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Outline

n-angulated categories
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Pre-n-angulated categories

Idea: n-angulated ~ “triangulated but with longer triangles”.

Introduced by Geiss, Keller, and Oppermann (2013). Motivated by
examples in quiver representation theory.

Let C be an additive category, 3: C = Can automorphism, and
n > 3.

Definition. An n-3-sequence is a diagram in C of the form

fo- .
X, ox, B x ex

Definition. A pre-n-angulation of C is a collection .4 of
n-Y-sequences in C, called n-angles, satisfying the following
axioms.
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The axioms

(N1)
(a) A is closed under direct sums, direct summands and
isomorphisms of n-3-sequences.
(b) For all X € C, the trivial n-X-sequence

X . x 0 0 Y X,

belongs to 4.

(¢) For each morphism f: X; — X5 in C, there exists an
n-Y-sequence in .4~ whose first morphism is f.

(N2) An n-Y-sequence belongs to .4 if and only if its rotation

n -1)"uf
X, f2 X; f3 . f E)(1( ) 123)(2

belongs to 4.
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The axioms (cont’d)

(N3) Given the solid part of the commutative diagram

fl f2 f3 fnfl fn

X; X5 X3 X, Y X1
l 1 J(bz i @3 i on J S
Y; g1 Y, g2 Y, 93 g1 Y, n SY;

with rows in .4, the dotted morphisms exist and give a
morphism of n-X-sequences.

Remark. pre-3-angulated = pretriangulated
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Getting rid of “pre”

Recall: triangulated = pretriangulated 4 octahedral axiom.

Definition. A pre-n-angulated category C is an n-angulated
category if it also satisfies the “mapping cone axiom”, i.e., every
fill-in problem admits a good fill-in.

Reformulated as a “higher octahedral axiom” by Bergh and Thaule
(2013).

Remark. This entire talk is pre-n-angulated.
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Non-unique “cofibers”

Main difference: When n > 4, an n-angle extension of
f: X1 — X5 is not unique up to isomorphism.
Example. In a 4-angulated category C, given a 4-angle

X f1 X, f2 X5 f3 X, fa $X,

and an object Y, we can add a trivial summand to obtain another
4-angle:

[fz] [fso] fa 0
X1LX2$X3@YLX4@YQZX1.
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Source of examples

Theorem (GKO 2013). Let 7 be a triangulated category with an
(n — 2)-cluster tilting subcategory C closed under "2 where %
denotes the suspension in 7. Then (C, X" 2, .#") is an n-angulated
category where .4 is the class of all n-X"~2-sequences

X4 HX2 " "-fLIX D ¢!

in C such that there exists a diagram in T

fn—
f1 X2 = X3 < o : Xn— fn-1
X1 — Xos — Xgp et o+ Xy 5 —+— X,

with X; € T for all ¢ ¢ Z such that all triangles with base a
degree-shifting morphism are triangles in 7, and f,, is the
composition of the bottom row.
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Toda brackets
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Triangulated case

Idea: A Toda bracket is constructed by picking nullhomotopies
fi+1fi ~ 0 that witness f;1+1f; = 0 in the homotopy category.

Definition. Let 7 be a triangulated category and let

X f1 X f2 X f3 X,

be a diagram in 7. Consider the following subsets of T (XX7, X4).

o The iterated cofiber Toda bracket
(f3, f2, f1)ee € T(XX7, X4) consists of all morphisms
. X7 — X4 that appear in a commutative diagram

X fi X, Y2 Ys Y3 $X,

I | le¢ I
X fi X, f2 X, f3 X,

where the top row is distinguished.
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Triangulated case (cont’d)

e The iterated fiber Toda bracket (fs, fo, fi)ag C T (XX1, X4)
consists of all morphisms 34: > X; — X4 where § appears in a

commutative diagram

X, f1 Xy f2 X; f3 X,

Lo o, ]

w1 2

2341;¥4 Wy )(3 Xy
where the bottom row is distinguished.
e The fiber-cofiber Toda bracket (fs, fa, fi)fc C T (XX1, X4)

consists of all composites X(8741): X X7 — Xy, where 5} and
ﬁ% appear in a commutative diagram

)(1 ALE;A }(2 53}(1
st o > T8
2y, Py, By
| |=8?
)(3 AAJEAA )(4.

where the middle row is distinguished.
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The constructions agree

Remark. Each bracket is non-empty if and only if fj41f; = 0.

Proposition. The three definitions of Toda bracket agree.
Classical for triangulated categories. Turns out to be a
pretriangulated fact.

In fact, the three brackets are the same coset of the
indeterminacy subgroup

(f3)«T(2X1, X3) + (Bf1) T (2Xo, X4) C T(2X1, Xy).
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For higher n

How to generalize Toda brackets to higher n?

The two “extreme” constructions centered at f; or f, have
straightforward analogues.

The “balanced” construction centered at fo generalizes in two
different ways:

@ Center the construction at one of the intermediate maps f;.

o Use all the intermediate maps fo,..., frn_1.
Fix a pre-n-angulated category C and n composable maps in C

fl f2 f3 fn—l fn

We will define certain subsets of C(XX1, X;41)-
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Iterated cofiber

Definition. e The iterated cofiber Toda bracket

<fn7 ) f27 f1>cc c C(EXth—f—l)

consists of all morphisms ¢: ¥X; — X,, 1 that appear in a
commutative diagram

X1 L Xo i Y3 Y Y, m, Y., o Y X4
) fi , f2 , I3 ’ fa 1 X, f X1

where the top row is an n-angle extension of f;.
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Iterated fiber

@ Dually, the iterated fiber Toda bracket

(fr,--s fo, fi)g € C(EX1, Xpg1)

consists of all morphisms 3: > X; — X, 11 where § appears in

a commutative diagram

f f f Jn— frn— fn
X — o X e Xy s T X, T X, S X
o I I e |
w w W Wn—2 Wn—1 fn
S Xy Wy = Wy — e = Wiy —— Xy = X

where the bottom row is an n-angle.

Generalizing those two extreme choices:

15 /37



Intermediate brackets

e For each 1 < i < n the [i]-intermediate Toda bracket

<fn7' . 'af27f1>[i] - C(EXlaXnJrl)

consists of morphisms ¢ = X(f1a1): ¥X; — X, 41 such that
a1 and f; occur in a commutative diagram:

Prepare for a big diagram...
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Intermediate brackets (cont’d)

fi f2

X — Xy —— -+

e

21 29

7y ——s Ty —s .
fi—o2 fic1
— X — X,
Joor ]
Zi—2 Zi—1 f Zi+1 Zi+2
Ziq X; Xit1 Zita
| e
i1 i+2
Xiy1 Xiyo
Zn—1 Zn
Ny AN )

ooy lﬁn . lzﬁl

: Xn Xn+1

where the middle row is some n-angle Z, in which f; occurs as the

ith morphism.
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Fiber-cofiber

@ The fiber-cofiber Toda bracket

(frr -5 f2, f1)ee € C(EX1, Xng1)

consists of all composites

D877 BEBD) BXG —— X

where 81,82, .. ., ?_1 appear in a commutative diagram of the
following form:

Prepare for an even bigger diagram...
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Fiber-cofiber (cont’d)
fi

T $X,
;f el T HZ%EJZEB
S gta e e e B
Zj;% . zf% . ZJ;% 4 ) n Zéﬁii) EJZ?};
[ R [t |

[ S L U e S U i |

1 2 3
Z?*l — 25*1 —_— Z‘,?*l N ZZ*l s X — 22?71

where row i is an n-angle Z? in which f; occurs as the 7" morphism.
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Example: n =4

For n = 4, an element of the fiber-cofiber Toda bracket
¥ € (f1, f3, f2, f1)tc is defined by a diagram

f1

X1—>X2 EXI
Jﬂ% , H , ) »Bl
z
2 x, Py, B T e
lﬁ? lﬁﬁ H lﬁ% orH
Z? Zg f3 22
A Zs X3 Xy WA
H EH
fa

Xy — X;5.

for some choices of n-angles containing fo and f3 such that

¥ = D(81811).
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The constructions agree

Theorem (F., Martensen, Thaule). Assuming f;1+1f; = 0 for all 4,
all the given definitions of Toda bracket agree.

Hence, we can safely talk about the Toda bracket

<fn7' . 'af27f1> c C(ZXlaXnJrl)-

In fact, the definitions of the bracket are all the same coset of the
indeterminacy subgroup

(fn)C(EX1, Xp) + (X f1)"C(XX2, Xpy1) € C(XX1, Xpy1)-

Remark. If f; 1 f; # 0 for some 4, then the fiber-cofiber bracket is
empty:

(frr-- s fo, fr)ee =0
but the other brackets might be non-empty.

21/37



Outline

Examples
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Exotic example

Consider the category C = modHZ/ p? of finitely generated free
modules over R = Z/p?, with p = 2 if n is odd (and p is any prime
number if n is even). Take the identity automorphism ¥ = Id.

Muro, Schwede, and Strickland (2007) constructed an exotic
triangulated structure on mod®7Z/4.

Bergh, Jasso, and Thaule (2016) constructed an exotic n-angulated
structure on C, for any n > 3.

Example. Taking n = 4, the Toda bracket of the diagram

R R R R 2R

as a subset of C(XR, R) = C(R, R) = Z/p? is

(p.pp,p) ={1+cep|c€Z} =1+ (p) CZ/p*.
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Quiver representation theory

Example. Consider the quiver () with relations J? depicted here:

J = arrow ideal, generated by paths of length 1.
J3 = ideal generated by all paths of length 3, namely cba.
Path algebra I' = kQ/.J3.

Take A := modI" the category of finitely generated right I'-modules.
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Quiver example (cont’d)

The category A can be visualized as:

WO

SN, TN

O
@/ N /N N o
where we denote the quiver representation

(kS k—0—0)
and so on.

Take M = direct sum of the encircled modules.

25 /37



Quiver example (cont’d)

In the category A = modI', M is a 2-cluster tilting module in the
sense of Iyama:

add M = {X € A| Exti(X, M) =0}
—{XEA]ExtF( X) = 0}.

Indecomposable projectives in A:

Li=1 DL=, IBL=P L=P.
I' is a finite-dimensional k-algebra of global dimension gldimI" = 2.
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Quiver example (cont’d)

~ Get a 4-angulated structure on the subcategory
U = add{M[2i] | i € Z} C D°(A).
Some 4-angles in U:

Py f1 P, f2 Py f3 I fa 22P4

P4 91 P3 g2 Pl g3 12 94 22P4,

Toda bracket of the diagram in U:

Py f1 P, g3 f2 I, g4 22P4 22]33

(X291, 94, 93.f2, 1) = spam {E°g1} = U(S* Py, ©° Py)
See the paper for details.
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Some results
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Juggling formulas

Fix a pre-n-angulated category C and n composable maps in C

fn— n
X1 n Xo 2 X3 LI 1Xn d Xnt1

satisfying f;+1f; = 0 for all 4.
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Subadditivity

Relations between brackets and addition:

Proposition. 1. (fn, + f, fa—1,---, f2, f1) C
<fn7fn—17"'7f27f1>+<frlwfn—17"'7f27f1>'

2. (fas- s fos 1+ f1) C (fr oo o5 foo f1) + (fns fuets oo -5 f2, 1)

3. For 2 <17 <n—1, we have the identities

<fn7"'7fi+fi/7"'7f27f1> =
<fn7"'7fia""f25fl>+<fna"'7fi/7"'7f27f1>~

4. For 1 <1 < n, we have

<fn7-"7_fia"-7f1>:_<fna"'7fi>-">f1>'
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Submultiplicativity

Relations between brackets and composition:

Proposition. 1. fur1(fn,---, f2, 1) C {(fas1fn,-- -, fo, f1)-
A fnrts s 3, [2) 501 C© (favts - f35 faf1)-

3. {fnt1s s f3s f2f1) S (fur1, -5 f3f2, 1)

4o (frs1fns fa1s 5 f2, f1) C (fus1s fafn—1s -5 f2, f1)-

5!

. For all 3 <7 <n —1 we have the identities

[\)

(fatts-os firr fis ficrs oo oo Jos J1) = (Fngts - fits fiffic1s oo o5 fos J1)-
6. fn+1<fn7' . 'af27f1> = <fn+1a' . 'af3af2>(_1)n2f1'

Remark. Collected reference for 3-fold Toda brackets in
(pre)triangulated categories.
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Heller’s theorem

Lemma (GKO 2013). In a pre-n-angulated category C, every
n-angle

frn— n
X, f1 Xy f2 X5 f3 N 1 X, f $X,

is Yoneda exact, i.e., the sequence of abelian groups
f1)« f2)« n «
e, x0) P e x) P e x4, mx)

is exact for every object A of C.
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Heller’s theorem (cont’d)

Proposition. Let C be a pre-n-angulated category. An
n-Y-sequence

frn— n
X, f1 Xy f2 X5 f3 N 1 X, f $X,

in C is an n-angle if and only if the following two conditions hold.

1. The n-¥-sequence X, is Yoneda exact.

2. The Toda bracket (fy,..., f2, fi)ec € C(XX7,XX1) contains
the identity morphism 1y y;,.

The case n = 3 is due to Heller (1968).

The proof for n > 3 is similar, using facts from GKO (2013).
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Longer = Higher
In the GKO setup, higher Toda brackets in the ambient
triangulated category are also available.

Theorem (F., Martensen, Thaule). Let 7 be a triangulated

category with an (n — 2)-cluster tilting subcategory C closed under
¥"=2 and let

frn— N
X, f1 Xy f2 X; f3 . 1 X, f X1

be a diagram in C satisfying f;;;1fi = 0 for all . Then

n—3
<fn7 SER) f27 f1>n—angulated = (_1)2‘3:1 €<fna s af27 f1>triangulated-
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Massey products

Combining the previous result with a theorem of Jasso and Muro
(2023) yields the following in the presence of a DG enhancement.

Corollary. Let k be a field and A a small DG category over k such
that the homotopy category H 0(Moddg A) of the DG category of
right DG A-modules is triangulated and has a (n — 2)-cluster
tilting subcategory U closed with respect to the shift [n — 2] such
that U is n-angulated. For n composable maps f; in U, we have

<<fn77f27f1»[n_2] = _<fN7"’7f27f1>

where the left side is the Massey product computed using the DG
category A and the right side is the Toda bracket in the
n-angulated category U.
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Future directions

A few ideas for related research.

o Computations and applications.

@ Do n-angulated categories have a homotopical interpretation?
Are Toda brackets obstructions to something?

e Higher and longer. Toda brackets of m composable maps f; in
an n-angulated category, for m > n.

e Adams spectral sequence in n-angulated categories, cf.
Beligiannis (2015). Relation between differentials and Toda
brackets?
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Thank you!
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