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We consider iterative methods for finding the maximal Hermitian solution of a matrix
Riccati equation arising in stochastic control. Newton’s method is very expensive when
the size of the problem is large. A much less expensive iteration is introduced and
shown to have several convergence properties similar to those of Newton’s method. In
ordinary situations, the convergence of the new iteration is linear while the convergence
of Newton’s method is quadratic. In extreme cases, the convergence of the new iteration
may be sublinear while the convergence of Newton’s method may be linear. We also
show how the performance of Newton’s method can be improved when its convergence
is not quadratic.

1. Introduction

Let H be the linear space of all n x n Hermitian matrices over the field R. For
any X, Y € H, we write X > Y (or Y < X) if X — Y is positive semidefinite.
For any A € C™*" the spectrum of A will be denoted by o(A). The transpose
and the conjugate transpose of A will be denoted by AT and A*, respectively.
We denote by C. (resp. C<) the set of complex numbers with negative (resp.
nonpositive) real parts. A matrix A is said to be stable if 0(A4) C C.. For any
matrices A, B,C € C"*"  the pair (A, B) is stabilizable if A — BK is stable for
some K € C"*". The pair (C, A) is detectable if (A*,C*) is stabilizable.

In this paper, we are concerned with the numerical solution of the matrix Riccati
equation
(1.1) R(X)=A"'X+XA+1I(X)+C - XDX =0,

where A,C,D € C"*", C* = C, D* = D, D > 0, and II is a positive linear
operator from H into itself, i.e., II(X) > 0 whenever X > 0. The Riccati function
R is thus a mapping from H into itself.

Matrix Riccati equations of this type were first studied by W. M. WONHAM
[11]. The following result is a slight different presentation of a result in [11]. It
establishes the existence of a positive semidefinite solution to (1.1) under some
additional conditions.
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Theorem 1.1. If C >0, (A, D) is stabilizable, (C, A) is detectable, and

1.2 inf
(12) Iézﬂ\

/00 et(A_DK)*H(I)et(A_DK)dtH <1,
0

where || - || is the spectral norm, then (1.1) has at least one solution X > 0 such
that A — DX is stable.

The above result was proved in [11] by using an iterative procedure, which is in
fact the Newton iteration. For the Riccati function R, the first Fréchet derivative
of R at a matrix X € H is a linear map Ry : H — H given by

(1.3) R (H)=(A-DX)"H+ H(A—-DX)+II(H).
Also the second derivative at X, R : H x H — H, is given by
(1.4) R (Hy, Hy) = —H,DH, — HyDHj.

The Newton method for the solution of (1.1) is

(1.5) Xip1 =X — (R,)T'R(Xy), i=0,1,...

)

given that the maps R’y are all invertible. In view of (1.3), the iteration (1.5) is
equivalent to

(1.6) (A= DX;)*Xis1+ Xis1(A— DX;) + (Xi41) = —X; DX, — C,
i=0,1,....

Newton’s method has been studied recently by T. DAMM and D. HINRICHSEN [2]
for a rational matrix equation which includes (1.1) as a special case. We first give
a definition from [2].

Definition 1.2. A matrix X € H is called stabilizing for R if 0(R’y) C C< and
almost stabilizing if o(R'’y) C C<.

When II = 0, it is readily seen that o(R’) C Cc (resp. C<) if and only if
0(A—DX) C C (resp. C<).

A solution X of (1.1) is called maximal if X, > X for any solution X. The
maximal solution is the most desirable solution in applications. When II = 0,
the maximal solution may be found by subspace methods (see [10], for example).
However, those methods are not applicable when II # 0.

The following result, given in [2], is a generalization of Theorem 9.1.1 of [9]. It
shows that the maximal solution of (1.1) can be found by Newton’s method under
mild conditions.

Theorem 1.3. Assume that there exist a solution X to R(X) > 0 and a stabilizing
matriz Xg. Then the Newton sequence is well defined and, moreover, the following
are true:
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1 Xp> Xep1, Xe =X, R(Xp) <0, k>1
3. limg oo X = X4 is the maximal solution of (1.1).

4. o(RY,) C C-e.

Remark 1.4. If (1.2) is true, then

for some Xy € H. It is noted in [2] that this Xy is necessarily stabilizing for R.
The assumption that C' > 0 and (C, A) is detectable is not needed for the above
theorem. As a result, the maximal solution is not necessarily positive semidefinite.
It can be seen that Theorem 1.3 is also a generalization of Theorem 3.3 of [4].

/OO et(ADXO)*H(I)et(ADXO)dtH <1
0

Note that the solution of the linear equation (1.6) is required in each step of the
Newton iteration. The presence of the linear operator II on the left hand side will
make solving this equation very expensive when n is large. For example, if II is
given by II(H) = B*HB, then we will need to solve a linear matrix equation of
the form

A* X+ XA+ B*XB=C
in each step of the Newton iteration. This equation is equivalent to
(I®A*+ AT ® I + BT @ B*)vec X = vecC,

where ® is the Kronecker product and the vec operator stacks the columns of a
matrix into a long vector (see [9], for example). A direct solution of this equation
would require O(n%) operations. On the other hand, a matrix equation of the form

A X+ XA=C

can be solved by the Bartels-Stewart algorithm [1] in O(n®) operations when it
has a unique solution.

This observation leads us to consider the iteration

(1.7)  (A—DX;)*Xis1 + Xip1(A— DX,) = —II(X;) — X; DX, — C,
i=0,1,....

TIteration (1.7) is obtained by replacing II(X;1) with II(X;) in iteration (1.6). A
new convergence analysis will be needed for iteration (1.7).
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2. Convergence of the iteration (1.7)

In this section, we will show that iteration (1.7) has several convergence prop-
erties similar to those of the Newton iteration. First, we note that iteration (1.7)
can be rewritten as

(21) (A—DX;))*(Xip1 — Xi) + (Xiy1 — Xi)(A— DX;) = —R(X;),
i=0,1,....

We will also need the following well known result (see [9], for example).

Lemma 2.1. Let A,C € C"*™ with A stable and C Hermitian. Then the Lya-
punov equation A*X + XA = C has a unique solution X (necessarily Hermitian,).
If C <0, then X > 0.

Theorem 2.2. Assume that there exist a solution X to R(X) > 0 and a Hermitian
matriz Xo such that Xo > X, R(Xo) < 0, and A — DXy is stable. Then the
iteration (1.7) defines a sequence {Xi} such that

1 Xp > Xpp1, Xp>X, R(Xp)<0, k>0.

2. 0(A—DXp)cCC., k=>0.

3. limy_oo Xi = X is a solution of (1.1) and X > X.
4. 0(A—DX) cCC<.

Proof. We prove by induction that for each ¢ > 0, X;y;1 is uniquely determined
and

(22) X; > Xi+1; X; > X, R(XZ) <0, O'(A — DXZ) - (C<.

For i = 0, we already have X, > X, R(Xy) <0, and ¢(4 — DX,) € C.. By (2.1)
with ¢ = 0 and Lemma 2.1, X; is uniquely determined and Xy > X;. We now

assume that Xj1; is uniquely determined and (2.2) is true for i = k (k > 0). By
(1.7) with i = k,
(A= DXp)*(Xps1 — X) 4+ (X1 — X)(A - DXy)
= —II(Xi) - XpDX;, —C — A*X — XA+ X, DX + XDX;,
—II(Xy) — Xy DX}, + I(X) — XDX + X,DX + XDX,,

= —T(X; — X) — (Xi — X)D(X;, — X) <0.

IN

Therefore, Xjy1 > X by Lemma 2.1. To show that A — DXy, is stable, we will
use an argument in [5]. Note first that, by writing A — DXy4; = A — DX}, +
D(Xy — Xgy1),

(A= DXp1)" (Xis1 — X) + (Xiy1 — X)(A — DXiy1)
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—T(Xy — X) — (Xj — X)D(X}, — X)
+( Xk — Xpt1) D(Xp41 — X) + (Xp41 — X)D(Xk — Xkt1)
(2.3) = —I(Xi — X) = (Xpp1 — X)D(Xpy1 — X)
—(Xk — Xpq1) D( Xk — Xpoq1)
< —( Xk — Xpg1) D(Xi — Xig1)-

IN

If A— DX} 1 is not stable, we let A be an eigenvalue of A— DX}, with Re(\) >0
and (A — DXj11)x = Az for some z # 0. Now, by (2.3),

2Re(\)z* (Xpy1 — X)z < —2* (Xp — Xpp 1) D(Xp — Xpg1)2.

Therefore, *(X — Xg4+1)D(Xix — Xk41)z = 0 and thus D(Xy — Xp41)z = 0.
Now, (A — DX})x = (A — DXy1)x = Az, which is contradictory to the stability
of A— DXj.. We have thus proved that A— DX}y is stable. So, Xj2 is uniquely
determined and

(A= DXpy1)" (Xig1 — Xig2) + (Xiy1 — Xiy2) (A — DXpya)

= (A- DXy + D(Xy — Xp+1)) Xes1 + Xiy1 (A — DXy + D(Xp — Xp41))
(X)) + Xjs1 DXjosr + C

= —II(Xy — Xpy1) = Xi DXy + X1 DX
H( Xk = Xp+1) D X1 + Xpe1 D( Xy — Xip41)

= Xk = Xpq1) = (Xp = Xpq1) D(Xg — Xpy1) <0.

Therefore, Xiy1 > Xgy2. Since
(A= DXj1)" (X1 — Xg2) + (Xpr1 — Xp42) (A — DXyp1) = R(Xp41),

we also get R(Xk41) < 0. The induction process is now complete. Thus, the
sequence {Xj} is well deﬁned monotonically decreasing, and bounded below by
X. Let limy_, 0 Xz = X. We have X > X. By taking limits in (1.7), we see that
X is a solution of (1.1). Slnce 0(A—DX}) C C. for each k, 0(A— DX) C C<. O

Remark 2.3. If, in addition, Xy is an upper bound for the solution set of (1.1)
(i.e., Xo > X for all solutions of (1.1)), then X is the maximal solution of (1.1).

To further study the convergence behaviour of iteration (1.7), we need some
results from [2].

We first note that H is a Hilbert space with the Frobenius inner product (X,Y") =
trace(XY'). For a linear operator £ on H, let p(£) = max{|A| : A € o(£)} denote
the spectral radius, and 5(£) = max{Re()\) : A € o(L)} the spectral abscissa. The
identity map is denoted by I. As for matrices, £ is called stable if o(L) C C.

Definition 2.4. A linear operator £ on H is called positive if L(H) > 0 whenever
H > 0. L is called inverse positive if L1 exists and is positive. £ is called
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resolvent positive if the operator ol — L is inverse positive for all sufficiently large
a>0.

Theorem 2.5. (cf. [2]) Let £ : H — H be resolvent positive and II : H — H
be positive. Then L + II is also resolvent positive. Moreover, the following are
equivalent.

1. L +1I is stable.
2. —(L+1I) is inverse positive.
3. L is stable and p(L711I) < 1.

Theorem 2.6. (cf. [2]) If £L: H — H is resolvent positive, then (L) € o(L) and
there exists a nonzero matriz V> 0 such that L(V) = B(L)V.

As noted in [2], if £ is resolvent positive, then the adjoint operator L£* is also
resolvent positive and S(L*) = B(L).

Lemma 2.7. For any A € C"*", the linear operator L : H — H defined by
L(H)=A"H+ HA

is resolvent positive. The adjoint operator of L is given by
L*(H)=AH + HA".

Proof. The first part of the lemma is proved in [2]. For any U,V € H, (LU,V) =
trace(LUV) = trace(A*UV) + trace(UAV) = trace(UV A*) + trace(UAV) =
(U, AV + V A*). This proves the second part of the lemma. |

We are now ready to prove the following convergence result for iteration (1.7).

Theorem 2.8. Assume that there exist a solution X to R(X) > 0 and a Hermitian
matriz Xo such that R(Xo) < 0 and Ry, is stable. Then the iteration (1.7) defines
a sequence { X} such that

1 X, > Xpp1, Xpe>X, R(Xp) <0, k>0
o(Ry,) CCsy k>0.

limg 0o Xi = Xy, the mazimal solution of (1.1).

™o e

U(R/)(+) C (CS'

Proof. By Theorem 1.3, X{¥ = Xo — (Rly,) "'R(Xo) > X. Since R(Xo) < 0 and
*R,XO is inverse positive by Theorem 2.5 and Lemma 2.7, we also have X > X{V.
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Thus, Xy > X is necessarily true. Since R’XO is stable, we know from Theorem
2.5 that the operator £ given by

L(H)=(A—DXo)*H + H(A— DX,)

is also stable. Thus, A — DX is a stable matrix. Therefore, all the conclusions
of Theorem 2.2 are true. Since limy_,oo X = X > X and X can be taken to be
any solution of (1.1), we have X = X ;. We have thus proved items 1 and 3 of the
theorem. Since item 4 follows from item 2, we need only to prove item 2. Assume
that R’Xk is stable for some k£ > 0. We need to prove that R/)(k+1 is also stable. If

,Xk+1 is not stable, we know from Theorem 2.6 and the note that follows it that

(R’)(Hl)*(V) = BV for some nonzero V > 0 and some number 5 > 0. Therefore,

(ViRY,,, (Xps1 — X)) = (BV, Xpy1 — X) > 0.
On the other hand, we have by (2.3) that
Ry (X1 — X)
(A= DXp11)" (Xpy1 = X) + (Xpy1 — X)(A = DXpp1) + M(Xpeyq — X)

< —I(X — Xis1) — (Xpg1 — X)D(Xpr — X)
—(Xp = Xp41)D( Xk — Xie1)
< —(Xk = Xp41)D(Xp — Xpt1).
Therefore,

(V, (X — Xp41) D(Xp — Xppy1)) = 0.

So, trace(VY2(Xy, — Xyy1)DV2DV2(X), — Xj41)VY2) = 0. It follows that
DY2(Xy — X34 1)VY2 = 0 and thus D(Xy — Xp41)V = 0. Now, by Lemma
2.7,

(Rx,)"(V) = (A-DXp)V+V(A—DXp)" +1I"(V)
= ( ;{k+1)*(v)+D(Xk+1 - X))V +V(Xg41 — Xi)D
= (Ry,,,)"(V)=5V,
which is contradictory to the stability of R’y . O

We will now make a comparison between Theorem 1.3 and Theorem 2.8. Note
first that we need to assume R(Xp) < 0 in Theorem 2.8. The Newton iteration
does not need this assumption and R(X7) < 0 is necessarily true. The conclusions
in Theorem 1.3 and Theorem 2.8 are almost the same. The only difference is that
the first conclusion is generally not true for k¥ = 0 in Theorem 1.3, since R(X() <0
is not assumed there. But that conclusion will be true for £ = 0 if we also assume
R(Xo) < 0 in Theorem 1.3. If it is difficult to choose an X, with Ry~ stable
and R(Xy) < 0, we may get such an Xy by applying one Newton iteration on a
Hermitian matrix Yy stabilizing for R.

From the above discussions, the following conclusions can be made.
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e Under the conditions of Theorem 2.8, the four conclusions in the theorem
would remain valid if the sequence { X} }$2 ; were obtained by using Newton’s
method and iteration (1.7) in an arbitrary combination.

e Under the conditions of Theorem 1.3, the four conclusions in the theorem
would remain valid if, after X; has been obtained by Newton’s method, the
sequence {X}}7°, were obtained by using Newton’s method and iteration
(1.7) in an arbitrary combination.

Before we can determine a good combination of the Newton iteration and the
iteration (1.7), we need to have some idea about the convergence rates of these
two iterations.

3. Convergence rates of the two iterations

We start with a result on the convergence rate of the Newton iteration.

Theorem 3.1. If R’X+ is stable in Theorem 1.3, then the convergence of Newton’s
method is quadratic.

The above result was proved in [2]. It also follows directly from Theorem 1.3
and a result on the local quadratic convergence of Newton’s method in general
Banach spaces (see [7], for example).

For iteration (1.7), linear convergence can be guaranteed when R'y, is stable.
This will be a consequence of the following general result.

Theorem 3.2. (cf. [8, p. 21]) Let T be a (nonlinear) operator from a Banach
space E into itself and x* € E be a solution of x = Tx. If T is Fréchet differentiable
at x* with p(T,.) < 1, then the iterates xp41 = Txy (n =0,1,...) converge to z*,
provided that xg is sufficiently close to x*. Moreover, for any € > 0,

ln — 27 < (o0 €) (p(TL) + )",
where || - || is the norm in E and c(zo;€) is a constant independent of n.

Theorem 3.3. Let the sequence {Xy} be as in Theorem 2.8. If R’X+ is stable,

then
1iinsup YIIXe — X4l < p((£x,)7'I) <1,

where || - || is any matriz norm and the operator Lx is defined by

Lx(H)=(A—DX)*H + H(A - DX).
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Proof. The iteration (1.7) can be written as X1 = G(Xj) with
G(X)=(Lx) Y~II(X) - XDX - C).
It can easily be shown that

G(Xy+ H) - G(Xy)=—(Lx,) 'TI(H) + o(H),

where o(H) denotes some matrix W (H) with lim g ”V‘TI%)H = 0. Therefore,
the Fréchet derivative of G at the matrix X, is Gy, = —(Lx,) ' Since Ry,

is stable, we have p((Lx,) 'II) < 1 by Theorem 2.5. Therefore,

limsup {/[| Xy, — X4 || < p((Lx,) ') <1

k—o0
by Theorems 2.8 and 3.2. O

Therefore, when R’X+ has no eigenvalues on the imaginary axis, the conver-
gence of iteration(1.7) is linear while the convergence of the Newton iteration is
quadratic. Next we will examine the convergence rates of the two iterations when
R’X+ has some eigenvalues on the imaginary axis.

In the case of II = 0, the two iterations are identical and R’y has eigenvalues
on the imaginary axis if and only if A — DX has eigenvalues on the imaginary
axis. A convergence rate analysis has been given in [6] when all the eigenvalues
of A— DX, on the imaginary axis are semisimple (i.e., all elementary divisors
associated with these eigenvalues are linear). If A — DX, has non-semisimple
eigenvalues on the imaginary axis, the convergence rate analysis remains an open
problem.

In general, when R}Q has eigenvalues on the imaginary axis, we know from
Theorem 2.6 that 0 must be one of these eigenvalues. Therefore, ’R’X+ is not
invertible. The convergence of Newton’s method is typically linear in this case (see
[3], for example). If Lx, is invertible, then p((Lx, ) 'II) = 1 and the convergence
of iteration (1.7) is expected to be sublinear in view of Theorem 3.3. Here is one
example.

Example 3.4. For the Riccati equation (1.1) with n =1 and

it is clear that X =1 is the unique solution and the conditions in Theorems 1.3
and 2.8 are satisfied for any Xy > 1. The iteration (1.7) is given by

(X —1)?

Xpp1 =X — ——2.
E+1 k 95X, — 1
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So
Xgp1—1 Xp—1
Xp—1  2X, -1
Therefore, limy_. X)?:l__ll = 1, i.e., the convergence is sublinear. The Newton

iteration is given by
1
Xk+1 = Xk - §(Xk - ].)
So
Xk+1 - 1 _ 1
X,—1 2
Thus, the Newton iteration converges to X, linearly with rate %
If both R’y and Lx, are singular (this is not very likely when II # 0), then the
convergence of the iteration (1.7) may be linear. However, the rate of convergence
may be very close to 1, as the following example shows:

Example 3.5. Consider the Riccati equation (1.1) with n = 2 and

a=(5 ) e=o =4 5)
neo=( ¢ )x (o )

where 0 < ¢ < v/2. The conditions in Theorems 1.3 and 2.8 are satisfied for
Xo = I. For iteration (1.7), the iterates are

1k
(3) 0
Xk‘: 62 k 5 k:172,....
o (%)
The convergence to the maximal solution X, = 0 is thus linear with rate

max{3, %} For the Newton iteration, the iterates are

k
Xk_< (3)° 0 ) k=1,2,....

0 0

The convergence to the maximal solution is thus linear with rate %

In summary, when ’R’X+ is invertible, the convergence of iteration (1.7) is linear
and the convergence of Newton’s method is quadratic; when R’X+ is not invertible,
the convergence of iteration (1.7) is typically sublinear and the convergence of
Newton’s method is typically linear. Therefore, we should start with the much less
expensive iteration (1.7) (as long as an initial guess X satisfying the conditions
of Theorem 2.8 is available) and switch to the Newton iteration at a later stage
if the convergence of iteration (1.7) is detected to be too slow or if a very high
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precision is required of the approximate maximal solution. Note that one step of
Newton iteration may be needed to find an X for use with iteration (1.7), from
a Hermitian matrix Yy such that Ry, is stable. The matrix X so obtained may
be far away from the maximal solution X; and the Newton iteration could take
many steps before fast convergence sets in. This makes the use of the iteration
(1.7) (after one Newton iteration) particularly important.

4. Improvement of Newton’s method in the singular case

From the above discussions, we can see that the Newton iteration is most useful
when the convergence of iteration (1.7) is too slow, particularly when the conver-
gence of iteration (1.7) is sublinear. However, when the convergence of iteration
(1.7) is sublinear, R’X+ is singular and the convergence of Newton’s method is
typically linear. Linear convergence alone is not satisfactory since the method re-
quires a lot of computational work in each iteration. As in [6], we will show that a
simple modification can improve the performance of Newton’s method significantly
in many cases.

We let A be the null space of R'X+ and M be its orthogonal complement in H.
Let Py and Ppq be the orthogonal projections onto N and M, respectively.

Theorem 4.1. Let the sequence {Xy} be as in Theorem 1.3 and, for any fixed
>0, let
Q={k: [|Prm(Xx — X[ > 0| Par(Xi — X )]}

Then there is a constant ¢ > 0 such that || Xy — X4|| < || Xg—1 — X4||* for all
sufficiently large k € Q.

Proof. Let X = X — X,. Using Taylor’s Theorem with (1.4) and the fact that
Ry, (PnXy) =0,

- 1 . - -
(4D R(Xk) = R(X4) + Ry, (Xk) + §RS/<+ (Xk, Xi) = Ry, (PmXk) — Xp DXy

For k € Q, we have || Xy|| < [[PmXg|| + [|[PvXe| < (071 +1) | PaqXy|. Since
R, (PamXk)|| = e1]| PaXp|| for some constant ¢; > 0, we have by (4.1)

(42) IR(Xk) = et PrmXell — c2l Xill? = (er (07" + 1)~ — ol Xkl | Xl
On the other hand, we have by (1.6)

(A— DXp1)* Xp + Xp(A — DXj_1) + I(Xy) = X1 DXp_y — C,
and obviously,

(A— DX, )Xy + X (A—DX,)+T(X,) = —X, DX, —C.
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By subtraction, we obtain after some manipulations
(A= DXy 1) Xp + Xp(A— DXy 1) + (X)) = =X 1 DXp 1.
Writing X, = X317 — Xp_1 in (4.1) and using the last equation it is found that
R(Xk) = ((A — DXk_l) + DXk_l)*Xk + Xk((A — DXk_l) + DXk_l)
+H(Xk) — XkDXk
—XkalDXk71 + kalDXk + XkDXk,1 — XkDXk

Thus, R ~ ~ R
(4.3) IR(Xi) < esl| Xell? + call Xl Xn—1 ]l + es | Xe—1 .

In view of (4.2) and the fact that X # X, for any k, we have
(07 + 1)1 = el Rll < el Kl + call Roall + s K1 [2/1 Kl
Since Xj, — 0 by Theorem 1.3, || X.|| < ¢||Xg_1]|? for all sufficiently large k € Q.
O
Corollary 4.2. Assume that, for given 6 > 0,
1P ( Xk = X > 0l Par(Xi — X))

for all k large enough. Then X, — Xy quadratically.

From the corollary, we see that the error will be dominated by the null space
component at some stage if the convergence of Newton’s method is not quadratic
(no examples of quadratic convergence for Newton’s method in the singular case
have been found for the Riccati equation). We will now examine what will happen
if the error is precisely in the null space.

Theorem 4.3. Let the sequence {Xy} be as in Theorem 1.3. If R' is singular
X
and Xy — Xy € N, then

1. Xk+1 - X+ == %(Xk; - X+)
2. Xo =X — Z(R’Xk)*lR(Xk.).
Proof. By Taylor’s Theorem,
Ry, (X — X4) = Rix, (X — X1) + R%, (Xp — Xy, Xi — Xy).
Since R(X+) = 0 and R'X+ (X — X+) =0, we may also write
Rix, (X — X
1
= 2{R(X+) +R/X+(Xk — X+) + ER/)/('*'(X]C - Xy, X — X+)}
= 2R(Xy).
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The second part of the theorem follows immediately. The first part follows easily
from (1.5) and the second part. O

From this result, we know that it is possible to get a better approximation to the
maximal solution by using a double Newton step when X} approaches X slowly
but the error X — Xy is rapidly dominated by its null space component.

The following example illustrates this point.

Example 4.4. Counsider the Riccati equation (1.1) with n =2,
1 1 -2 —4 1 1
=(aa) (2 5) -0 1),
1 0 1 1
H(X)_<1 2)x<0 2).

It can be verified that the maximal solution of the equation is

2 0

The conditions in Theorem 2.8 are satisfied for Xy = 10/. For this example,
p((Lx,) ) = 1 and the convergence of iteration (1.7) is indeed sublinear. After
10000 iterations, we get an approximate maximal solution X;ggp0 with

and

N e 0 2.9596 x 1016
10000 7\ 2.9596 x 10716 4.0049 x 104

We could have switched to Newton’s method much earlier. For example, after 40
iterations, we get Xyo with

o x. — [ 50493 x 10712 1.4938 x 108
40 7\ 14938 x107% 1.1968 x 10~ /-

If we use X' = Xy as the initial guess for the Newton iteration, we get X2 after
20 iterations with

N v _ (0 0
X20 X+(0 1.1516 x 1077 )~

However, the double Newton step can be used to great advantage. For example,
we can get X2V after only two Newton iterations with

N v _ 0 2.2547 x 101
Xot =Xy = ( 2.2547 x 10711 2.9921 x 1072
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and apply a double Newton step on X2V to get XPV with

DNy _ ( L7764 x 10715 —2.1889 x 10~11
3 + —2.1889 x 10~'1  6.5890 x 10~ !! )

Note that N' = {diag(0,a) : a € R} for this example.
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