R can be seen as a left (right) G-module.

In particular, unless otherwise specified, the structure of Z[G] as a G-module always refers to

the left multiplication by an element of G.

Proposition 1.4.7. Every G-module is naturally a Z[G]-module, and every Z|G]-module is naturally

a G-module. Furthermore, the categories G-Mod and Z[G]-Mod are isomorphic.

Proof. Given a left G-module (M, k), Consider the left Z|G]-module (M, -) with scalar multipli-

cation given by

Z)\igi -m = Zﬁ(g,m—i— ce4m) = Z)\m(g,m).
i€l i€l \; times i€l

Now, given a left Z[G]-module (M, ), consider the left G-module (M, k) with group action given
by

K(g,m) =g -m.

Observe that these correspondences are well-defined and that a similar correspondence can be

made by now considering right G-modules and right Z[G]-modules.
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Let F' : G-Mod — Z|G]-Mod be the functor that associates the G-module (M, k) with the
Z[G]-module (M, -) as described previously and leaves the homomorphisms unchanged. Observe

that a homomorphism of left G-modules f : (M, k1) — (N, k2) is Z|G]-linear:

() o rmtom)

el icl

= Z )\if(’/”'l(ga m))

i€l

=Y Airalg, f(m))

il

=Y Aigi 2 f(m),

el
so F'(f) = f is indeed well-defined. The case for the right modules is analogous. This produces

a natural correspondence from left G-modules to left Z[G]-modules since F' does not change the

underlying groups or functions:

(N, 1432) e (N, -2).

The proof of the natural correspondence from Z[G]-modules to G-modules is similar to that from
G-modules to Z[G]-modules from before. In fact, by letting H : Z[G]-Mod — G-Mod be the
functor that associates a Z[G]-module (M, -) with the G-module (M, k) as described previously
and leaves the morphisms unchanged, one can readily check that HF : G-Mod — G-Mod and
FH : Z[G]-Mod — Z[G]-Mod are the identity functors. O

If k: G x M — M is a group action, it is standard to write g - m for (g, m). This notation will be

adopted as it is consistent with the notation of the scalar product in a Z[G]-module.

Definition 1.4.8 ((Co)homology of a group). Let G be a group, M be a left G-module, and n be a

natural number. The homology group of degree n of G with coefficients M, denoted by H, (G, M), is

defined by

H,(G, M) = Tor”%(z, M).
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Whereas the cohomology group of degree n of G with coefficients M, denoted by H™(G, M), is defined
by
H"(G,M) = Ext%[G] (Z,M).

Example 1.4.9. Let Cy = {1, g} be the cyclic group of order 2. Let ¢ : Z[C3] — Z be the augmenta-
tion homomorphism. Note that the kernel of € is equal to the submodule {ne —ng | n € Z} C Z[C5].
Now, consider the homomorphisms from Z[Cs] to Z[C5] defined by mapping 1 — 1 —gand 1 +— 1+g
respectively, and extended by Z[Cs]-linearity. Call these homomorphisms f; and fa respectively.

Observe that

im(f1) = ker(e) = ker(f2) and im(f2) = ker(f1).

Hence,

s Z]Cs] I ziey] s z[0y) L Z[Cy) — - 7

is a projective resolution of Z as a Z[C3]-module. Consider the Z[Cs]-module Z/2, which has trivial
action by the elements of C5 just as Z does. Removing the object Z in degree —1 and applying

— ®z(co) Z /2 to the previous resolution one has the chain complex

id id
- — Z[C) ®piey Z/2 B 7]C) @iy 2/2 BES ZUCy) @py0y 2/2 — 0

I I I

7.)2 0 7.)2 0 Z.)2 0,

where the mappings in each square (except for the rightmost square) occur in the following way:

(nl+mg)@x —— (n—m)l+(—n+m)g) ®g

I !

(n+m)z ——— ((n—=m)+ (—n+m))z =0

for fi ®1id, and
(nl+mg) @z —— (n+m)l+(n+m)g) g

I !

(n+m)z ——— ((n+m)+ (n+m))z =0
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for fo ® id. Then,
H,(C2,Z/2) =2 7Z/2 for all n.

On the other hand, by removing the object Z in degree —1 and applying Homgyq(—,Z/2) one has

the chain complex

fi f3
0— Homz[cﬂ (Z[Cg],Z/2) *1> HOH]Z[CQ](Z[CQ],Z/Q) 42> HomZ[CQ](Z[CQ],Zﬂ) —_—

I I I

0 7)2 0 7)2 0 Z./2

Then,
H"(Co,72/2) =7Z/2 for all n.

If the module Z/2 were to be changed by the module Z, by following a similar procedure as before,

the homology groups Hy(C3,Z) would be computed from the chain complex

id id id
- — Z[CQ] ®Z[02] Z & Z[CQ] ®Z[CQ] Z J& Z[CQ] ®Z[Cg] 7 J& Z[CQ] ®Z[Cg} Z —— 0

§ I § §

Z 0 Z 2 7 0 7 0,

Therefore,

Y/ if n=0,

Hy(Co, 2)2) = Z/2 if nis odd,

0 otherwise.

Proposition 1.4.10. Let G be a group.

(a) For eachm € N, H,(G,—) and H"(G, —) are covariant functors from G-Mod (or Z|G]-Mod)
to Ab.

(b) If P is a projective left G-module, then H,(G,P) =0 for alln > 1.
(¢c) If I is an injective left G-module, then Hy,(G,I) =0 for alln > 1.

(d) If
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is a short exact sequence of left G-modules, then there are associated long eract sequences

Hn+1(G, M/) E— Hn+1(G, M) — Hn+1(G7 M//)
1o}

H,(GM") — H,(G,M) ——— H,(G,M")

and
H'(G,M') —— H"(G,M) ——— H"(G,M")
0
H""Y G M) —— H""Y G, M) —— H""Y(G, M")
Proof. Follows directly from the properties of Tor%(“)(Z, —) and Exty¢1(Z, =) O

Definition I.4.11 (Group of Coinvariants). Let G be a group and M be a left G-module. The

group of coinvariants of M, denoted by Mg, is the quotient group

Mg=M/(g-m—m|ge G meM).

Definition 1.4.12 (Group of Invariants). Let G be a group and M be a left G-module. The subgroup

of invariants of M, denoted by M% is the group

MY ={m|g-m=mforall g e G}

Theorem 1.4.13. Let G be a group and M be a left G-module. Then

Ho(G,M)= Mg and H°(G,M)= MC.
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Proof. Consider the short exact sequence of right Z[G]-modules

0 IG 2 7]G] —» Z —— 0.

By applying the functor — ®z;g M to such a sequence one gets the following exact sequence:

1G @) M 228 721G @giey M 2% Z &gy M —— 0.

Notice that
Z @ziq) M = (Z[G] @zic) M)/ ker(e ® id) = M /im(inc ® id),

and

im(inc ® id) = <(g —1)®zgm|geG—{l},me M> (Proposition 1.4.4)

=(1&g6 (9—1)-m|geG—{1},me M)

Il

((g=1)-m|geG—{1l},me M) (Z][G] ®@zjc) M = M)

((9g—1)-m|geG,meM)

=(g-m—m|geG,meM).

Therefore, Z ®zq) M = Mg. Since Ho(G, M) = Tor”lC] (Z,M) = Z @7/ M, it follows that
Hy(G, M) = Mg.
On the other hand, recall that H(G, M) = Exty g (Z, M) = Homgg)(Z, M). A Z[G]-module

homomorphism f : Z — M must satisfy

g-f(1) =flg-1)=f(1),

so Homgq(Z, M) = M G since Z[G]-module homomorphisms from Z to any other module are

prescribed by the value of f(1) due to G acting trivially on Z. O

Lemma 1.4.14. Let G be a group and IG be its augmentation ideal. Then the additive group

IG/(IG)? is isomorphic to the multiplicative group G/|G,G], where [G, G] denotes the commutator
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Proof. The correspondence is given by

glG, G & g — 1+ (IG)?

and extended by linearity. See [LP05, IV 3.1] for details of the proof. O

Theorem 1.4.15. Let G be a group. The homology and cohomology groups of degree 1 of G with
coefficients in Z are

H,(G,Z) = G/|G,G]

and

HY(G,7) = Homz(G/[G, G, 7).

Proof. Consider the short exact sequence

0 IG <2, 7]G] ——» Z — 0.

By Proposition 1.4.10 (d), the following is a long exact sequence:

Hl(G, IG) E— Hl(G,Z[G]) — Hl(G, Z)

_HQ(G, IG) E— Ho(G,Z[G]) E— H()(G, Z) — 0.

Since Z[G] is free as a Z[G] module, it is projective, so Hi(G,Z[G]) = 0. It is clear that

Ho(G,Z|G]) = Z @) Z|G] = Z, and by Theorem 1.4.13,

HO(G,Z) =7q =17,
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since G acts trivially on Z. Therefore, the previous long exact sequence can be rewritten as

Hl(G,IG) —— 00— Hl(G,Z)

Ho(G, IG) z Z 0.

Observe that the map Hy(G,Z[G]) — Ho(G,Z) must be surjective because of the exactness of
the sequence. Even more, since any mapping from Z to Z is either injective or trivial, the map

Hy(G,Z|G]) = Ho(G,Z) must be an isomorphism.

Hence, it follows that

Hl(sz) = HO(GajG)
= IGq (Theorem 1.4.13)
=1G/(go(g—1) = (9—1) [ 9,90 € G)

=1G/{(go—1)(g—1)|g,90 € G)

=IG/(IG)%

Using Lemma 1.4.14, one concludes that H1(G,Z) = G/[G, G].

Before proceeding with the second part of the proof of Theorem 1.4.15, it is useful to establish a

connection between the concepts of group homology and group cohomology.

Lemma 1.4.16. Let G be a group and M, N be right G-modules such that N has trivial action.
Then
Homgz g (M, N) = Homz (M ®gzq) Z, N),

where, on the right-hand side, N is seen as a Z-module.

Proof. Seeing both M and N as Z[G]-modules, the lemma follows directly from the universal

property of extension of scalars along the augmentation map e : Z[G] — Z. This universal
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property establishes that for a ring homomorphism f : R — S and R-modules M and N,

HOIHS(S ®R M7N) = HOHIR(M, f*N)7

where f* denotes the restriction of scalars along f : R — S. O

Theorem 1.4.17 (Universal Coefficient Theorem for Cohomology). Let G be a group, and

N be a G-module with trivial action. For all k € 7Z, the sequences
0 —— Ext}(Hy_1(G,Z),N) —— H*(G,Z) — Homgz(H(G,Z),N) —— 0

are split short exact sequences (the splitting is not natural).

Proof. Let Py be a free resolution of Z as a Z[G]-module. Let Cq be the chain complex Z®zq) Pe.

Notice that

Hy(G,Z) = H(C,), and H"(G,N)= H"(Homgg) (P, N)) = H* (Homgz(C,, N))
by Lemma 1.4.16. Let

Zy=¥er(Cy 5 Cyn),  By=im(Cp 5 Cy), and  Hy = Hy(G,Z) = Zi/ By,

Since C} is a free Z-module, both Z;, and By, are free Z-modules. Consider the exact sequence

0 Zk inc Ck 9 Bk,1 — 0.
Because Bj_1 is free, the sequence splits, so
0 —— Homg(Bj_1,N) —Z— Homy(Cy, N) -2 Homg(Zj, N) —— 0

is a split exact sequence. In fact, these sequences assemble into a short exact sequence of cochain
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complexes:

0 —— Homy(Bg_2, N) —— Homyz(Cy_1, N) — Homgz(Zy_1,N) —— 0
0 o* 0
0—— HomZ(Bk_l,N) — Homz(ck,N) E— HomZ(Zk,N) — 0
0 o* 0

0—— HomZ(Bk,N) — HOmZ(Ck+1,N) E— Homz(Bk+1,N) — 0

The previous exact sequence induces a long exact sequence in cohomology:

Homgz(By_2, N) —— H*Y(G,N) —— Homgz(Zy_1, N)
Homgz(By_1, N) —— H*(G,N) ——— Homgz(Z;, N)

Homg(By, N) —— H¥*Y(G,N) —— Homgz(Byy1, N)

Furthermore, the exact sequence

0 By <2, 7, —% % H, 0

induces a long exact sequence
0—— HomZ(Hk, N) —_— HomZ(Zk, N) —_— HomZ(Bk, N)
Exti (Hy, N) —— Ext}(Z;,,N) 20 ——— ---

for every k € Z. Observe that Ext}(Zy, N) = 0 since Zj, is a free Z-module. From the previous
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sequence follows that
ker(Homgz(Zy, N) — Homg (B, N)) = Homz(Hy, N)

and

coker(Homg(Zy, N) — Homgz(By, N)) = Ext},(Hy(G,Z), N).

Substituting in the induced long exact sequence in cohomology, one concludes that
0 —— Ext}(H,_1(G,Z),N) —— H*(G,Z) — Homgz(H(G,Z),N) —— 0

is a short exact sequence for every k € Z. This sequence splits since the short exact sequence of

cochain complexes it originates from splits. O

With this theorem established, the remaining part of the proof of Theorem 1.4.15 becomes
significantly simpler:
Continuation of the proof of Theorem I.4.15: Using Theorem 1.4.17 with N = Z and k = 1,

and the first part of the proof of Theorem 1.4.15, it follows that the sequence
0 —— Ext}(Z,Z) 20 —— HY(G,H) —— Homz(G/[G,G],Z) — 0

is exact. In particular, H'(G, H) = Homy(G/|G, G],Z). O

Corollary 1.4.18. Let G be a group. Then H*(G,N) =0 for all G-modules N with trivial action
if and only if G/[G,G] is free as a Z-module and Hy(G,7Z) = 0.

Proof. The group Exti (H,(G,Z), N) is trivial for every G-module N with trivial action if and
only if H,(G,Z) = G/|G,G] is free. On the other hand, the group Homy(H2(G,Z), N) = 0 for

every G-module N with trivial action if and only if Hy(G,Z) = 0.

Applying Theorem 1.4.17, Hy(G,7Z) = 0 for every N-module G with trivial action if and only if
Exty(H1(G,Z), N) = 0 and Homgz(H2(G,Z), N) = 0 for every G-module N with trivial action.

The latter is equivalent to G/[G, G| being free and Ha(G,Z) = 0. O
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Theorem 1.4.19. Let G be a group, and A be an abelian group. The abelian group Ext(G, A) is

naturally equivalent to H*(G, A), where A is seen as a trivial G-module.

Proof. See [Ros94, 4.1.16] O
Corollary 1.4.20. Let G be a perfect group. A central extension (U,v) of G is universal if and only
if H(U,Z) = 0 and Hy(U,Z) = 0.

Proof. Follows directly from Theorems 1.3.11 and 1.4.19. 0
Theorem 1.4.21. Let G be a perfect group. The second homology group of G with coefficients in Z

8

Hy(G,Z) = (RN[F, F])/[R, F],

where

is a presentation of G with F free.

Proof. By Theorem 1.3.11, G has a universal central extension (U, v). Let A be the kernel of v,

so that

is a short exact sequence. By the proof of Theorem I.3.11, [F, F]/[R, F] is the universal central

extension of G, so U = [F, F|/[R, F]. Therefore,
A= ker(U Y G) = (RN [F, F))/[R, F)
because G = F'/R. Now, consider the induced long exact sequence in homology
- —— Hy(U,Z) =20 —— Hs(G,Z) —— H(AZ) —— H1(U,Z) =0 —— -+,
where H2(U,Z) = 0 and H;(U,Z) = 0 because of Corollary 1.4.20. Hence,

Hy(G,Z) = Hi(A,7) = AJ[A, A] = A
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due to A being abelian.

Corollary 1.4.22 (Recognition Theorem). Let G be a perfect group. Then,

1 —— Hy(G;Z) —— [F,F]|/[R,F] — G —— 1.

is the universal central extension of G, where

1 R F G 1

is a presentation of G.

Proof. Follows directly from the proof of Theorems 1.3.11 and 1.4.21.

39
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Chapter 11

Classical Algebraic K-Theory

This chapter introduces the groups Ky, K1, and K> are fundamental algebraic invariants in the
theory of rings, aiming to capture different aspects of the structures of rings. The group K classifies
the isomorphism classes of projective modules, while K7 is related to the general linear group
GL(R) and captures information about invertible matrices. On the other hand, the group K is
more complex and deals with studying the extent to which specific matrix identities characterize

elementary matrices.

Although these groups provide a powerful way to analyze rings, their calculations can be complicated.
However, the theory allows for the extension of exact sequences between these groups, which

facilitates their study in particular contexts.

II.1 The Grothendieck Group of a Ring: K,

The Grothendieck group associated with a ring R is a group constructed from the isomorphism
classes of finitely generated projective R-modules. Throughout, several results are presented that
show the relationship between the Grothendieck group and a way to measure how projective modules

fail to be free modules.

Let R be a ring. Let PB(R) be the set of isomorphism classes of finitely generated right projective

R-modules and F(R) be the set of isomorphism classes of finitely generated right free R-modules.

Proposition I1.1.1. The set P(R) is a commutative monoid with addition defined by the direct

41
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sum @. Furthermore, if R is commutative, then PB(R) is a commutative semiring with multiplication

defined by the tensor product Qp.

Proof. Follows directly from the properties of the direct sum and tensor product. O

Definition I1.1.2 (The Grothendieck Group of a Ring: Ky(R)). Let R be a ring. The Grothendieck

Group of R is defined as the group completion (B(R), ®)8P, and is denoted by Ko(R).
Remark 11.1.3. For the case where R is commutative, Ko(R) is a commutative ring.

Proposition I1.1.4. The mapping Ko : Ring — Ab is a functor, and so is its restriction

KO’CRing : CRing — CRing.

Proof. 1t is clear that Ky maps a ring to an abelian group. Now, let ¢ : R — S be a ring
homomorphism. Recall that by extension of scalars, any right R-module M can be mapped to

a right S-module by taking the tensor product with S:

M~ M ®gS, where (m®s)-s'=m® (ss).

Let P be a finitely generated right projective R-module, so that there exists an R-module @

and a non-negative integer n such that P & Q = R"™. Observe that

(PORS)®(Q®rS)=(P®Q)9rS = R"Qr S =S,

so that P ®p S is a finitely generated right projective S-module. Therefore, the function
o« + P(R) — P(S5) induced by — ®r S is a monoid homomorphism due to the properties
of the direct sum and tensor product. Define Ky(p) := (¢4)8P. It is clear that for the ring
homomorphism idg : R — R, the equality Ko(idr) = idg(pg) holds since M ®@r R = M for every

right R-module M. Also, given another ring homomorphism v : S — T, it follows that for every
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isomorphism class [P] of finitely generated right projective R-modules,

(Ko (v) o Ko())([P]) = Ko(¢)(Ko(@)([P]))
= Ko(¢)([P ®r S])
=[P®rS®sT]|
=[P®r(S@sT)]
=[P®rT]

= Ko( o).

Hence, Ky : Ring — Ab is a functor.

For the case where K| is restricted to CRing, suppose that R and S are commutative rings
and consider the monoid homomorphism ¢, as before. This homomorphism is in fact a semiring

homomorphism since

(PRrQ)OrS=PRr(QARS)

= PRg(S®rQ)

12

(P®rS)®sS)®rQ

I

(P®RrS)®s(S®rQ)

I

(P®RRS)®s(Q®RS).

The rest of the proof is the same as in the previous case. O

Proposition I1.1.5. The monoid (F(R),®) is a cofinal submonoid of (P(R), D).

Proof. Follows directly from the definition of projective modules. O

Proposition I1.1.6. Let P; and P» be finitely generated right projective R-modules. Then [P;] = [P]

in Ko(R) if and only if P1 and Py are stably isomorphic.
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Proof. Follows directly from Propositions I1.1.5 and 1.2.15 (c). O

Corollary I1.1.7. A finitely generated right projective R-module P is stably free if and only if
[P] € Z-[R] in Ko(R).

Proof. Suppose that P is stably free. Let m,n be integers such that P & R™ = R"™, then

[P] = [R"] = [R™] = (n —m) - [R] in Ko(R).

Now, suppose that [P] € Z - [R], so there exists an integer s such that [P] = s-[R]. Let sg be
an integer such that s + sg > 0, then [P & R%°| = [P] + [R%°] & (s + s¢) - [R] = [R*T°]. By

Proposition I1.1.6 there exists a non-negative integer ¢ such that (P @& R%) @ R! = RST50 ¢ R!.

Therefore P @ R%tt = Rstsott je P is stably free. O

I1.1.1 The Invariant Basis Number Property

In Corollary II.1.7, the subgroup Z - [R] of K¢(R) was considered to relate the ideas of finitely
generated projectives module and stably free modules. Nonetheless, this subgroup may not be
isomorphic to the additive group of the integer numbers since general modules do not have a

well-defined idea of dimension as vector spaces do.

Definition II.1.8 (Invariant Basis Number (IBN)). A ring R is said to have the Invariant Basis
Number property, abbreviated as IBN property, if as R-modules, R™ = R" implies n = m for any

two natural numbers n and m.

It should be evident that if R is a division ring, then it satisfies the IBN property due to the theory

of vector spaces. This result helps to demonstrate that additional rings also satisfy the IBN property.

Proposition 11.1.9. Let S be a ring that satisfies the IBN property. If there exists a ring homo-

morphism f: R — S, then R also satisfies the invariant basis property.

Proof. Suppose that R™ = R™ for some natural numbers n and m. Applying — ®g S to both
sides, it follows that

S"=2R"Qr SE=R"®@pS =S
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Since S satisfies the IBN property, it follows that n = m. O
Example I1.1.10. Applying Proposition I1.1.9, it follows that the following rings satisfy the IBN

property:

(a) Non-zero commutative rings. Every such ring R has a maximal ideal m due to Krull’s
Theorem, using this together with the fact that R/m is a field and the quotient homomorphism

q: R — R/m the IBN property follows.

(b) Local rings. Similar to the case of non-zero commutative rings, but using the fact that local

rings have a unique maximal two-sided ideal.

(¢) Group rings of the form Z[G]. Consider the augmentation map ¢ : Z[G] — Z. Since Z is a

non-zero commutative ring, it has the IBN property. Hence, Z[G] also has the IBN property.

Proposition I1.1.11. A ring R satisfies the IBN property if and only if Z - [R] = Z in Ko(R).

Proof. Suppose that Z - [R] = Z in Ko(R). Then R™ = R™ for some natural numbers n, m

implies (n —m) - [R] = 0 in Ky(R), so n =m.

Now suppose that Z - [R] 2 Z in Ko(R). Since Z - [R] is generated by one element, it is

isomorphic to Z/n for some positive integer n, so [R"] = n-[R] = 0. By Proposition II.1.6, there

exists a natural number ¢ such that R" @& R! = R!, so R does not satisfy the IBN property. [

Corollary I1.1.12. Let R be a ring such that it satisfies the IBN property, and all finitely generated

projective R-modules are stably free. Then Ko(R) = 7Z with generator [R].

Proof. Follows directly from I1.1.7 and I1.1.11. O

Example 11.1.13. Applying Corollary 11.1.12, the following rings have a Grothendieck group

isomorphic to Z:

(a) Principal Ideal Domains (PIDs). It is well known that submodules of free modules over a PID
are free (see [CL21, 5.4.1]); therefore all projective modules over a PID are free, in particular,

they are stably free.
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(b) Local rings. Similar to the previous case but using the fact that finitely generated projective

modules over a local ring are free (see [Lam06, 1.1.8]).

The idea from Corollary I1.1.12 can be (not quite trivially) further developed to compute the
Grothendieck group of polynomial rings over a field with a finite number of variables. This is known

as the Quillen-Suslin Theorem, and stating it in terms of the functor Ky, it says that

12

Ko(klz1,...,z,]) 2 Z,

where k is a field. For details see [Lan02, XXI §3] or [LamO06].

I1.1.2 More on Projective Modules

Given a finitely generated projective R-module P, using the definition of being projective, it follows
that there exists another R-module @, and a natural number n such that P ® @ = R™. Consider the
map p = (projp,0) : R — P®Q = R" that acts as the projection on P, and the zero homomorphism
on Q. It is clear that p is idempotent, i.e., p?> = p. This idea yields a way to construct finitely
generated projective modules: recall that any homomorphism from R"™ to R™ can be represented
by a n X n matrix, so any idempotent homomorphism from R"™ to R"™ can be represented by an
idempotent n x n matrix, call this matrix A. The image of R"™ under such a homomorphism results

in the finitely generated R-module AR™, which is indeed projective because the exact sequence

0—— (A—1)R" R" —A45 AR — 0
7"¥/
IMC AR

splits due to A being idempotent. Therefore, all projective R-modules can be associated with an
idempotent matrix with entries in R. Nonetheless, different idempotent matrices can produce, up to
isomorphism, the same finitely generated module; for example, when R is a field, any two idempotent
matrices of the same rank produce the same finitely generated projective module by following the

previous procedure.

Definition I1.1.14 (M (R) and GL(R)). Given a ring R and a non-negative number n, let M, (R)
denote the ring of n x n matrices with entries in R, and let GL,(R) denote the group (under the

usual multiplication) of invertible n x n matrices with entries in R. Consider the non-unital ring
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homomorphism

A0
M,(R) < Mp,4+1(R) given by A~ ,
0
and the group homomorphism

0
GL,(R) = GLp+1(R) given by A w—

Observe that each of these embeddings generate directed systems (M, (R)),,cz+ and (GLp(R)), cp+
in Grp. Define
M(R) =lim Mp(R) and GL(R) = lim GL(R).

The groups M (R) and GL(R) are called the infinite matriz group of R and the infinite general

linear group of R respectively.
Definition II.1.15 (Idem(R)). Let Idem(R) be the set of idempotent matrices in M (R).
Observe that GL(R) acts on Idem(R) by conjugation.

Theorem I1.1.16. Let R be a ring. Let p,q € Idem(R), and P, Q be the finitely generated projective
R-modules produced by p and q respectively. Then P = Q if and only if p and q are conjugate under
the action of GL(R). In other words, P(R) may be identified with the set of orbits of GL(R) on

Idem(R). The (commutative) monoid operation is given by
p
pDq= )

where, by abuse of notation, p and q are being identified to a matriz in M, (R) and My, (R)

respectively for some non-negative integers n, and ng.

Proof. See [Ros94, 1.2.1] for the first part. To verify that the operation @ defines a monoid

operation, it suffices to see that for p,q,r € Idem(R), the following are satisfied:
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o Associativity
D 0 p 0 0 p 0 0
p®(gdr) = o [ O) 70 e o=\« =(pdqg &
0 r 0 0 r 0 r
o Existence of identity
p&0= =@ =r
0 0
e Commutativity
p O 0 1 p O 01 q O
q 10 0 g¢q 1 0 0 p

Proposition I1.1.17. Let R = Ry X --- X Ry, be a product of rings. Then Kyo(R) = Ko(R1) ® - &
KO(Rn)

Proof. Identify the groups M (R) and M(R;) X --- X M(R,,) via

((r)u, s (ra)1n) oo (riin - (rn)11

This implies that Idem(R) = Idem(R;) X --- x Idem(R,) and GL(R) = GL(R;) x --- X
GL(R,,). Hence, the set of orbits of GL(R) on Idem(R) is isomorphic to the set of orbits of
GL(Ry) X -+- x GL(R,) on Idem(R;) X --- x Idem(R,,). By Theorem II1.1.16 it follows that
PB(R) = P(Ry) X -+ x P(R,) as commutative monoids, and finally, by Proposition 1.2.17,

Ko(R) = Ko(R1) @ --- @ Ko(Ry) O

Definition II.1.18 (Milnor Squares). Consider the following fibered product of rings:
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R—" 4 R

l - Js

R2 T R/,
2

where at least one of the homomorphisms j; or jo is surjective. The previous commutative diagram

is called a Milnor square.

Milnor squares can be used to construct projective modules over the fibered product R; in fact, all

such projective modules can be constructed. The procedure is the following:

Without loss of generality, suppose that js is surjective. Let P; and P, be projective modules

over R; and Ry respectively, such that there exists an isomorphism
h:P,@p R = P®g, R

of R'-modules. Let M (P;, Py, h) be the fibered product obtained from the following diagram

M(Pl,Pg,h) e P1

|
ho(idp1 ®R1j1)

P — P R.
2 idp, ® Ry J2 2 @Ry

Observe that jo ®p, idg is still surjective. Give M (Py, Ps, h) a right Ry ® gz Re-module structure

by setting

- (m1,ma) = (i1(r) - ma,iz(r) - ma).

To simplify notation, let M = M (P;, P>, h) when P;, P, and h are clear from the context.

Definition 11.1.19 (Milnor Patching). The process through which the module M (Py, Py, h) is
generated is called Milnor patching. Since R = Ry Xp Ro C Ry X Rs, the R-module M (P, Py, h)

can be explicitly described by

M(Pl,PQ,h) = {(m1,m2) € P x P2 | h(jl(T1 X 1)) = jQ(TQ X 1)}
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Notice that given an Rj-module P;, and an Ro-module Py, then every homomorphism h : Py®@g, R’ —
P, ®p, R’ can be associated with an infinite matrix, in particular, if P; and P, are finitely generated,
such a matrix belongs to M (R'). Furthermore, if the homomorphism f is also an isomorphism, the

matrix must necessarily be in GL(R').

Lemma I1.1.20. Consider the Milnor square

RLRl

l ] i

RQ —_— R/.
J2

Let Fy be a free Ri-module and Fy be a free Ry-module. Consider the R-module M (Fy, Fa, h) obtained
by Milnor patching. Let g1 be a matriz in GL(R1) and g2 be a matriz in GL(Rg). Denote by g1 and

72 the images under GL(j1) and GL(j2) of g1 and ga respectively. Then,
M(F17F27gilhgi2) = M(FlaFQah)‘

In particular, if h is the image of a matrixz in GL(R2) under GL(j2), then M(Fy, Fa, h) is free.

Proof. For the last part of the statement, see [Mil71, 2.4]. For the first part, observe that
M(Fl,FQ,h) = {(ml,mg) € x Fy ’ h(m1 & 1) =MmMo X 1}

and

12

M (Fy, F2, g1hgz) = {(m1,m2) € F1 X Fy | gthga(mi ® 1) = ma ® 1}

12

I

{
{ ml,mg 6 Fy x Fy ‘ hgg(ml & 1) :ﬁil(mg ® 1)}

ml,mg € F1 x Fy ‘ h( 21 & 1) = (gl_lmg ® 1)}
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Therefore, there exists an isomorphism

©:  M(Fy, Fy,grhgz) — M(Fy, Fs, h)

(m1,ma) —— (g7 'm1, goms)

since both g, Land ¢ are invertible matrices. O

Theorem I1.1.21. Let M = M (P, Py, h) be the R-module obtained by Milnor patching the projective

Ri-module Py and the projective Ro-module along h.

(a) The module M is projective over R. Furthermore, if Py and Py are finitely generated over Ry

and Ry respectively, then M is finitely generated over R.

(b) Ewvery projective R-module P is isomorphic to M(Py, Pa, h) for suitable choices of projective

modules Py and Py, and isomorphism h: P, g, R’ — P> ®pg, R'.

(¢) The modules Py and P» are naturally isomorphic to M ®@r R1 and M ®pr Ry respectively.

Proof. See [Mil71, 2.1, 2.2 and 2.3]. O

Lemma I1.1.22. Let f: R — S be a surjective ring homomorphism. Let A € GL(S), then there
exists a lift of A® A™! to GL(R).

Proof. Observe that

A 0 1 A 1 oY [1 A\ ([0 -1
0 Al 0 1/ \=-41 1/\0 1 1 0

where each of the matrices on the right-hand side admits a lift to GL(R), indeed, any lift of A

to M(R) works since triangular matrices with identities on the diagonal are invertible. O

Lemma I1.1.23. Consider the Milnor square

RLRl

1]

RQ —_— R/.
J2
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Let Py, Q1 be finitely generated projective Ri-modules, and P, Q2 finitely generated projective Ra-
modules such that Py @ Q1 is a free Ri-module, Po ® Q2 is a free Ro-module, and there exist

isomorphisms

g:PL®g, R Ny Qp, R,

~

h:Q1®g, R = Q2 @R, R/v
fiPiop R = Qop, R.
Then, M(P17P27g) @ M(Ql)Q27h) = M(Ql)PQ)gf_lh) 2] M(P1>Q27f)'

Proof. Observe that M (P, Py,g9) ® M(Q1,Q2,h) = M(P & Q1, P> ® Q2,9 ® h), and that
M(Q1, Pa,gf'h) & M(P1,Qa, f) = M(Q1& P, P ®Q2,9f 'h & f) due to the commutativity

of limits.

By Lemma II1.1.22, the matrix A~ ! f @ f~'h admits a lift to GL(R2). Noticing that

g 0 gf~th 0 Rlf 0

2

and applying Lemma I1.1.20, one can readily conclude that M (P, @ Q1, P> ® Q2,9 ® h)

M(Q1® P, Py ®Q2,9f'h & f). O

From the previous lemma, in the particular case that P, = @)1 = R}, P» = Q2 = RY and
f = id(R/)“7 it follows that M( ?7 379) ©® M( ?7 gvh) = M( ?7 gvgh) 69]\4—( 7117 gvld(R/)") =

M(RY, Ry, gh) © R".

Proposition I1.1.24 (The Mayer-Vietoris Sequence). Consider the Milnor square

R#Rl

{7 b

R2 —_— R/.
J2
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Then

Ko(i1)

s Ko(iz) (Ko(jl) *Ko(jz))
GL(R/) E— Ko(R) _— Ko(Rl) D K()(RQ) Ko(R/)

is an exact sequence, where § is defined by
6(A) = [M(RY, Ry, A)] — [R"],

for Ae GL,(R') C GL(R'). The matriz A is seen as a proper matriz on the left-hand side, and as

an isomorphism on the right-hand side.

Proof. Exactness at Ko(R1) ® Ko(R2) = Ko(R1 @ Rg) follows from I1.1.21. Now, to check that
§ is well defined observe that M (R}, Ry, A) @ M(Ry, Re,idp) = M(RT™ R A @ 1), so
[M(R?, Ry, A)] & [R] = [M(R{*!, Ry*, A@ 1)]. Then,

0(A) = [M(RY, Ry, A)] — [R"]

(IM(Ry, Ry A 1) - [R]) - [RY]
= MRy, Ry A@ 1)) - [RY]

=A@ 1).

To see that ¢ defines a homomorphism, consider A, B € GL(R’), which can be thought of as

n X n matrices for sufficiently large n. Applying Lemma 11.1.23 it follows that

[M(RY, Ry, A)] + [M(RY, Ry, B)] = [M(R{, Ry, AB)] + [R"],
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SO
0(AB) = [M(RY, Ry, AB)] — [R"]
= ([M(RY, Ry, A)] + [M(RY, Ry, B)] — [R"]) — [R"]

= ([M(RT, Ry, A)] = [R"]) + ([M(R{, Ry, B)] - [R"])

— §(A) + 4(B).

Finally, to prove exactness at Ko(R) observe that

Ko(i1) Ko(i1) 0 o n
ey = | (M(RY, B, A) - [RM)
Ko(i2) Ko(i2)
[Ry] — [RY]
= (by Theorem II.1.21 (c))
(R3] — [R3]
0
0
Koz
and if oi1) ([P]) = for some finitely generated right projective R-module P, then

Ky(i2) 0
P ®pr Ry and P ®p Rs are stably isomorphic to 0, so for sufficiently large N, one has that

(PorR1)@®RY =2 RN and (P®gRy)® RY = RY.

Let A € GLy(R') denote the matrix such that, when seen as an isomorphism of R’-modules,

P® RN = M(RY,RY, A). This matrix exists because of Theorem I1.1.21. Then,

8(A) = [P @ RY] - [RY] = [P),

verifying the exactness of the whole sequence. O

Corollary I1.1.25. The image of 6 : GL(R') — Ky(R) is in direct correspondence with the double
coset space im(GL(j1))\GL(R')/im(GL(j2)).
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Proof. The proof is similar to that one of Lemma I1.1.20.

I1.1.3 The Relative Ky-Group and Excision

Let R be a ring and I be be two-sided ideal of R. Consider the following fibered product:

RXR/IRLR

R ——— R/I,

where explicitly,

RxpgypR={(r1,r2) € Rx R|r1 —m €1}

Let p1 : R Xg/; R — R be the induced projection onto the first coordinate. Observe that
ker(pl) = {(7‘1,’/"2) €R XR/[R | ry = 0} = {(0,7“2) ERXR:r9 € I} =T
Following this idea, the homomorphism of R-modules

f: RXI-)RXR/IR
(ryi) — (ryr +1)

(r,r—s) < (r,s)

is an isomorphism, so R X I = R X/ R.

95

Definition I1.1.26 (Relative Ky-group). Let R be a ring and I be a two-sided ideal of R. The

relative Ko-group of R with respect to I, denoted by Ky(R, I), is defined as

Ko(R,I) = ker(Ko(R x g1 R) 220, KO(R)).

Theorem I1.1.27. Let R be a ring and I be a two-sided ideal of R. Then there exists a natural

exact sequence

Ko(p)

Ko(R, T) 2% ko (r) 2219,

Ko(R/1),

(1)
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where p = pa|ker(p,), and q : R — R/I is the quotient homomorphism.

Proof. Consider the Milnor square

RxI "™ R

[pf l

By taking only the last three terms of the Mayer-Vietoris sequence obtained from it, one readily
has that
Ko(p1)
Ko(p2) (Ko(q) *Ko(q))
Ko(RxI) —= Ko(R)® Ko(R) —— Ko(R/I)
is exact. Recall that Ko(R,I) = ker (KO(R xpg/1 R) Kolpr), KO(R)>, so the previous exact

sequence can be changed to

) Ko(q)

Ko(R, 1) 2224 Ky (R) Ko(R/T),

while preserving exactness.

Actually, it was not necessary to only consider the last three terms of the Mayer-Vietoris

K
sequence. Observe that im(8) = ker op) ) _ ker(Ko(p1)) N ker(Ko(ps)) = ker(Ko(p)).
Ko(p2)

Hence, the exact sequence (1) can be extended by one term to the left:

GL(R/T) - Ko(R, T) "% Ko(R) X9 Ko(R/D),

where 6 : GL(R/I) — Ko(R, I) only needs to have its codomain modified. O

Definition I1.1.28 (I;). Let I be a ring without a multiplicative identity (rng). The ring obtained
by adjoining a multiplicative identity to I consists of the abelian group I @ Z together with a

multiplicative operation x defined by

(z,n) x (y,m) = (xy + ny + ma,nm), for all z,y € I and n,m € Z.
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The ring defined previously is denoted by 1.

Proposition 11.1.29. Given a rng I, the construction I from Definition 11.1.28 defines a ring.

Even more, this construction defines a functor from Rng to Ring.

Definition I1.1.30 (Grothendieck Group of a Rng). Let I be a rng. Define
_ Ko(projz) ~
Ko(I) =ker| Ko(Iy) ——= Ko(Z) = Z).

Proposition I1.1.31. Let R be a ring. The definition of Ko(R) as in Definition I1.1.30 agrees with

Definition I1.1.2.

Proof. Appying Ky (as in I1.1.2) to Ry = R @ Z, it follows that Ko(Ry) = Ko(R ® Z). Then,
because the ring structure on the summand Z of R @ Z is the same as the ring structure on Z of
the product R x Z, Ko(R) = ker <K0(R ®Z) Hoprojz), KO(Z)) , which is the definition given
in I1.1.30. O]

Theorem I1.1.32 (Excision). Let R be a ring and I a two-sided ideal of R. Then Ko(R,I) = Ko(I)

Proof. Let v : I — R xg,r R be the ring homomorphism defined by

for all z € I and n € Z. Observe that the following diagram commutes:

I+ L>.R><R/[}z

Projzl Jpl =proj;

Z —— R

By functoriality of Ky, it follows that the diagram

K
Ko(1+) Lo, Ko(R xg/r R)

Ko(projz)l JKO(ZH)
7

0
Ko(v)
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commutes, and Ko(v)(Ko(I)) = Ko(ker(Ko(projz))) C ker(Ko(p1)) = Ko(R,I). It will be

proven that Ko(y) induces an isomorphism between Ko(I) and Ko(R,I).

To prove surjectivity, let [A] — [B] € Ko(R,I), where, by abuse of notation, A and B are
the finitely generated projective R X g,y R-modules generated from the idempotent matrices in

M(R x g R) with the same names. Observe that these matrices can be written as
A= (Al,AQ) and B = (Bl,BQ),

where [A;] = [B1] in Ko(R) because Ko(p1)([4] — [B]) = 0.

The idea of the proof is to replace the matrices A and B in a way that the value [A] — [B] remains
unchanged in each step. Notice that by Theorem 11.1.16, A; = gB1g~! for some g € GL(R),
and by the same argument B and be replaced by (g,9)B(g !, g7 ') = (¢B1g~',gBag™ ) =

(A1, gBag™") without altering the value of [B], so now
A= (A1,A2) and B= (Al,ngg_l).
Since adding the same matrix to A and B does not change the value of [A] — [B], set
A= (A, A)®(1—A;,1—A) and B= (A, 9By )@ (1—A,1—A)).

Observe that for sufficiently large n, Ai1R" = (A1 &1 — A;)R" via x — (2,1 — x), so there
exists a matrix h € GL,(R) such that h(A; &1 — A;)h~t = 1,, ® 0,. Conjugating A and B by
(h,h) € GL(R X g/ R) it follows that

A= (1, ®0,,h(A2@ (1 —A1))h™Y)) and B = (1, ®0,,h((gB2g™ ") ® (1 — A1))h7 ).

Let A3 = h(A2@® (1 — A1)k~ and Bs = h((9B2g™!) & (1 — A;))h~L. Since 1, ® 0, — A3 and
1, @0, — B3 belong to GL(I) because A,B € R X /1 R, then A and B are the images under
Ko(v) of (A3 =1, ®0,,1, ®0,) and (Bs — 1,, ® 0p, 1,, & 0,,), where, in the second entry of each

matrix 1, ® 0, € GL(Z). Thus, Ky(7) is surjective.
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Injectivity is proved in a similar way. For further details, see [R0os94, 1.5.9]. O

Corollary 11.1.33. The exact sequence (1) can be rewritten as

Ko([) — Ko(R) — KO(R/I)

Proof. Because of Theorem 11.1.32, K((R,I) can be substituted by Ko(I) in (1). O

Corollary I1.2.18 from the following chapter provides a condition under which the previous exact

sequence becomes a short exact sequence.

I1.2 The Whitehead Group of a Ring: K;

The Whitehead group and its relative versions are groups related to the general linear group
GL(R) of a ring. It is shown that the group Kj(R) measures the failure of an invertible matrix
with coefficients in R to be reduced to the identity using only elementary operations. From there,

concrete examples of Whitehead groups are computed.

The discussion is extended to the relative Whitehead group K (R, I) and it is shown that this group

can be related to a Mayer-Vietoris exact sequence, where the groups Ko and K; appear.

Definition I1.2.1 (The Whitehead Group of a Ring: K;(R)). Let R be a ring. The Whitehead
group of R is defined as the quotient GL(R)/[GL(R), GL(R)], and is denoted by K;(R).

Observe that with this definition, K1 (R) = H1(GL(R),Z) by Theorem 1.4.15.

Proposition 11.2.2. The mapping K1 : Ring — Ab is a functor.

Proof. Observe that a ring homomorphism f : R — S induces a group homomorphism GL(f) :
GL(R) — GL(S) by applying f entrywise. Let Ki(f) be the group homomorphism obtained by
the universal property of abelianization of a group applied to gs o GL(f), where gs : GL(S) —

K(S) denotes the quotient homomorphism.
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arn(r) S ar(s)
Ki(R) - 1(5)

It is clear that K (idr) = idg, (). Now, consider another ring homomorphism g : S — T It is
straightforward that GL(g) o GL(f) = GL(go f). If ¢qr : GL(T) — K1(T) denotes the quotient
homomorphism, then gr o GL(g) o GL(f) = gqro GL(g o f).

GL(gof)

Ki(gof)
By the uniqueness part of the universal property of the abelianization of a group, it follows that
Ki(go f) = Ki(g) o K1(f). O

Proposition I1.2.3. Let R = Ry X --- X Ry, be a product of rings. Then Ki(R) =2 Ki(R1)® - ®

Ki(Ry).

Proof. Recall that GL(R) = GL(R1)x---xXGL(Ry,). From this, it follows that [GL(R), GL(R)] =
[GL(R1),GL(Ry)] x -+ x [GL(Ry,), GL(Ry,)]. Therefore, K1(R) =2 K1(R1)®---® K1(R,). O

Definition I1.2.4 (Elementary Matrix). Let R be a ring. A matrix in GL,(R) is called elementary

if it coincides with the identity matrix of GL,,(R), except, possibly, in an off-diagonal entry. Denote

(n)

by e;; (r) the elementary matrix which differs from the identity matrix in the entry i, j, with i # j,

and has r € R instead of 0 in such entry.

Definition I1.2.5 (E(R)). Let R be a ring. Denote by E,(R) the subgroup of GL,(R) generated by

all elementary matrices. Observe that the inclusion GL, (R) < GL,+1(R) restricts to an inclusion
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En(R) < Eny1(R), generating a directed system (Ej,(R)),,cz+. Define

Matrices in E(R) will still be called elementary, and E(R) is called the infinite elementary matriz

group of R.

Remark 11.2.6. The superscript in egy) (r) now becomes irrelevant when thinking of such a matrix in

E(R), so it will be dropped from the notation.

Remark 11.2.7. The group F(R) is also the subgroup of GL(R) generated by elementary matrices.
Proposition 11.2.8. The following relations of elementary matrices hold:
eij(r)eij(s) = eij(r + s),

[€ij (1), ere(s)] =1 when i # ¢ and j # k,

leij (1), eje(s)] = eie(rs)  when i # £,

[eij(r), exi(s)] = exj(—sr) when j # k,
where [e;j(r), exe(s)] = eij(r)ek(g(s)eij(T)_lekg(s)_l.

Proof. Follows from direct computation in GLx(R) for sufficiently large V. O

Proposition I1.2.9. Any upper-triangular or lower-triangular matrix with entries in R and 1’s on

the diagonal is elementary. Even more, if A € GL,(R), then A® A~ € Eq,(R).
Proof. See [Ros94, 2.1.2 and 2.1.3]. O
Lemma I1.2.10. Let R be a ring.

(a) For n > 3, the group E,(R) is perfect, i.e., E,(R) = [En(R), En(R)].

(b) The group E(R) is perfect.
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Proof.

(a) Notice that the inclusion [E,(R), F(R)] C E,(R) is clear. For the other inclusion, observe
that for an arbitrary elementary matrix e;j(R), one has that e;;(R) = [e;(7), ex;(r)] for

some k€ {1,...,n} —{i,j}.

(b) Follows from the fact that E(R) is the colimit of the directed system (Ey(R)),ez+_{1,2- U

Proposition I1.2.11 (Whitehead’s Lemma). Let R be a ring. The subgroup E(R) of GL(R) equals

the commutator subgroup [GL(R), GL(R)].

Proof. Observe that by Lemma I1.2.10 (b), it follows that E(R) C [GL(R), GL(R)]. Conversely,
let A, B € GL(R). There exists sufficiently large N such that A, B € GLy(R). Observe that
ABA7'B! 0 AB 0 A7t o) (Bt 0
[A, B] = = ,
0 1 0 B1tA™! 0 A 0 B
where, by Proposition I1.2.9, all the matrices in the right-hand side belong to E(R). Therefore
E(R) = [GL(R),GL(R)]. O

Using Whitehead’s Lemma, the definition of K;(R) can be restated as

Ki(R) = GL(R)/E(R).

From this, it can be said that the Whitehead Group measures the failure of an invertible matrix
with entries in R to be reduced to the identity matrix using only ‘elementary operations’, consisting

of multiplying such a matrix by elementary matrices.

I1.2.1 Some Computations of the Whitehead Group

Recall that when R is a commutative ring, there is a well-defined determinant in GL,(R) for every
positive integer n. Denote this morphism by det,, : GL,(R) — R*. By the definition of colimit,

there exists a unique induced homomorphism

det : GL(R) — R”*,



I1.2. THE WHITEHEAD GROUP OF A RING: K; 63

that corresponds to first thinking of a matrix A € GL(R) as belonging to GLy(R) for sufficiently

large N and then applying det .

Definition I1.2.12 (SL(R)). Let R be a ring. Define
det

SL(R) = ker(GL(R) > R*).

The group SL(R) is called the infinite special linear group of R.

Observe that F(R) C SL(R), so det : GL(R) — R* induces an homomorphism
det ’Kl(R) : Kl(R) — R*.

Even more, such induced homomorphism admits a section s defined in the following way:

s: R* = GLi(R) —— GL(R) ——— K (R)
T 0 r 0

T (r) —
0 1 0 1

det ‘KI(R)

Let SK;(R) = ker (Kl(R) RX> = SL(R)/E(R), so that the following exact sequence of

abelian groups splits:

0 —— SK(R) — Ki(R) R* 0

This implies that K (R) = SK;(R)®R*, so the computation of K;(R) is reduced to the computation
of SK1(R). In particular, if SK;(R) =0, then K;(R) = R*.

Proposition I1.2.13. If R is an Euclidean domain, then SK1(R) = 0.

Proof. Tt suffices to prove that SL(R) C E(R). Let d: R — Z*T U{—occ} be the Euclidean norm
of R, and let A = (a;j) € SLp(R).

Let g1 = min{d(a%)) 1< < n}, where A(D) = (az(»;)) = (ai;). Observe that €; is well-defined

because of the well-ordering principle and the fact that invertible matrices cannot have a row
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of zeroes. Suppose that ¢, and A®) have been defined and e, # 1. Let a'®) be such that

im

d(a(k)) = ¢;. By subtracting adequate multiples of the m-th column of A®*) to the rest of the

1m
g’;) ’) < ey for all j # m, where a{®)’ denotes agl;) minus the

J
(k)

Im-

columns, it is possible to have d(a

corresponding appropriate multiple of a

Let A®+D be the matrix obtained after the column operations applied to A®), and define
Eprl = min{d(agl;ﬂ)) 1< < n} < gg. Observe that this process must end, and it can only

do so once ey =1 for sufficiently large N since det(A) = 1. Let d(agjj\(/[)) =1. If M # 1, then

~1
substracting (aﬁv) — 1> (aﬂ?) times the M-th column to the first column, so that the 1,1

entry of the resulting matrix is 1, one can assume that M = 1 since the beginning.

After performing the appropriate row and column operations on AY)| all the entries in the first
row and column except for aﬁ can be changed to 0. Now, repeat this process to the (1,1) minor
of AN until A is converted to the identity matrix. Observe that this only required a finite

number of row and column operations, i.e., multiplication by elementary matrices. Therefore,

A € E,(R), which implies that SL(R) = E(R). O
Example 11.2.14. Applying Proposition I1.2.13, the following Whitehead groups can be computed:

(a) Let F be a field, then K;(F) = F*.
(b) Let F be a field, then K (F[x]) = F*.
(0) Ki(2) = {1,-1} = 7/2.

(d) Ky(Z[i]) = {1,i,—1,~i} 2 Z/4.
I1.2.2 The Mayer-Vietoris Sequence
Recall that Proposition 11.1.24 gives the exact sequence

Ko(i1)

5 Ko(i2) (Ko(jl) —Ko(j2))
GL(R/) EE— Ko(R) _— Ko(Rl) @K(](Rg) K()(R/),

under the hypothesis of a Milnor square. The purpose of this subsection is to extend the given

sequence to the left.
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Proposition I1.2.15 (The Mayer-Vietoris Sequence). Consider the Milnor square

RLR1

{* b

Then
Aq Vi1 , 5 Ap Vo /
Kl(R) — Kl(Rl) @Kl(Rg) e Kl(R) —_— K()(R) E— K()(Rl) @Ko(RQ) e KQ(R)

is an exact sequence, where

Kn(ir) . .
An = . and Vi = (Kn(.h) —Kn(h))
Ky (i2)
forn € {1,2}, and, by abuse of notation, 6 denotes the quotient map of GL(R') — Ko(R) as defined

in the proof of Theorem I1.1.27.

Proof. Exactness at Ko(R1) ® Ko(Rz2) is given by Proposition II.1.24. Since K;(R') is defined
as the quotient GL(R')/[GL(R'), GL(R')], to prove exactness at Ky(R) it suffices to see that ¢
is well-defined by seeing §([GL(R'), GL(R')]) = {0} C Ko(R). This follows directly from the
proof of Proposition I1.2.11, Lemma I1.1.22, and Lemma I1.1.20. Now, for exactness at K;(R’)
notice that by Corollary I1.1.25, the kernel of § is the subgroup generated by the images of
K1(R1) and K;(R2) because the Ki-groups are abelian. Finally, exactness at K1 (R1) ® Ki(R2)

follows from the observation that

GL(R) % qr(Ry)

|
GL(iz)[ l{GL(jl)

GL(Rs) GL(R')

—
GL(j2)

is still a Milnor square, and elementary matrices get mapped to elementary matrices in each

step. ]
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I1.2.3 The Relative K;-Group

The definition of relative Kj-groups is similar to relative Ky-groups. Recall the fibered product

diagram:
R XR/I R L R

|
JVPQ q
R ——— R/I

Definition I1.2.16 (Relative K;-group). Let R be a ring and I be a two-sided ideal of R. The

relative K1-group of R with respect to I, denoted by Ki(R,I), is defined as

Ky(R,I) = ker(Kl(R x g1 R) 220, Kl(R)).
Theorem I1.2.17. Let R be a ring and I be a two-sided ideal of R. Then there exists a natural

exact sequence

K1(p)

Ki(R 1) 2% iy (R) @)

B9, K (RIT) —2 Ko(R, 1) 227, Ko(R)

2 Rko(R/D)(2)

where p = pg\ker(m), q : R — R/I is the quotient homomorphism, and 0 is the map defined in

Proposition 11.2.15.

Proof. The proof follows directly from Proposition 11.2.15 and the proof of Theorem I1.1.27.
O

Corollary 11.2.18. Let R be a ring and I be a two-sided ideal of R. If the quotient ring homomor-

phism q: R — R/I splits, then

Ko(q)
LN

0 —— Ko(R,T) 2% Ko(R) Ko(R/I) — 0

splits.
Proof. Because of functoriality of Ky and K7, both Ky(q) and K1(q) split. Applying that K1(q)
splits to (2), the quotient over [GL(R/I), GL(R/I)] of any matrix in GL(R/I) is the image of

an element in K;(R), i.e., the image of ¢ is the zero group. Because (2) is exact, this implies
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| that Ko(p) is injective. O

The relative Kj-group can be studied from a different perspective:

Definition I1.2.19 (GL(I)). Let R be a ring and I be a two-sided ideal of R. Define

GL(I) = ker <GL(R) GH9), GL(R/I)),

where ¢ denotes the quotient homomorphism.

Remark 11.2.20. The notation of GL(I) suggests that this group does not depend on R. Indeed, the
kernel of GL(q) can be explicitly described as matrices of the form 1 + A, where 1 is the identity

matrix in GL(R) and A is a matrix in M (R) whose entries all belong to I.

Definition I1.2.21 (E(R,I)). Let R be a ring and I be a two-sided ideal of R. Define E(R,I) to

be the smallest normal subgroup of E(R) containing the elementary matrices e;;(a) with a € I.

Remark 11.2.22. If E, (R, I) were to denote the normal subgroup generated by the matrices egl)(a)

with a € I, then it is straightforward to see that F(R,I) = li_r)nEn(R, I).

Proposition I1.2.23 (Relative Whitehead’s Lemma). Let R be a ring and I be a two-sided ideal
of R. Then E(R,I) is a normal subgroup of GL(I). Furthermore, the quotient GL(I)/E(R,I) is

isomorphic to K1(R,I).

Proof. See [Ros94, 2.5.3]. O

I1.3 The Milnor Group of a Ring: K,

The Milnor group of a ring is a construction that measures the degree to which certain matrix
identities characterize the group E(R), using the Steinberg group for this purpose. Calculations
involving this group can be complex, and the generality achieved in the previous sections of extending
the Mayer-Vietoris sequence to any fibered product is lost. Despite this, it is still possible to obtain
information about this group through a more restricted version, allowing an extension of the exact

sequences (1) and (2).
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I1.3.1 The Steinberg Group

Definition I1.3.1 (Steinberg Group). Let R be a ring. For an integer n > 3, the Steinberg group

of order n over R, denoted by St,(R), is defined as the free group on generators asgjn) (r), with

i,j€{l,...,n}, i # j, and r € R modulo the normal subgroup generated by the following relations:

[x@) (r),x,&ﬁ)(s)] =1 when i # ¢ and j # k,

x::(r),x:, (s)] =x;, (s when i # /£,
(n) g?) E?) h

[x@) (r),x,(g)(s)] = x,(g)(—sr) when j # k.

By considering the natural homomorphism St,(R) — St,t1(R) given by :UZ(;L) (r) — xl(;ﬁl)(r),
(St (R))n>3 becomes a directed system. The Steinberg group over R, denoted by St(R), is defined

as the direct limit

St(R) = lim Sty (R).

Remark 11.3.2. The natural homomorphism St,,(R) — St,,+1(R) need not be injective.

Remark 11.3.3. In a similar way as in the case of elementary matrices, the superscript in xz(?) (r) now
becomes irrelevant when thinking of such an element in St(R), so it will often be dropped from the

notation.

Remark 11.3.4. The relation [wgy) (r), x,(g)(s)] = x,(g)(—sr) when j # k is redundant in the definition

of the Steinberg group of order n over R. See [Ros94, 4.2] for details.
Notice the similarity from the relations satisfied by elementary matrices defined in Proposition 11.2.8
to the previously presented relations satisfied by the elements of the Steinberg group. These relations

will be referred to as the obvious relations among elementary matrices over a ring.

Proposition I1.3.5. Let R be a ring. The Steinberg group St(R) is perfect, and there exists a

canonical homomorphism ¢ : St(R) - E(R) C GL(R).
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Proof. For the first part, let x;;(r) € St(R). There exists a sufficiently large natural number
n such that z;;(r) can be thought of as an element in St,(R). Because of the relations that
Sty (R) satisfies,

2 (), 2 (1)] = 2 ()

holds for k distinct from ¢ and j. Therefore, St,,(R) is perfect since it is generated by commutators.

The claim follows from the fact that St(R) is the directed limit of perfect groups. O

Remark 11.3.6. The group homomorphism ¢ discussed in Proposition 11.3.5 depends on the ring
R. If it is necessary to explicitly specify the ring on which the homomorphism depends, it will be
denoted by ¢g.

I1.3.2 The Milnor Group of a Ring

The idea of the Milnor group of a ring R is to measure the non-obvious relations among elementary

matrices over R.

Definition I1.3.7 (The Milnor Group of a Ring: K3). Let R be a ring. The Milnor Group of R is
defined as the kernel ker(¢ : St(R) — E(R)), and is denoted by Ka2(R).

Observe that by this definition, there is an exact sequence of groups
0 —— Ks(R) <2 St(R) —— GL(R) —*+ K;(R) —— 0.

Proposition I1.3.8. Let R be a ring. Then Ko(R) = Z(St(R)).

Proof. First, observe that the center of E(R) is trivial. Let A € Z(E(R)), so there exists

sufficiently large n such that A € E,(R). Then, in Es,(R),

Thus, A = 1, which proves the claim. Therefore, if z € Z(St(R)), then ¢(z) =1 € E(R), so
Z(St(R)) C Ka(R).
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Conversely, let 2 € Ko(R) = ker(St(R) % E(R)). Write

T =25, (r1) T, (tn),  Wwhere e 5 (1) €, () = 1.

Let N = max{i1,...in,J1,---,Jnt + 1. Let Ay be the subgroup of St(R) generated by
{z;n(r) € St(R) |i# N,r € R}. For 1 <{<mn,1<k<N,andr € R,

o Jawn(r) when k # j,
Tip5,(ro) TN (1) 2i,5,(10) " =
:EizN(TOr)l"kN(T) when k = jy.

Therefore, x normalizes Ay. Notice that Ay is abelian by the first relation of the definition of
St(R), and the image under ¢ of x;n(r) with ¢ # N corresponds to a matrix in E(R) that only

differs from the identity matrix in the ¢, N entry by r. Thus, ¢|4, is injective. Let y € Ap,

then

1

Because x normalizes Ay and ¢|4, is injective, it follows that zyz™" = y. Hence, x commutes

with all the elements in Ap.

Let By be the subgroup of St(R) generated by {xn;(r) € St(R) | j # N,r € R}. By an analo-
gous argument as before, x commutes with all the elements in By. Furthermore, Ay and By

generate St(R) because

l‘iN(’l“) € AN,
IL’N]'(T) S BN,
a;ij(r) = [1‘2‘]\[(7“),1']\[]’(1)] < [AN,BN] if ¢ 7& N and ] 7& N,
so z is central in St(R). O

Corollary 11.3.9. Let R be a ring. Then the group Ks(R) is abelian.
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| Proof. Follows directly from Proposition 11.3.8. O

Corollary I1.3.10. Let R be a ring. Then St(R) is a central extension of E(R) by K2(R).

| Proof. Follows directly from Definition 1.3.1. 0

Proposition I1.3.11. Let R be a ring. Then St(R) is the universal central extension of E(R).

Sketch of proof. By Proposition 11.3.5 and Corollary 11.3.10, it suffices to prove that all central
extensions (E, ) of St(R) are trivial. This can be done by defining a section s : St(R) — E of

¢. The construction is as follows: define elements s;;(r) € E with ¢ # j and r € R by

sij(r) = [~ Nzin(1)), o~ Hak (1)),

for some k distinct from ¢ and j. Notice that there are several choices made here, but s;;(r) is
well-defined nonetheless. Let s(z;(r)) = s;5(r). Following [Ros94, 4.2.6, 4.2.7, 4.2.8, 4.2.9], one

can see that s is well-defined and defines a section for ¢. O

Proposition I1.3.12. Let R be a ring. Then K2(R) = Hy(E(R),Z).

Proof. Follows directly from Corollary 1.4.22 and Proposition I1.3.11. O

Proposition 11.3.13. The mapping Ko : Ring — Ab is a functor.

Proof. Tt is clear that St(—) and GL(—) are both functorial. The claim follows from the exact

sequence of groups
0 —— Ky(R) < St(R) —— GL(R) —~» K{(R) —— 0

discussed previously. O

I

Proposition 11.3.14. Let R = Ry X --- X Ry, be a product of rings. Then Ko(Ry X -+ X Ry)

KQ(R1) ©---D KQ(Rn).
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Proof. See [LP05, V.3.5] O

Computing examples of the Milnor group of a ring can become more complicated and require a fair
amount of work, even in specific cases. For reference, the reader may consult [Mil71, §10], where it

is shown that Ky (Z) = Z/2.

11.3.3 The Relative Kyo-Group

Defining the relative Ks-groups in a similar way to the relative Ky and Kj-groups proves not to
be adequate to extend the exact sequence (2) for a functor K3, see [Swa7l]. Instead, the definition
depends on the Steinberg group St(R X g, ), which is used in place of the group K2(R x /5 R) to

produce the relative Ko-groups.

Recall the fibered product diagram:

RXR/]RLR

R ——— R/I.

Definition I1.3.15 (Relative Steinberg Group). Let R be a ring and I be a two-sided ideal of R.
Let

St/(R, T) = ker <St(R x g1 R) 22, St(R)).

The relative Steinberg group, denoted by St(R, I) is defined as the quotient of St'(R, I) modulo the

normal subgroup generated by expressions of the form [z;;(0, a), zx¢(b,0)] with a,b € I.

Observe that the homomorphism St(p2)|sy gy : St'(R,I) — St(R) induces the homomor-

phism (which by abuse of notation will be denoted by St(p)) St(p) : St(R,I) — St(R) since
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St(p)([zi5(0, @), ze(b, 0)]) = @ij(a)zke(0)xs(a)  wpe(0) ™ = 1.

S"RXR/IR
—— F

St'(R, 1) (0% R,0x I) —=— E(R,T)

I
St(R,I).

Additionally, since R xp/; R = R x I, it follows that @RXR/IR(S‘L’(R, IN)ZEO0xR,0xI)=E(R,I)
because of how St'(R, I') was defined, and PRrx g, R([7ij(0,a), 2ke(b, 0)]) = 1 for all possible choices of
i,j, k and ¢, there exists a homomorphism induced by ¢px & from St(R,I) to GL(R) with image
E(R,I).

Lemma 11.3.16. Let R be a ring and I be a two-sided ideal of R. Then the following sequence is
exact:

St(p)

St(R, I) 212 sy(r) 219,

St(R/I) —— 1.

Proof. Note that St(R,I) is generated by the classes of elements of the form sz;;(0,a)s™!,
where s € St(R xp/; R) and a € I. Thus, St(p)([szi;(0,a)s™!]) is of the form tw;(a)t™?
for some t € St(R). This is the form of an arbitrary element in ker(St(g)), implying that

St(p2)(St'(R, I)) = ker(St(g)). On the other hand, St(q) is surjective due to g being surjective

and the definition of St(—). O

Definition I1.3.17 (Relative Ks-group). Let R be a ring and I be a two-sided ideal of R. The

relative Ko-group of R with respect to I, denoted by Ko(R, I), is defined as
Ko(R,T) = ker (St(R, Y% B(R, I)) .

Theorem I1.3.18. Let R be a ring and I be a two-sided ideal of R. Then there exists a natural
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exact sequence

) Ko (q)

K>(R, 1) 2P Ko (R) Ky (R/T)

02

) Ki(q)

Ki(R, 1) 2% K (R) Ki(R/T) (3)

o1

Ko(R, T) 22 g (Ry 2019

Ko(R/T)
where p = palier(py), ¢ R — R/I is the quotient homomorphism, 01 is the map § defined in Theorem

11.2.17, and 02 is the map induced by the following diagram:

Ky (R/I)

Ki(R,1).
where m: GL(I) - Ki(R,I) = GL(I)/E(R,I) denotes the corresponding quotient map.

Proof. By Theorem 11.2.17, it suffices to show that Jy is well-defined, and exactness at Ka(R),

Ky(R/I) and K1(R,I). Observe that the following diagram has exact rows and columns:

) Ka(q)

K>(R, 1) 2P Ko(R) Ka(R/T)

St(R, 1) 1, sy(r) M2,
P YR PR/I

1l —— GL(I) —— GL(R) —— GL(R/I)

St(R/I) —— 1

K1(p)

Ki(R, 1) 2% k() 249,

Ki(R/I)
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| The claim follows by applying the Snake Lemma to the middle rows. 0

Notice how the exact sequence (3) expanded on the sequence (2), which in turn expanded the
sequence (1). The same idea of extending the Mayer-Vietoris sequence of Proposition 11.2.15 cannot

be done in full generality, but the constrained case still proves to be useful:

Proposition I1.3.19 (The Mayer-Vietoris Sequence). Let f : R — S be a surjective ring homomor-
phism. Let I be a two-sided ideal of both R and S. Then

Ka(R) —225 Ky(S) @ Ky(R/I) —2 Ko(S/T)

02
K1(R) 2% Ki(S) @ Ki(R/I) —s Ky(S/I)
01

Ko(R) =2% Ko(S) @ Ko(R/T) —°= Ko(S/T)

is an exact sequence, where

Kalf) )
A, = and V, =K, —K,(f
o (ulas) ()

forn € {1,2}, §; is the map & defined in Proposition 11.2.15 and dy is the map

Ka(S/T) 2 K1 (8,1) S Ki(R. 1) 2225 Ky (R).

Proof. First, notice that K1(R,I) = K;(S,I) by Proposition 11.2.23. By definition of the relative
Steinberg groups, it is clear that St(R, ) maps onto St(S,I), and since E(R,I) = E(S,I), it
follows that Ko(R,I) maps onto K»(S,I). Hence, the following diagram is commutative with

exact rows:

| | | 5 | |

Ka(S, 1) —— Ko(S) —— Ko(S/I) —2 K1(S,I) —— K1(S) —— Ki(S/I).




76 CHAPTER II. CLASSICAL ALGEBRAIC K-THEORY

Chasing the diagram yields an exact sequence of the form

K3(R) —— Ka(R/I) @ K3(S) —— K3(S/I) —— Ki(R) —— Ki(R/I) ® K1(9).

Observing that R is isomorphic to the fibered product R/I x5, S gives the remaining part of

the sequence. ]




Chapter 111

Higher K-Theory

This chapter discusses some key constructions in algebraic topology that provide a deep under-

standing of the algebraic and topological structures associated with spaces and rings.

It begins with the construction of the classifying space of a topological group and explores some
of its properties. Next, the plus construction is introduced, which is a topological technique used
to modify spaces in order to eliminate perfect normal subgroups from their fundamental groups.
Finally, the higher K-groups of Quillen are mentioned; an extension of classical algebraic K-theory
that allows for the encoding of algebraic invariants of rings in terms of homotopy groups of spaces

specifically built for this purpose.

III.1 The Classifying Space of a Group

The purpose of the classifying space is to construct a topological space from a group in such a way
that its homology groups with local coefficients, viewed as topological invariants, are isomorphic to

the homology groups of the original group, which are algebraic invariants.

In Appendix A.2, universal GG-bundles are defined as principal G-bundles satisfying a certain bijective
correspondence. In this section, a different characterization for universal G-bundles will be given so

that they can be computed more easily, as well as an explicit construction for them.

Definition II1.1.1 (Topological Group). A topological space G endowed with a group structure is

77
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a topological group if the group operation

GxG—=G

(g,h) — gh,

and the inversion map

(—)’1 G—= G

9g—9g

are continuous.
Example II1.1.2. The following are examples of topological groups:

(a) A group G with the discrete topology.
(b) The real numbers R with the usual addition and the Euclidean topology.

(c) The general linear group GL(R), with the topology induced by the Euclidean metric.

Definition ITI.1.3 (Classifying space). Given a topological group G, its classifying space, denoted
by BG, is the base space of the universal G-bundle (¢ = (EG, BG, pg).

Remark 111.1.4. Note that classifying spaces are only defined up to homotopy equivalence.

Definition IT1.1.5 (G-CW-complex). Let G be a topological group. A space X is called a G-CW-
complex if it is the colimit of G-spaces X", with inclusions i, : X™ — X"*! such that X0 is the
disjoint union of orbits G /H,, with H, a closed subgroup of G, and X"*! is obtained from X™ by
attaching G-equivariant (n + 1)-cells G/H, x D"*! via G-maps, as described in the following fibered

coproduct diagram:
[1G/Ha x §* ——— X"

L.

[11G/Ha x Dt xntl
(073
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where G acts trivially on S and D"+,

Proposition IT1.1.6. Let X be a G-CW-complex. Then the orbit space X/G is a CW-complez.

Proof. By taking the quotient space of the O-skeleton XV, it follows that X°/G is a discrete

space. Observe that the quotient of the (n + 1)-skeleton is given by the fibered coproduct

HS” — X"/G

|,

]_[ Dt xntl @,
(03

SO h_r>n(X "/@G) is a CW-complex. Finally, notice that the functor from the category of topological
G-spaces (GTop) to Top that maps a G-space to its orbit space is left adjoint to the functor F'

from Top to GTop that considers a topological space as a G-space with trivial action, i.e.,
Top(X/G,Y) = GTop(X, FY),
due to the universal property of the quotient. Therefore

lim(X"/G) = (lim X™)/G = X/G.

Thus, the orbit space is a CW-complex. O

Remark II1.1.7. In a G-CW-complex with free G-action, i.e. x - g = x implies that g is the identity
of GG, all disk orbits are of the form D™ x G.

Theorem III1.1.8. A principal G-bundle {¢ = (EG, BG,pg) is universal if and only if EG is

contractible.

The proof of the theorem will only be done for the case when the spaces of principal G-bundles are
both CW-complexes, and the total space has the structure of a G-CW-complex. An alternative

proof for the general statement can be found in [tD08, 14.4.12].
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Proof. Suppose that EG is contractible. Let £ = (E, B, p) be a principal G-bundle as described
in Appendix A.2. A map f: B — BG will be constructed such that £ = f*(&q).

First, it will be proven by induction over the skeleta of E that there exists a G-equivariant map
h : E — EG that maps each orbit eG homeomorphically onto its image h(e)G. Recall that
E~1=0,s0amap h~!: E7! - EG with such characteristics exists trivially. Suppose given a

map h" : E™ — EG satisfying the induction hypothesis.

Let D™ x G be a disk orbit in the G-CW-complex structure of E™*!. Consider the disk

D™l x {1} € D™ x G. Then the map h" extends to D""! x {1} if and only if the composition
S"x {1} - E" — EG

is null homotopic, which always holds due to EG being contractible. Extending A" to all the
(n + 1)-cells of the orbit D"™! x G, and then to the rest of (n + 1)-cell orbits of E, it follows
that A" can be extended to a G-equivariant A"t : E"*! — EG with the required property.
Having completed the inductive step, one now has a G-equivariant map h : E — EG that is a
homeomorphism on the orbits. Hence, it induces a map on the orbit space f : E/G = B — BG

making the following diagram commute:

E " EG

| e

BTBG.

Since h induces a homeomorphism on each orbit by construction, the maps h and f determine

an isomorphism £ & f*(¢g).

Now, suppose that two principal G-bundles (F1, X, p;) and (Fs, X, p2) are isomorphic. By the
previous part, there exist maps f1 and fo from X to BG such that fi(¢q) = (E1, X, p1) and
f3(&a) = (B2, X,p2), and a homomorphism of total spaces ¢ : f{({a) — f3(&2). It suffices to

prove that f; and fo are homotopic.

By the Cellular Approximation Theorem, f; and fs can be assumed to be cellular. This and the
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fact that FG is assumed to be a G-CW-complex induces a G-CW-complex in the total spaces
fi(&q) and f5(&2). Define a principal G-bundle (E, X x [0,1],p) by setting

E = fi(¢a) x [0,1/2] Uy f5(€2) x [1/2,1]

and

(pi(e),2) i0<z<1/2,
p(e,x) =
(pa(e),z) if1/2 <z <1,

By the same argument as before, there exists a G-equivariant map H : F — EG that induces a
homomorphism on each orbit, and extends the maps f{(£¢) x {0} — EG and f5(¢q) x{1} — EG
obtained from each fibered product. This induces a map F': E/G = X x [0,1] — BG that is a

homotopy between f1 and fo.
Hence, if EG is contractible it verifies the definition of a universal G-bundle.

The reciprocal follows by constructing a principal G-bundle with total space contractible for

any topological group G (done in Theorem I11.1.11) and Proposition A.2.10. O

At this moment, the existence of classifying spaces is not yet guaranteed. There are several
constructions for them, such as Milnor’s infinite join construction or the bar construction. This work

discusses the former.

I11.1.1 Milnor’s Construction of the Classifying Space

Definition III.1.9 (Join of spaces). For a finite collection of spaces {X;}, the join of {X;}, denoted

by X1 % X9 x---% X, is defined as the space with elements of the form

(t1$17 toxo, . .. atnxn)

with
(@) t1,...,t, non-negative real numbers satisfying ¢t + --- + ¢, = 1;

(it) z; € X; for all ¢ such that t; # 0. In case t; = 0, the element z; is omitted,
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and topology given by the coarsest topology such that the coordinate functions
tit Xy xXox--x X, —[0,1] and  z;:t;1(0,1] = X;

are continuous. The join of (countably many) infinitely many spaces is defined in the same manner,
with the restriction that all but finitely many ¢; are equal to zero. In fact, the infinite join of spaces

can be more formally defined as the direct limit
Xi*xXgk--- :lii>n(X1*~--*Xn),
by identifying Xj x---x X, in X1 x-+- % X141 via
(t1z1,taxa, . . . tyxy) — (t1x1, L2z, . .., thay, 0).

Example II1.1.10.
(a) The join X  {*} is homeomorphic to the cone CX = (X x I)/(X x {1}).

(b) Let Y = {y1,y2} be a discrete space. Then the join X x Y is homeomorphic to the suspension
XX = (CX)/(X x {0})

(c¢) The join of two arbitrary spaces X and Y can be visualized as follows:

XxYy -

Figure II1.1. The join X xY.

From this, now it can be seen that X xY = (CX x Y) Uxxy (X x CY).
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Y

Figure III1.2. The join X *Y pictured as the fibered coproduct
(CX X Y) Uxxy (X X CY)

(d) The join of spheres S™ x S™ is homeomorphic to S™"*+1. To see this, observe that

S™ % S 2 (CS™ x §™) Ugmygn (S™ x C'S™)

~ (Dm—l—l % Sn) Ugm x gn (Sm % Dn+1)

12

(Derl % 8Dn+1) Us (aDerl % Dn+1)

I

a<Dm+l % Dn—i-l)

I

Sm+n+1

(e) The join of CW-complexes is again a CW-complex. This follows from the fact that cones
and products of CW-complexes are again CW-complexes (assuming the spaces are compactly

generated), and the previous examples.

If G is a topological group, the join G % - - - x G can be endowed with a right G-action by defining

(t191,t292, - - -, tngn) - 9 = (t1919,12929, - - - , tngng).

Notice that the join G % ---x G with G a topological group is a G-CW-complex with free action, i.e.,
for all cells of the CW-complex, the orbits G/H,, are all equal to G. By considering the quotient

space (G x---* G)/G given by identifying

(tlgla t2927 cee 7tngn) ~ (tlgly t2925 CIEIR atngn) g

for all g € G, one gets a principal G-bundle (G x---x G, (G x - - x G) /G, p) where both the total
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space and the base space are CW-complexes. The same occurs for an infinite join.

Theorem III.1.11. Let G be a topological group with the structure of a CW-complex. Then the

universal G-bundle { = (EG, BG,pg) exists, where
EG=G*Gx*--- and BG = EG/G,

with both EG and BG being CW -complezes.

Proof. Set EG = Gx G *--- and BG = EG/G. By the previous discussion, both EG and BG

are CW-complexes, so by Theorem II1.1.8 it suffices to show that EG is contractible.

Let v : S™ — EG be a map. Since S™ is compact, v(S™) is compact, so there exists N > 0 such
that y(S™) C G*---xG C EG due to EG being a CW-complex. Denote G x---x G by Gy,
N ti N times
mes 1m
and take an element g € G. Notice that the cone CGy is embedded in Eqg x G C EG, so the
map ~y can be factored as v : 8" - Gy — Gy *{g} = CGny — EG, where CGy — EG is

null-homotopic. Thus « is null-homotopic.

Therefore, m,(EFG) = 0 for all non-negative n, making EG weakly contractible. By the

Whitehead Theorem, it follows that EG is contractible. ]

The previous theorem only gives information for the case when the topological group G is a

CW-complex, which is enough for the purposes of this work. For a general statement, see [Mil56].
Example II1.1.12. The following are examples of classifying spaces:

(a) If G = Z with usual addition endowed with the discrete topology, then the universal covering

map of the circle, p : R — S, is a principal Z-bundle with total space contractible, so BZ ~ S!.

(b) If G = C4, the cyclic group of order 2, endowed with the discrete topology, then the construction
given for E(Cs) corresponds to the infinite join of O-dimensional spheres, this because S° =
{—1,1} = Cy. Since Oy acts freely in S™ by the antipodal map, and the inclusions S™ C §"*+!
are equivariant with respect to this action, then there is an induced action of Cy over E(Cy) ~

S°° by the antipodal map. Hence

B(C5) ~ S°° /antipodal points = RP>°.
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(c) If G = S endowed with the Euclidean topology, then, similarly to the previous example,
ES' ~ §* and
BS' ~ /8! = CP>™.
I11.1.2 Properties of the Classifying Space

Proposition I11.1.13. Let G be a topological group. Then m,(BG) = 7,—1(G) for alln > 1.

Proof. By Proposition A.3.3, the universal G-bundle &g is a Serre fibration, and by Theorem

A 3.6, there exists a long exact sequence of the form
o T yZ= 0 0 Ty Px
-5 mp(Fyeg) — m(E,eq) — mp(B,by) — -+ = mo(F,eq) — mo(E, e9) — mo(B,by).

~

Since EG is contractible, the previous long exact sequence reduces to the fact that m,(BG)

O

Tn—1 (G)

Proposition 111.1.14. The mapping B : Grp — Ho(CW) that associates a group, seen as a

discrete topological group, with its classifying space is a functor.

Proof. Let f: G — H be a group homomorphism. First, using the model for the total space

given in Theorem III.1.11, notice that f induces a map f. : EG — EH by mapping

(tlgl>t2927 s ) = (tlf(gl)7t2f(g2)> cet )

Since f, satisfies fi(z-g) = f«(x)- f(g), it induces a map Bf from EG/G ~ BG to EH/H ~ BH.
The functoriality conditions follow from the construction of Bf and the universal property of a

quotient space.

One may even consider this functor to be defined from Grp to Ho(CW),_ by picking as base

point the element belonging to the equivalence class of the identity 14 from the first entry of

the infinite join G * G x ---. By abuse of notation, denote such a point by 14. O

Theorem I11.1.15. Let G be a group and BG be the classifying space of G seen as a topological
group with the discrete topology. Then for any G-module M, there is a natural isomorphism between

group homology He(G, M) and homology with local coefficients He( BG; M ).
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Proof. Using the CW-model for BG of Theorem III.1.11, it follows that E'G is the universal
covering space of BG due to the universal bundle being a principal G-bundle with EG contractible.
Furthermore, 71 (BG) = 79(G) = G. Thus, the cellular chain complex Co(BG; M) is isomorphic
to the chain complex Co(EG) ®@¢ M. Since EG is contractible, the chain Co(EG) is acyclic
except in dimension 0, where Co(EG) = Z. Therefore, Co(EG) is a projective resolution of Z

by free G-modules.

Observe that He(G, M) is computed from a projective resolution of Z by Z[G]-modules tensored
by M, which is exactly how Co(BG; M) is defined. O

Example I11.1.16. By applying Theorem III.1.15, the homology groups of the infinite real projective
space RP* can be computed as the homology groups of Cy with integer coefficients, which was

already done in Example 1.4.9.

I11.2 The Plus Construction

Given a path-connected space (X, zg) with the homotopy type of a CW-complex, a commonly
known construction due to Quillen, often referred to as the plus construction and denoted by
i (X,mp) = (X, 20), allows a space to be modified in such a way as to eliminate or simplify its
fundamental group, without altering its homology or cohomology. It operates by killing a perfect
subgroup of the fundamental group (X, z¢) typically with the goal of abelianizing the fundamental

group 71 (X T, zg) while preserving the space’s homological properties.

The Plus Construction. Suppose given a pair ((X,z¢), N) consisting of a path-connected
space (X, xg) with the homotopy type of a CW-complex, and a perfect normal subgroup N of
Uyt (Xa .T())-

Choose a minimal set of generators z, € N running over the index set A. For each of these

classes, choose a representing loop 7, and construct the space X; as the fibered coproduct of
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the following diagram:

IT s Hoeae
acA

| .

II p*? — Xu.
acA

By the Seifert-Van Kampen Theorem, the fundamental group 71 (X7, x) is isomorphic to the
quotient of 71 (X, o) by the normal subgroup generated by the classes z,, i.e., it is isomorphic

to m1 (X, z9)/N.

Consider the universal covering space X1 2 X;. Construct the covering space X of X as the

fibered product of the following diagram:

X — X
|
Jpl
X —— Xl.
Observe that X is obtained from X; by removing the inverse image of the 2-cells attached to X
to produce X7, and since )?1 is connected, then X is also connected. Notice that X — X is
constructed as the fibered product of a principal 71 (X1, z)-bundle, thus X5 Xisa principal

7m1(X,20)/N bundle. From this and the observation that X is constructed from a simply

connected space by removing specific 2-cells, it follows that m; (X' , o) = N.

For each 2-cell €2 of the relative CW-complex (X7, X), the fundamental group (X, o)

acts transitively on the 2-cells pfl(e2) and has isotropy group N. Hence, HQ()E,X 7)) =

«

Co(X1,X;Z) is a free (1 (X, z0)/N)-module on generators {e;ﬂ, running over all the 2-cells ;g

in p;t(e2) for all a € A.

Consider the following diagram consisting of the long exact homotopy sequence and the long

87



88 CHAPTER III. HIGHER K-THEORY

exact sequence in homology of the pair ()?1, X ), related by Hurewicz maps:

~

I — TQ(XviO) e 772(),517@0) — WQ(E7)27:Z'O) — 7T1( ‘%U) —

R S T

D Hy(X;Z) —— Hy(X13Z) —2 Hy(X1, X;2) —— Hy(X3Z) —— -

Notice that
o Hi(X;Z)=m(X,20)* = N2b = 0 since N is perfect.

e For being a universal covering space, 7T1(5(\:1,$0) = 0, so by the Hurewicz Theorem

m2(X1) & Hy(X1; 2).

« By exactness of the bottom row and the fact that Hy(X;Z) = 0, the map Hy(X1;Z) —
HQ(E,X; Z) is surjective. Thus, the composite 7'['2()?/1,560) — HQ(}E; 7) — HQ(E,X;Z)

is surjective. Therefore, for any 2-cell Zg S pfl(ea) in (5{1’)? ), there exists a map

8o : 52 = X1 such that the class [3‘;} in (X1, 20) maps to [eg} in Hy (X1, X,7Z) along

this composite map.

Let 6o = p1 0 25; Construct the space X as the fibered coproduct of the following diagram:

da
H SQ Ha €A Xl

1.

I PP — x*.
acA

The space X is called the plus construction of X, where X is a subspace of X via the

composite inclusion map i : X — X7 — XT.

I11.2.1 Properties of the Plus Construction

Proposition IT1.2.1. Let (X, o) be a path-connected space with the homotopy type of a CW-complez,
and N be a perfect normal subgroup of m1(X,xzo). Leti: X — Xt be the plus construction of the

pair ((X,zo), N). Then the following properties hold:



I11.2. THE PLUS CONSTRUCTION 89

(a) The sequence

0 N (X, 0) —2— (X, 20) —— 0
1s exact.

(b) For any (71(X, z0)/N)-module viewed as a local coefficient system on X, the homology groups
H,(X,i*M) and H, (X, M) are isomorphic.

Proof.

(a) The construction of 7 : X — X implies that the relative CW-complex (X T, X1) only has
3-dimensional cells, so 71 (X, x) = m1 (X1, 20) = m1 (X, 20)/N. The induced map i, is a
surjection since Xt is obtained from X by attaching cells of dimensions 2 and 3, which

makes i, a quotient map.

— + — __
(b) let X+ P, X+ be the universal covering space of X+, so that X is obtained from X;
by attaching 3-cells. This observation makes every square of the following commutative

diagram a fibered product:

X X, X+
—| |
JPI pT
X X1 X+,

Since the relative CW-complex ()f(\jf, X ) only has cells in dimensions 2 and 3, the corre-

sponding relative cellular chain complex has the form
e 0 —— (XN X) L (X X)) — 0 —— -

Furthermore,

C5(X+, X) 2 C5(X+, X,) & Hy(X+, X1;2)

and

Co(X T, X) =2 Co(X1, X) = Hy (X1, X 2).
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Therefore, the boundary map C’3(5(:jr . X) 9 oy (5(::L , X) can be identified with the com-
posite map j o d, where d is the boundary map Hg(i\jr,)z;Z) — HZ(XN]_;Z) obtained
from the long exact sequence in homology of the pair ()A(jr, )A(E)

c— H3(XT;Z) — H3(X+,X1;7) —% Ho(X13Z) — Ho(X ;7)) —> -

)

and j is the map obtained from the long exact sequence in homology of the pair ()?1, X E
D Hy(XZ) —— Hy(X13Z) — Hy(X1, X;Z) —— Hy(X3Z) — -

Consider the following diagram consisting of the long exact homotopy sequence and the

long exact sequence in homology of the pair (5(\7“, )z), related by Hurewicz maps:

- — my(X T, 29) — 7T3(X+,5{1,£L‘0) — 7T2(5(\:1,$0) — mo(X T, xg) — -+

| ! | l

c—— H3(X+;Z) — H3(X+, X1;7) —% Hy(X1;7Z) — Ho(XT:7) — - -

Let Zg: be a 3-cell of the relative CW-complex (5(:, le) with attaching map ;5; Note that
Zg determines an element [ANOC} in 73 (E(VJF, )71) by considering the homotopy class of the

map obtained by extending 5; to the corresponding disk Eg in X+ containing the cell ég.

The image of rAVa} under the Hurewicz map is the class {éﬂ corresponding to the 3-cell
%. On the other hand, the image of [Z;} in the long exact homotopy sequence is the
class [5;} represented by the attaching map 5; Since d({%b = [%}, where eAg is the
2-cell in X; used to attach Eg, the commutativity of the diagram implies that the Hurewicz

map sends {(5&} to [62}. Hence, {(’5;} € 772()?/1) maps to [(%] € Hg()A(/l,)A(;Z) under the

«

composite mo (X1, z0) — Ha(X1;Z) EN Hy(X1,X:7).

One readily concludes that jod : Hg(E(VJF,)A(/l;Z) — Hy(X1,X;7Z) sends [gﬂ to [QZ}
Observe that, similarly as in the construction of X, Hj ()A(jr, X1;7) is afree (m (X, z0) /N)-

module on generators [23{}, running over all the 3-cells gg in (pt)~1(e) for all a € A.
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Hence, both C’g()?i,)?) and Cg()A(jr,)A() are free (m (X, xo)/N)-modules on generators

indexed by the same set. Thus, 0 is an isomorphism.

Let M be a left (m1 (X, xg)/N)-module. The relative homology group with local coefficients
H, (X, X; M) is defined as the n-th homology group of the complex C, ()/(TF, X; L)z}, (X 0)/N]
M, which is acyclic since the chain complex C.(?(VJF , X ;Z) is concentrated in degrees 2
and 3, and these modules are isomorphic. Thus, H, (X, X; M) = 0 for all n. By the long

exact sequence in homology with local coefficients of the pair (X, X), it follows that the

homology groups with local coefficients H, (X,i*M) and H, (X", M) are isomorphic. [

Theorem II1.2.2. Let (X, ) be a path-connected space with the homotopy type of a CW-complet,
and N be a perfect normal subgroup of m1 (X, zo). If (Y, yo) is a space with the homotopy type of a CW-
complex equipped with a continuous map f : X —'Y satisfying N = ker (fy : (X, z0) = m1(Y, y0)),
and conditions (a) and (b) from Proposition II1.2.1, then (Y,yo) is homotopy equivalent to (X, xq),

the plus construction of the pair ((X,zo), N).

Proof. Start by extending f to the cells added in the construction of X from X. This extension
can be done to the 2-cells if and only if, for each attaching map 7., the composite map f o, is
null-homotopic. This can be proven by seeing that the homotopy class of the loops 7, belongs

to N and the fact that ker(f,) = N. Hence, there exists an extension f; : X7 — Y of f.

The extension to the 3-cells of the map f; can be done if and only if, for each attaching map d,,

the composite map f1 o d, is null-homotopic. Let Y — Y be the universal covering space of Y.
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Then

m2(Y,90) = ma(Y, §o)

>~ Hy(Y;7Z) (Hurewicz Theorem)
~ Hy(X;Z) (hypothesis)
= Hg()f(:; Z) (Proposition I11.2.1)
> 1 (X, F)
=~ mo (X, 20)

which implies that for f; o §, to be null-homotopic if and only if d,, is homotopic to a constant
map in X . The latter is true because of the 3-cell €2 attached along the map J, to construct

XT. Therefore, there exists an extension g : XT — Y of f.

By the commutativity of the diagram of topological spaces on the left, there is an induced

commutative diagram of fundamental groups:

(X, 20) —— (Y,0) T (X, o) —L w1 (Y, o)
v g 2 b gx
(X+,CL‘0) 7T1(X+,£L'0)

Since i, is a quotient map, by the universal property of the quotient, the map g, is an
isomorphism. Observe that for any (71 (X, z9)/N)-module M, the homology groups H, (X;i*M)
and H,(X; f*M) are isomorphic. Thus g induces an isomorphism of the homology groups

Hy(X+; M) and H,(Y;M).

Notice that H, (X T;Z[m (X T, z0)]) = Hn()?jr;Z) and H,(Y; Z[r1(Y,y0)]) = H,(Y;Z) for all n.

Consider the commutative diagram of universal covers on the left, which induces a commutative
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diagram in homology with local coefficients:

x+ 4.y Ho(X+:Z) g~ H,(Y;Z)

] - | i

xt 2.y Hy(XH; ZIm (X, 20)]) —"— Ha(Y3Z[m1(Y, y0)])

R

Since g, is an isomorphism, it follows that g, is an isomorphism. Now, consider the induced

commutative diagram of homotopy:

7771(3(\17-%0) — Wn(?aQO)

| |

T (X T, 20) — m (Y, v0).

For n > 2, the vertical maps are isomorphisms because of the long exact sequence of a fibration.
On the other hand, because both X and Y have the homotopy type of a CW-complex, the
universal covers X+ and Y also have the homotopy type of a CW-complex. By the Homology

Whitehead Theorem, X+ and YV are homotopy equivalent. Hence, by commutativity of the

diagram and the Whitehead Theorem, it follows that X and Y are homotopy equivalent. [

Proposition I11.2.3. The plus construction is functorial in the following sense: Let f : (X, xq) —
(Y,yo) be a map of path-connected spaces with both X andY having the homotopy type of a CW-
complez, and N1 and Ny be perfect normal subgroups of m1(X,z9) and m (Y, yo) respectively with
f«(N1) € No. Then f induces a map f*: XT — Y+, where XT is the plus construction of the pair
((X,20),N1) and Y™ is the plus construction of the pair ((Y,yo), N2). Furthermore, f is unique up

to homotopy.

‘ Proof. See [Ros94, 5.2.4]. O

III.3 Quillen’s Higher K-theory

In his work on higher K-theory, Daniel Quillen introduced a topological construction that encodes
the information of K-groups of a ring into the homotopy groups of a suitably constructed topological

space.
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Definition IT1.3.1 (K-Theory Space of a Ring). Let R be a ring. Endow the groups GL(R) and
Ky(R) with the discrete topology. The Algebraic K-Theory Space of R, denoted by K (R), is the
space

K(R) = (Ko(R) x BGL(R)", (0, (r) lar(r)))
where BGL(R)* is the plus construction of the pair (BGL(R), 11 (r)), E(R)).

Remark 111.3.2. Note that the K-theory space of a ring is only well-defined up to homotopy

equivalence.

Proposition I11.3.3. Let R be a ring. Then
mo(K(R)) = Ko(R),  m(K(R)) = Ki(R), and  m(K(R))= Kx(R).

Proof. Since BGL(R)™" is connected, it follows that mo(K(R)) = Ko(R). Now, by Propositions
I11.2.1 and II1.1.13,

m(BGL(R)") = m(BGL(R))/E(R) = mo(GL(R))/E(R) = GL(R)/E(R) = K(R).

For the last expression, observe that F(R), for being a normal subgroup of GL(R), acts
freely and properly discontinuously on EGL(R), so EGL(R) — EGL(R)/E(R) is a principal
E(R)-bundle, and therefore the base space EGL(R)/E(R) is a model for BE(R). Thus,
EGL(R)/E(R) - EGL(R)/GL(R) ~ BGL(R) is a normal covering map of BGL(R), with

covering group GL(R)/E(R).

In the following commutative diagram, the cells attached to BGL(R) to construct BGL(R)*
get lifted to cells in BE(R)™" that kill the perfect group F(R) of m1(BE(R)) = E(R), i.e., the
covering space BE(R)"™ — BGL(R)™ is the universal cover of BGL(R)™:

BE(R) —— BE(R)*

|

BGL(R) —— BGL(R)*.
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In particular, m,(BE(R)") & 7,(BGL(R)") for n > 2, and m;(BE(R)") = 0. By the Hurewicz
Theorem,

mo(BE(R)Y) = Hy(BE(R)";Z) = Hy(BE(R); Z) = Ho(E(R); 7).
Hence, by Proposition 11.3.12, it follows that mo(K(R)) = mo(BGL(R)") = Ky (R). O

This motivates the following definition:

Definition I11.3.4 (Higher K-Theory Groups of a Ring). Let R be a ring. For all n € N, define

the n-th K-theory group, denoted by K, (R), as

Kn(R) = 7, (K(R), Oky(r) laL(r)))-

Proposition I11.3.5. The mapping K, (—) : Ring — Ab is a functor.
Proof. For any ring R, all the steps in the construction of K,(R) can be seen as functors, so

the desired mapping is a functor too. ]

Unfortunately, the study of further properties of the higher K-groups of a ring requires additional
tools from algebraic topology beyond the scope of this work. Nevertheless, a few notable results can

be mentioned briefly.
Let R be a ring and I be a two-sided ideal of R.
1. All of the K-groups commute with finite products.
2. The K-group K3(R) can be completely defined in only algebraic terms as Hs(St(R),Z).

3. The quotient map ¢ : R — R/I induces a map ¢. : K(R) — K(R/I). Let F(q.) be the
homotopy fiber of ¢.. By defining the relative K-groups K, (R,I) as K,(R,I) = m,(F(q)),
one can verify that these relative groups agree with the relative K-groups defined previously.

Even more, one obtains a long exact homotopy sequence isomorphic to

- — Kpy1(R/I) — Kp(R,I) — Kp(R) — K,(R/I) — Kp_1(R,I) — -+,

which extends the exact sequence (3).
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4. A more advanced computation shows that for every finite field Fy,

Z if n=20,

Kn(Fq) =372/(¢F—1) ifn=2k—1fork>1,

0 otherwise.

In particular, this result was already known for n = 1 due to Example 11.2.14, because it is known
that the multiplicative group of a field: F*, is cyclic. In this case, it is isomorphic to the cyclic

group of ¢ — 1 elements, which coincides with F* = 7Z/(q — 1).



Appendix

This appendix presents several technical results from algebraic topology. The development of these
results is somewhat intricate and tangential to the main focus of the thesis, and they are only used
in the final chapter. Relevant references are provided for those interested in exploring the topic in

more detail.

A.1 Theorems in Homotopy Theory

Theorem A.1.1 (Long Exact Homotopy Sequence). Let (X, A) be a pair of spaces with basepoint
xog € A. Denote by i the inclusion (A, xo) — (X, x0) and by j the inclusion (X, xo, x0) — (X, A, xo).

Then the homotopy sequence

AN (A, x0) IR (X, o) EELIN (X, A, x0) 92, Tn—1(A, o) SN mo(X, x0)
s exact.
Proof. See [Hat02, 4.3]. O

Theorem A.1.2 (Whitehead Theorem). If a map f: X — Y between connected CW-complexes

induces isomorphisms fi : T (X) — mp(Y) for all n, then f is a homotopy equivalence.

Proof. See [Hat02, 4.5]. O

Lemma A.1.3 (Extension Lemma). Given a CW-pair (X,A) and a map f : A = Y with Y
path-connected, then f can be extended to a map X — Y if m,(Y) = 0 for all n such that X — A has

cells of dimension n.

97
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Proof. See [Hat02, 4.7]. O

Theorem A.1.4 (Cellular Approximation Theorem). Every map f: X —Y of CW-complezes is
homotopic to a cellular map. If f is already cellular on a subcomplex A C X, the homotopy may be

taken stationary on A.

Proof. See [Hat02, 4.8]. O
Theorem A.1.5 (Hurewicz Theorem). If X is a (n — 1)-connected CW-complex for n > 1, then
Hy(X) =0 fori<mn and m,(X)* = H,(X;Z).

Proof. See [Hat02, 2.A1 and 4.32]. O
Theorem A.1.6 (Homology Whitehead Theorem). A map f: X — Y between simply-connected
CW-complezes is a homotopy equivalence if f : Hy(X) — H,(Y) is an isomorphism for each n.

Proof. See [Hat02, 4.33]. O

A.2 Principal and Universal G-bundles

Definition A.2.1 (Fiber Bundle). A fiber bundle with fiber F' is a triple £ = (F, B,p), where
p: E — B is a continuous map, such that B admits an open cover {U,} together with a collection

of homeomorphisms {¢, : p~1(Uy) — U, x F} making the following diagram commute:

pHU,) 225 Uy x F

with 71 being the projection onto the first factor. The space B is called the base space, the space E

is called the total space, and the map p is called the projection of the fiber bundle.

Remark A.2.2. In a fiber bundle £ = (E, B, p), if the base space and projection map of a fiber bundle

are understood from the context, it is common to write £ for the total space E.

Example A.2.3. The following are examples of fiber bundles:
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(a) All covering spaces are fiber bundles with discrete fiber.
(b) The Mobius band.
(¢) The tangent and normal bundles.

Definition A.2.4 (Principal G-Bundle). Let G be a topological group, and let £ = (E, B, p) be a
fiber bundle with fiber G. Let k : E x G — E be a right action of G on E. The pair (&, k) is called
a principal G-bundle if for z € E and g € G, p(k(z, g)) = p(x). This is equivalent to the following

commutative diagram of G-spaces:

where G acts on the right of U, x G by ((b,g), h) — (b, gh), and trivially on U,.

Definition A.2.5 (Pullback Bundle). Let £ = (E, B,p) be a fiber bundle with fiber F. Given a

map f : B’ — B, consider the fibered product

-, F

_
14 P
B’ —— B.

f

The pullback bundle, denoted by f*(§), is the fiber bundle (E’, B/, p’).

Proposition A.2.6. Pullback bundles are indeed fiber bundles. Furthermore, if & is a principal
G-bundle, then f*(&) is a principal G-bundle.

Proof. See [Hus94, Chapter 4, 4.1] O

Observe that f* has functorial properties, in particular, given a fiber bundle £ : (E, B, p), and maps
g: By — By and f: By — B, one has that (fog)*(&) = ¢*(f*(€)) via (b2, z) — (b2, (g(b2),x)). This

is illustrated by the following commutative diagram:



100 APPENDIX

where the elements get mapped in the following way

(b2, ) (b2, (9(b2),z)) — (g(ba),x) 9[
g(b2) — (fog)(b2) =p(x).

Theorem A.2.7. Let £ = (E, B,p) be a principal G-bundle, and let f and g be homotopic maps
from B’ to B, with B" Hausdorff and paracompact. Then f*(&) and f*(g) are isomorphic as principal
G-bundles over B'.

Proof. A more general statement can be found in [tD08, 14.3.3] or [Hus94, Chapter 4, 9.9]. The

precise statement can be found in [Coh, 4.1]. O

Corollary A.2.8. Let B be a contractible Hausdorff paracompact space. Then every principal

G-bundle over B is isomorphic to the trivial bundle B x G.

Proof. Let £ = (E,B,p) be an arbitrary principal G-bundle. Since B is contractible, the
constant map csty, : B — B is homotopic to the identity map, so cst; (§) = Idp(§). Notice
that Id(§) = &, and cst; (§) = (B x G, B, m) since the total space of cstj (§) is B xp E =
Bxp (b)) = BxG. O

Definition A.2.9 (Universal G-bundle). Let [X,Y] denote to homotopy classes of maps from
X to Y, and let Princg(B) denote the set of isomorphism classes of principal G-bundles over B.
A universal G-bundle £ = (EG, BG,pg) is a principal G-bundle such that BG is a Hausdorff

paracompact space, and for all Hausdorff paracompact spaces B, the following correspondence is a
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bijection:

[B, BG] — Princg(B)

[f1— 1 (&a)-

Aditionally, a principal G-bundle { = (EG, BG, pg) is called a universal G-bundle on CW-complezes
if BG is a Hausdorff paracompact space, and for all CW complexes X, the following correspondence

is a bijection:

[X, BG] — Princg(X)

[f1— [ (&)

Observe that the correspondence given in the definition of universal G bundles is well-defined because

of Theorem A.2.7.

Proposition A.2.10. Let B and B’ be Hausdorff paracompact spaces. If £ = (E,B,p) and
& = (E',B',p') are universal G-bundles, then B and B’ are homotopy equivalent. Moreover, E and

E' are also homotopy equivalent.

Proof. From the definition of universal G bundles, there exist bijections

[B’, B] «+— Princg(B) and [B, B'] +— Princg(B’).

Let f: B'— Band f’' : B — B’ be maps such that f*({g) = & and (f')*({;) = & respectively.
Then
(f o f)"(€a) = ()" (f*(6a)) = (f')" (&) = & = (idB)"(§a),

so fo f/ ~idp. Similarly, f o f ~ Idp:. Therefore, B and B’ are homotopy equivalent.

To see that F and E’ are also homotopy equivalent, it suffices to use the Covering Homotopy
Theorem from [Coh, 4.2], to induce a homotopy equivalence from E to E’ given a homotopy

from B to B’ O

From the previous proposition, it follows that a universal G-bundle is unique up to homotopy of base
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and total spaces. Therefore, it is appropiate to refer to the universal G-bundle of a topological group

(rather than a universal G-bundle) as long as only the homotopy type of the spaces is considered.

A.3 Fibrations

Definition A.3.1 (Homotopy Lifting Property). A continuous map p : E — B is said to have the
homotopy lifting property with respect to a space X if, given amaps f: X - Fand H : X x I — B,

there exists a map H : X x I — F making the following diagram commute:
e f
—_—

E
(id,csto)J . H/ JP

A
XXITB

Definition A.3.2 (Serre Fibration). A continuous map p : E — B is called a Serre fibration if it
satisfies the homotopy lifting property with respect to all disks D™. A pointed Serre fibration is a

Serre fibration p : E — B equipped with basepoints by € B and ey € E such that p(eg) = by.

Proposition A.3.3. The projection map of a fiber bundle £ = (E, B,p) is a Serre fibration.

Proof. See [Hat02, 4.48]. O

Proposition A.3.4. Let p: E — B be a Serre fibration. Then for any points by, by from the same

path component of B, the fibers p~t(bg) and p~1(b1) are weakly homotopy equivalent.

Proof. See [FF16, §9.6]. O

Lemma A.3.5. Let p: E — B be a Serre fibration. Let e € E be a point. Denote b = p(e) and
F =p~1(b). Then the map

st T (E, F,e) — m,(B,b)

is an isomorphism for all n.
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Proof. See [FF16, §9.8]. O

Theorem A.3.6 (Homotopy Sequence of a Fibration). Let p: (E,ep) — (B, bg) be a pointed Serre
fibration, and let F = p~Y(bg) be the fiber over the basepoint by. If B is path-connected, then there is

a natural long exact sequence
I5] Tx P 0 o) ix Px
- = m(Fyeg) = mp(E,eq) — mn(B,by) — -+ = mo(F,eq) — mo(E,ep) — mo(B,bo),

where this is a long exact sequence of groups for n > 1, and a long exact sequence of pointed sets for

alln.

Proof. Follows directly from Theorem A.1.1 and Lemma A.3.5. O
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