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Abstract. We show that Arveson’s spectral C∗-algebra C∗(E)
of an arbitrary product system E = {E(t)}t>0 admits no non-zero
gauge-invariant positive functionals.

1. Introduction and Background

The study of gauge-invariant states has played a central role in the
development of the representation theory of Cuntz algebras [5][7][1] or,
equivalently, in the theory of *-endomorphisms of the algebra B(H)
of all bounded linear operators on a Hilbert space H [4]. A continu-
ous analogue of the Cuntz algebras, called the spectral C∗-algebra of
a product system, was introduced by Arveson in [2], with the purpose
of constructing and classifying E0-semigroups of B(H), i.e., weak*-
continuous one parameter semigroups ρ = {ρt}t≥0 of unit-preserving
normal *-endomorphisms of B(H). Ever since its introduction, the
spectral C∗-algebra of a product system has emerged as a pivotal con-
cept in the classification theory of E0-semigroups [3], and has been the
subject of numerous investigations, mostly based on methods and tech-
niques specific to the representation theory of Cuntz algebras[3][8][6].

It is our main purpose, in this paper, to show in full generality that
the analogy between the theory of Cuntz algebras and that of spec-
tral C∗-algebras has certain limitations (see also [9] for similar results
obtained in the particular case of spatial product systems). More pre-
cisely, we prove the following theorem:

Theorem. Let E = {E(t)}t>0 be a product system, and ω be a positive
linear functional on the spectral C∗-algebra C∗(E) of E. If ω is gauge-
invariant in the sense that ω ◦ γλ = ω, λ ∈ R, where {γλ}λ∈R is the
gauge group of C∗(E), then ω = 0.
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It is noteworthy that, despite the lack of non-trivial gauge-invariant
positive functionals, the spectral C∗-algebra of a product system ad-
mits certain gauge-invariant weights that encounter similar behavior
to some well-known functionals on Cuntz algebras, provided that the
product system is spatial (see [9]). Whether or not such weights exist
for arbitrary product systems is still unknown.

In the remaining of this section, we present some background on
product systems and spectral C∗-algebras. For more detailed informa-
tion, we refer the reader to [3]. A product system is a standard Borel
bundel E = {E(t)}t>0 of infinite dimensional separable Hilbert spaces
E(t), which is trivial in the sense that E ∼= E(t0)× (0,∞) as a measur-
able family of Hilbert spaces, and which is endowed with a measurable
family {Us,t}s, t>0 of unitary operators

E(s)⊗ E(t) 3 x⊗ y 7−→ Us,t(x⊗ y) =: x · y ∈ E(t+ s), s, t > 0,

that obey the associativity rule

Ut1,t2+t3(1E(t1) ⊗ Ut2,t3) = Ut1+t2,t3(Ut1,t2 ⊗ 1E(t3)), t1, t2, t3 > 0.

For every p ∈ {1, 2}, we consider the spaces Lp(E) of all measurable sec-
tions (0,∞) 37→ f(t) ∈ E(t) that are p-integrable, i.e.,

∫
(0,∞)

‖f(t)‖pdt <
∞, endowed with the usual norm ‖f‖p = (

∫
(0,∞)

‖f(t)‖pdt)1/p. Ev-

ery representation φ of E on a Hilbert space H, i.e., a measurable
operator-valued function φ : E → B(H) satisfying the conditions (i)
φ(y)∗φ(x) = 〈x, y〉 · 1, x, y ∈ E(t), t > 0; and (ii) φ(x · y) = φ(x)φ(y),
x ∈ E(s), y ∈ E(t), s, t > 0, extends to a contractive representation
of the Banach algebra L1(E) on H via the formula

φ(f) :=

∫
R+

φ(f(t))dt, f ∈ L1(E).(1.1)

The spectral C∗-algebra C∗(E) ⊆ B(L2(E)) is then defined as

C∗(E) = span{`f`∗g | f, g ∈ L1(E)},

where ` : E → B(L2(E)) is the regular representation of E,

(`xf)(s) =

{
x · f(s− t), s > t,
0, 0 < s ≤ t,

for x ∈ E(t), t > 0, and f ∈ L2(E), and `f , `g are as in (1.1) for
f, g ∈ L1(E). The C∗-algebra C∗(E) admits a natural one-parameter
automorphism group, the gauge group {γλ}λ∈R, acting as

γλ(`f`
∗
g) = `eiλf`

∗
eiλg, λ ∈ R

where (eiλf)(t) = eiλtf(t), for f ∈ L1(E), t > 0, and λ ∈ R.
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2. Proof of the theorem

Let ω be a gauge-invariant positive linear functional on C∗(E), and
π : C∗(E) → B(H) be the corresponding GNS representation with
cyclic vector ξ ∈ H. Using [3, Theorem 4.1.7], one can find a represen-
tation φ : E → B(H) satisfying

π(`f`
∗
g) = φ(f)φ(g)∗, f, g ∈ L1(E).

We then have

ω(`f`
∗
g) =

〈
π(`f`

∗
g)ξ, ξ

〉
= 〈φ(g)∗ξ, φ(f)∗ξ〉(2.1)

=

∫∫
R+×R+

〈φ(g(t))∗ξ, φ(f(s))∗ξ〉 dsdt.

For every f, g ∈ L1(E), we consider the complex-valued measure µf,g
on R+ × R+, defined by

dµf,g = 〈φ(g(t))∗ξ, φ(f(s))∗ξ〉 dsdt.
Is is readily seen that ‖µf,g‖ ≤ ‖ω‖‖f‖1‖g‖1, and that µf,g is absolutely
continuous with respect to the Lebesgue measure.

We claim that µf,g = 0, for every f, g ∈ L1(E). For this purpose, fix
f, g ∈ L1(E), and consider the sections uf, vg ∈ L1(E),

(uf)(t) = u(t)f(t), (vg)(t) = v(t)g(t), t > 0,

associated with continuous functions with compact support u, v ∈
C00([0,∞)). Since ω is gauge invariant, we have∫∫

R+×R+

eiλ(s−t)u(s)v(t) dµf,g(s, t) =

∫∫
R+×R+

u(s)v(t) dµf,g(s, t),

for all u, v ∈ C00([0,∞)) and λ ∈ R. Indeed∫∫
R+×R+

u(s)v(t) dµf,g(s, t) =

∫∫
R+×R+

〈φ((vg)(t))∗ξ, φ((uf)(s))∗ξ〉 dsdt

= ω(`uf`
∗
vg) = ω(`eiλuf`

∗
eiλvg)

=

∫∫
R+×R+

eiλ(s−t)u(s)v(t) dµf,g(s, t).

Let now η ∈ L1(R) satisfying η̂(0) = 0, where η̂ is the Fourier transform
of η. Multiplying the previous equation by η(λ) and integrating with
respect to λ, we obtain∫∫

R+×R+

η̂(s−t)u(s)v(t) dµf,g(s, t) = η̂(0)

∫∫
R+×R+

u(s)v(t) dµf,g(s, t) = 0.

Using the Stone-Weierstrass theorem, one can easily see that the set of
all linear combinations of functions of the form η̂(s− t)u(s)v(t), where
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u, v, η are as before, is uniformly dense in the space of all continuous
functions D(s, t) on [0,∞) × [0,∞) that vanish both at ∞ and along
the diagonal

D = {(s, s) | s ∈ [0,∞)}.
It then follows that for any such function D, we have∫∫

R+×R+

D(s, t) dµf,g(s, t) = 0.

Consequently, the measure µf,g vanishes on the complement of the set
D . Since D is a set of Lebesgue measure zero and µf,g is absolutely
continuous with respect to Lebesgue measure, we obtain that µf,g = 0
as claimed. Finally, we infer from (2.1) that ω(`f`

∗
g) = 0 for all f, g ∈

L1(E), i.e., ω = 0. The theorem is proved.
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