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1. Introduction

Purification of Ey-semigroups is a central theme of the theory of noncommu-
tative dynamics [1], a theme which has revolved around two main problems:
(i) to decide whether or not every Ep-semigroup is cocycle conjugate to a pure
Ep-semigroup [1][4], and; (ii) to describe the class of pure Ey-semigroups that
are cocycle conjugate to a given Ey-semigroup [2][3]. A solution to the for-
mer problem was obtained in the affirmative by V. Liebscher, as a direct
consequence of an intricate analysis of product systems of W*-algebras [4,
Theorem 7.23].

It is our main purpose, in paper, to initiate a study of the latter prob-
lem from the perspective of Arveson’s theory of spectral C*-algebras. More
precisely, we show that Arveson’s characterization of cocycle perturbations
of an FEjy-semigroup in terms of essential states of the spectral C*-algebra
pertains to the study of pure Ep-semigroups, and determines a surjective
correspondence from the set of all pure essential mixing states of the spec-
tral C*-algebra C*(E,) of the concrete product system E, of an arbitrary
Ey-semigroup p = {p:}+>0 onto the set of all pure Ey-semigroups that are
cocycle conjugate to the semigroup p = {p: }+>o0.

This self-contained paper is organized as follows. In Section 2, we collect
several definitions and facts regarding FEy-semigroups. For a more detailed
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treatment of various aspects of this subject, we refer the reader to [1]. In
Section 3, we show that the regular representation of the concrete product
system E, of an Ey-semigroup p = {p;}+>0 induces a strongly continuous
one-parameter contractive semigroup o* = {aj }+>0 on the dual space of the
spectral C*-algebra C*(E,). We then obtain a complete characterization of
the class of essential bounded linear functionals of C*(E,) in terms of this
semigroup. In Section 4, we introduce the new concept of mixing bounded
linear functionals of the spectral C*-algebra, which is defined with respect to
the semigroup a* = {o} }+>0. We show that every mixing essential state com-
pletely defines the pureness of the natural Fy-semigroup acting on the von
Neumann algebra generated by the spectral C*-algebra under the GNS rep-
resentation of the state. This result produces the aforementioned surjective
correspondence between pure essential mixing states and pure Ey-semigroups.

2. Background on the theory of Fj-semigroups, product
systems, and spectral C*-algebras

Introduced by R. Powers in [5], Ep-semigroups are pointwise o-weak con-
tinuous one parameter semigroups p = {p;}+>0 of unit-preserving normal
*_endomorphisms acting on a von Neumann algebra M, usually a type I
factor #(H), where H is a separable Hilbert space. Non-unital Ey-semigroups
are conveniently called E-semigroups. An Ey-semigroup p = {p¢}i>0 is said
to be pure if its tail algebra is trivial, i.e.,

ﬂ pe(M)=C-1
>0
The main focus of this theory is on the classification of Fy-semigroups
up to conjugacy and cocycle conjugacy. Two Ey-semigroups p = {p;};>0 and
o = {o}+>0 acting on ZAB(H), respectively #(K), are said to be conjugate
if there is a *-isomorphism 6 : B(H) — Z(K) such that 0 o p, = o4 0 0,
t > 0. They are said to be cocycle conjugate if o is conjugate to a cocycle
perturbation of p, i.e., to an Ey-semigroup of the form {Ad(u;)ep;}i>0, where
{ut}1>0 C #(H) is a unitary p-cocycle, i.e., a strongly continuous family of
unitaries u; satisfying the cocycle relation ugy+ = usps(uy), for all s, ¢ > 0.
As shown by Arveson, the classification problem of Fp-semigroups up
to cocycle conjugacy is equivalent to the classification problem of product
systems up to an isomorphism. More precisely, one can associate to each Ey-
semigroup (or to an E-semigroup) p = {p:}>0 acting on Z(H), the Borel
bundle E, = {E,(t)}+~0 C #(H) of Hilbert spaces of intertwining operators

E,(t) ={ve B(H)|ps(x)v=vz, forallz € B(H)},

endowed with the inner product (u,v) g ;-1 =v"u, u, v € E,(t). The bundle
E, = {E,(t)}+>0, called the concrete product system of p, has the property
that its isomorphism class is a complete cocycle conjugacy invariant, in the
sense that two Ey-semigroups p and o are cocycle conjugate iff £, and E, are
isomorphic as product systems. One should also note that there is a concept
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of abstract product system, which is not defined in terms of the intertwining
spaces of an Fy-semigroup. However, any abstract product system can be
transformed, via an isomorphism, into a concrete product system by a pro-
cedure similar to the one that follows.

One can describe all Ey-semigroups p = {p:}>o that are cocycle con-
jugate to a given Ep-semigroup p acting on Z(H) by making use of the
representation theory of the concrete product system E,. More precisely, if
¢ is a representation of £, on a Hilbert space K, i.e., a measurable operator-
valued function ¢ : E, — Z(K) satisfying the conditions (i) ¢(v)*¢(u) =
<U7U>E(t) ’ L u, v € Ep(t)v > 0; and (11) ¢(UU) = ¢(u)¢(v)a u € EP(S)a y €
E,(t), s, t >0, then {¢(E,(t))}+>0 is a Borel bundel of Hilbert spaces that
is isomorphic to E,, and p = {p; }+>0, where

Z¢ en(t))zd(en(t)*, t >0, z € B(K), (2.1)

and po := Idgx), is a E-semigroup acting on %(K) with concrete product
system E5 = {¢(E,(t))}e>o0. Here {ey(t) }nen, ¢>0 is a Borel orthonormal basis
for E,, i.e., for every n € N, (0,00) 5 t +— e,(t) € E,(t) is a Borel section
of E, in such a way that {e,(t)}, is orthonormal basis for E,(t), for every
t > 0. The semigroup p = {p; }+>0 is an Ep-semigroup if and only if

[O(E,(t)K] =K, t>0, (2.2)

in which case we say that ¢ is an essential representation of the product
system E,. At the opposite end are the singular representations of E,, i.e.,
representations ¢ satisfying (1, ([¢(E,(t)) K] = {0}.

Essential representations of a concrete product system E, = {E,(t) }+>0
or, equivalently, Eg-semigroups that are cocycle conjugate to p, can be con-
structed by making use of the representation theory of the spectral C*-
algebra C*(E,) of E,, a C*-algebra that plays the role of the “spectrum”
of the Fy-semigroup p. To define this C*-algebra, we counsider, for p € {1,2},
the spaces LP(E,) of all measurable sections (0,00) 3+— f(t) € E,(t) that
are p-integrable, i.e., f(0700) lf@®)||Pdt < oo, endowed with the usual norm

I fll, = f(o 00) IIf (@) |pdt)1/p. Every representation ¢ of E, on a Hilbert space

K extends to a contractive representation of the Banach algebra L'(E,) on
K by the formula

o(f) == /( G € L) (2.3)

The spectral C*-algebra C*(E,) C B(L?(E,)) is then defined as the norm
closure of the linear span of all products of the form ¢¢¢; with f, g € LY(E,),
where ¢ : E, — #(L*(E,)) is the regular representation of E,,

(Laf)(s) = {xf(s—t% 5> 1,

0, 0<s<t,
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for x € E,(t), t > 0, and f € L*(E,), and {y, ¢, are as in (2.3) for
f, g € L*(E,). Note that the regular representation ¢ is singular.

The spectral C*-algebra C*(E,) is non-unital, separable, irreducible,
nuclear, simple at least for spatial Ey-semigroups, and its representation
theory echoes the representation theory of the product system E,. More
precisely, there is a 1-1 correspondence between nondegenerate representa-
tions 7 : C*(E,) — HA(K) of the C*-algebra C*(E,) and representations
¢: E, — PB(K) of the product system E,, given by

m(lsly) = ¢(f)d(9)", f, g€ L(E,). (2.4)

A representation 7 of C*(FE,) is said to be essential iff the corresponding rep-
resentation ¢ of E, satisfying (2.4) is essential. In particular, a bounded linear
functional w € C*(E,)* is said to be essential iff the GNS representation of
the positive linear functional |w| obtained from the polar decomposition ap-
plied to w is essential. As shown by Arveson, the set of all essential bounded
linear functionals of C*(E,) is a non-trivial, complementable norm-closed
linear subspaces of C*(E,)*.

3. A strongly continuous contractive semigroup on C*(E,)*

Let p = {pt}+>0 be an Ey-semigroup of #(H) with concrete product system
E, = {E,(t)}+>0. We infer from the definition of the spectral C*-algebra
C*(E,) that the inclusion

0.0* (B, € C(E,), (3.1)

holds true for all u € E,(s), v € E,(t), and s,t > 0. In particular, if
{€n(t)}nen, +>0 is a Borel orthogonal basis for E,, then one can associate
to each bounded linear functional w € C*(E,)*, the family of bounded linear
functionals {wn, ¢ }nen, >0 on C*(E,), defined as

wni(z) = w((e”(t)xfzn(t)), r e C*(E,). (3.2)

In the following lemma, we discuss the convergence of the series determined
by these functionals.

Lemma 3.1. Suppose p = {p; }1>0 is an Ey-semigroup of 28(H) with concrete
product system E, = {E,(t)}+>0. Let {en(t)}nen,¢t>0 be a Borel orthogonal
basis for E,, and let w € C*(E,)*. Then for every t > 0, the series ), wn;
converges uniformly in C*(E,)*, and

D lwnll < Jloll (3-3)

Proof. Applying the polar decomposition to w, and the GNS construction to
|w|, one can find a representation m of the C*-algebra C*(E,) on a Hilbert
space K, and two cyclic vectors &, n € K, [|€]|*> = ||n]|*> = ||w||, such that

w(@) = (x(@),n), @ € C*(E,). (3.4)
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Let ¢ : E, — Z(K) be the representation of the product system E, as-
sociated with 7 as in (2.4), and p = {p;}+>0 be the E-semigroup of #(K)
constructed as in (2.1). Let ¢ > 0 be fixed. For every positive integer n and
every « € C*(E,), we have

wnt(x) = w(le, )2l (1)) = (Tw(2)&n(t), N0 (1)) ,
where &,(t) = ¢(en(t )) 5 and nn( ) = ¢(en(t))*n. Since
Z¢ en(t))o(en(t))”

is an orthogonal projection, we deduce that

D lEOI? = 15.(DEN® < I = |l
n=1

and similarly Y07, [[7,(t)||* < [|w||. Using now the Schwarz inequality, we

obtain
oo

Dollwnell =D sup [(m(@)€a(t)ma(t))]

n=1 Hw‘lgl

oo

< Do l&Ollna ol

n=1
< lee@ENlpe(Mnll < [lwll.
This concludes the proof of the lemma. (Il

Definition 3.2. Let p = {p;}+>0 be an Ey-semigroup of Z(H) with concrete
product system E, = {E,(t)}+>0, and {e,(t) }nen, >0 be a Borel orthogonal
basis for E,. For every t > 0, consider the mapping of : C*(E,)* — C*(E,)*,

defined as
1;) = an7t($) - Zw(gen(t)xgzn(t))7

n

for w € C*(E,)* and & € C*(E,). For t = 0, we set o to be the identity
mapping on C*(E,)*.

It is readily seen that the above definition does not depend on the par-
ticular choice of the basis {e, (t) }nen, for every ¢t > 0.

Proposition 3.3. o = {af}i>0 is a strongly continuous semigroup of con-
tractions on the Banach space C*(E,)*.

Proof. We firstly show that {aj };>0 is a one-parameter semigroup of con-
tractions. Let s, ¢t > 0 be fixed. Since {e,(t)em(s)}m,nen is an orthogonal
basis for E,(s + t), we have

appe(W)(@) = Zw(&n(t)em 9%l 1 <) Zat ( sWem(s))

m,n

= ageap(w)(z),
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for every w € C*(E,)* and ¢ € C*(E,). Therefore {a; };+>0 is a one-parameter
semigroup, which is contractive by (3.3).

To show that the semigroup is strongly continuous, fix a bounded linear
functional w € C*(E,)*, and consider the representation 7 of C*(E,) associ-
ated with w as in (3.4), as well as the corresponding E-semigroup p = {p; }+>0
of #B(K), constructed as in (2.1). A direct calculation produces the following
relation between p; and o (w):

ap (w)(z) = (pe(m(2))€,m) , = € C*(E,). (3.5)
Indeed, it is enough to verify (3.5) on elements of the form x = £;¢; with
f, g € L*(E,). For such an z, we obtain by using (2.4) that

o (w)(2) D wlleytysli,ig) = D <7T(€€n(t)'f€:n(t)-g)£7 17>

n

= D (dleal®)m(Erly)dlen(t))E,n) = (Pl (@))€ m),

n

where e,,(t)- f is the L' (E,)-section (e, (t)-f)(s) = { gn(t)f(s -t (s) z i’ <
Now for every ¢t > 0, we have: a

lof(w) —wl| = sup. [(pe(m(2))E,m) — (m(2)€, )]

[|z|| <
< ||ws,n ° pr = well,
where we ,(z) = (2€,n), * € HB(K). Since p is an E-semigroup, the last

term tends to zero as ¢ — 0 by [1, Prop. 2.3.1], and thus {«;} };>¢ is strongly
continuous. O

Next, we describe the space of all essential bounded functionals on
C*(E,) in terms of the semigroup o* = {a] }+>0.

Theorem 3.4. Let p = {pi}1>0 be an Ey-semigroup of B(H) with concrete
product system E, = {E,(t)}+>0. A bounded linear functional w € C*(E,)*
is essential if and only if ||af(w)|| = ||w||, for all t > 0.

Proof. Tt follows immediately from the polar decomposition that, in order
to prove this result, it is enough to consider positive linear functionals on
C*(E,). For such a functional w € C*(E,), w > 0, we consider its GNS
representation 7 : C*(E, P(K) with cyclic vector &, ||€]|? = ||w]|, and the
E-semigroup p = {pt}t>0 of P (K) constructed with respect to the product
system representation ¢. As in (3.5), we have

ai (w)(@) = (pe(7(2))E,€) , © € C*(E,). (3.6)
We claim that
o (W)l = llpe(1)E]1?, ¢ > 0. (3.7)

Indeed, if e; < ez < ... is an approximate identity for C*(E,), then {7 (e,)}»
converges strongly to the identity operator, and thus

log @)l = lim (p((en))S. &) = (B (1), €) = [P (DI
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“

We are now ready to prove the theorem. The implication “ = 7 follows
immediately from (3.7). For the converse implication, let w € C*(E,), w > 0
satisfying [|of (w)|| = [|w||, for every t > 0, and let K = (M=o K¢, be the
intersection of the decreasing family of Hilbert spaces

Ky = [9(Ep()K] = p(DK, t > 0.
Since [|€]|2 = ||w|| = l|la; @)]| = [|p¢(1)€]| for every ¢ > 0, we have € € K.

We claim that the Hilbert space K is invariant under ¢(E,) J¢(E,)*. It is
obvious that
P(EL (1)K © Ky,

for all s, t > 0, so K is invariant under ¢(E,). Moreover, since {¢(E,(t) }+>0 is
the concrete product system of the E-semigroup p, the Hilbert space ¢(E,(s))
is the closed linear span of ¢(E,(t))¢(E,(s —t)) for s > t, and we have

P(E,(1) Ks S [o(Ep(t)"d(E,(s))K]
= [o(Ep(1))"O(E,p())d(E,p(s — 1)) K]
= [0(Ep(s — 1) K] = Ko,
for 0 < t < s. Therefore
O(E,(1))" K € (B, (1) K. € () Kuet = K.

for every t > 0, so K is also invariant under d(E,)* as well, which proves

our claim. It then follows that K is invariant under the von Neumann al-
gebra generated by ¢(E,), which coincides with the von Neumann algebra
n(C*(E,))". But ¢ is a cyclic vector for the representation 7, and £ € K,

thus K = K, i.e., w is an essential functional. (I

Observation 3.5. One can easily deduce from (3.7) that a representation ¢ of
the product system E, associated with w € C*(E,)* is singular if and only if
the orbit of w under the semigroup {aj }>¢ is stable, i.e., lim;_. [Jof (w)|| =
0.

4. Mixing states of C*(E,) and purification

Let p = {pt}+>0 be an Ey-semigroup of Z(H) with concrete product system
E, = {E,(t)}+>0. We use the semigroup o* = {of};>0 from the previous
section to introduce a property of bounded linear functionals on C*(E,) that
resembles the notion of mixing in ergodic theory.

Definition 4.1. A bounded linear functional w € C*(E,)* is said to be mixing,
if

Jim [ (awb) — w(ab)as ()] = 0, (4.1)

for every a, b € C*(E,). Here awb is the bounded linear functional awb(z) =
w(axzb), x € C*(E,).
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The class of mixing bounded linear functionals is quite large, as shown
by the following proposition.

Proposition 4.2. Every vector state of C*(E,) is mizing.

Proof. Let € € L? (E,) be a unit vector, and wg be the corresponding vector
state. Since the C*-algebra C*(E,) is irreducible, the GNS representation
associated with wg can be taken to be the identity representation, having
as corresponding cyclic vector.

Let now @ = {a; }+>0 be the E-semigroup of Z(L*(E,)) associated with
the regular representation ¢ of E,. Since £ is a singular representation, we
have a¢(1) | 0 as t — oco. Moreover, using (3.6), we obtain

i (aweb) () = (e (2)bE, a”&) = (o (w) e ()D€, ar(1)a”§)
for all a, b, € C*(E,). Therefore
sup |a (aweb) ()] < [low (1)a™¢|[[|ae (1)0E]] — O

l=zll<1
as t — oo. Using (3.7), we also have

2121 jwe (ab)af (we) ()] < |we(ab)] - [lae (E]* — 0,

as t — oo. In particular, || (aweb) — we(ab)af (we)|| — 0 as t — oo. O

Observation 4.3. Although the vector states of C*(E,) are mixing states,
they fail to be essential states, as one can easily see from (3.7) and Theorem
3.4.

Next, we describe the relation between mixing essential states and pure
FEy-semigroups. We need, for this purpose, the following proposition, which
is a straightforward variation of Arveson’s classical characterization of pure
FEp-semigroups acting on a von Neumann algebra in terms of the asymptotic
behavior of the action of the semigroup on the predual [2][1].

Proposition 4.4. Suppose p = {p: }1>0 is an Ey-semigroup of a von Neumann
algebra M C B(K). The following conditions are equivalent:
1. p is pure;
2. for any two normal states w, ¥ of B(K), |lw [,,m) =% Tp.ary || con-
verges to 0 as t — oo;
3. for any two unit vectors &, n € K, |lwg o pr — wy o pt|| converges to 0 as
t — oo.

Proof. (1) < (2) is similar to the proof of [1, Proposition 2.9.2].

(2) = (3) follows immediately from the fact that [|w o p¢|| = |lw [,,ar) |, for
every normal linear functional on #(K) and every t > 0.

(3) = (2) Let € € K be a fixed unit vector. Using the triangle inequality and
the previous fact, it is enough to show that ||w o p; —we o p|| converges to 0 as
t — o0, for every normal state w of Z(K). To prove this, realize the state w
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asw =y Aywe,, where {£,}, C K is a sequence of unit vectors and {\, }»
is a sequence of positive real numbers summing up to 1. We then have

|w o pr —we o p < ZMHW& ° pr —weg o pe|| — 0,

n

as t — oo. The proof is complete. ([l

Theorem 4.5. Let p = {pi}1>0 be an Ey-semigroup of B(H) with concrete
product system E, = {E,(t)}+>0, and w be an essential state of C*(E,).
Let m : C*(E,) — HB(K) be GNS representation of w, and p = {pi}+>0
be the corresponding Eg-semigroup of B(K). The following statements are
equivalent:

1. The restriction of p to the von Neumann algebra M = w(C*(E,))" is a

a pure Eg-semigroup of M.
2. w s a mixing State.

Proof. Tt is clear from the definition of the Ey-semigroup p = {p;}+>0 that
pt(M) C M, so that p restricts to an Egp-semigroup of the von Neumann
algebra M. Let £ € K be the cyclic unit vector in the GNS construction
associated with w.
(1) = (2): Consider an element a € C*(E,). If w(a*a) # 0, then let n € K
be the unit vector

n=|m(a)¢] ' r(a)é.

Since p is pure, we have
Jm {lwg o pp —wy o pef| =0 (4.2)

by the previous proposition. Substituting n into (4.2), and using (3.6), we
obtain

of (a*wa)(x)

li S i — =0 4.3
Jm, sup jad e (4.3)

so that one has
tlim lw(a*a)a; (w) — af (a*wa)|| = 0. (4.4)

Clearly (4.4) holds true if w(a*a) = 0, and hence for all a € C*(E,). A direct
polarization argument shows that (4.4) is equivalent to (4.1), and the con-
clusion follows.

(2) = (1) is similar: if w is mixing, then property (4.4) holds true for all
a € C*(E,). This implies (4.3) when w(a*a) # 0. Using the fact that the
most general unit vector in 7(C*(E,))¢ is of the form ||7(a)¢| "' (a)é where
w(a*a) # 0, (4.3) implies that (4.2) holds true for all unit vectors n in the
dense linear manifold m(C*(E,)¢ of K. In particular, since ¢ is cyclic, (4.2)
holds for all unit vectors n € H. Now using the triangle inequality and Propo-
sition 4.4, we obtain that p is a pure Fy-semigroup of M. This ends the proof
of the theorem. O

Corollary 4.6. Every essential mizing state of C*(E,) is a factor state.
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Proof. 1t is easily seen that the center of the von Neumann algebra M =
n(C*(E,))" coincides with the fixed point algebra {z € M |p;(z) = x, Vt >
0} of the restriction of the Ey-semigroup p = {p;}+>0 to M. Since the tail
algebra of p contains the fixed point algebra, the conclusion follows. O

The main result of our paper is a straightforward consequence of the
previous theorem.

Theorem 4.7. Let p = {p1}1>0 be an Ey-semigroup of B(H). The mapping

wr— p={pt}=0
that appears in Theorem 4.5 restricts to a surjective mapping from the set of
all pure essential mizing states of the spectral C*-algebra C*(E,) onto the set
of all pure Ey-semigroups that are cocycle conjugate to p.

Using the purification theorem of V. Liebscher that was mentioned in
the introduction, we obtain the following:

Corollary 4.8. For every Eg-semigroup p = {pi}i>0 of B(H), there exists
pure essential mizing states of the spectral C*-algebra C*(E,).

The structure of the set of all pure essential mixing states will be dis-
cussed in a subsequent publication.
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