STOCHASTIC ANALYSIS AND APPLICATIONS, 19(6), 903-909 (2001)

ON THE STRONG CONVERGENCE OF
WEIGHTED SUMS

Rita Giuliano Antonini,' Joong Sung Kwon,*
Soo Hak Sung,3 and Andrei I. Volodin*

1Department of Mathematics, University of Pisa, 56100,
Pisa, Italy
2Depalrtment of Mathematics, Sun Moon University, Asan,
Chungnam, 336-840, South Korea
*Department of Applied Mathematics, Pai Chai University,
Taejon, 302-735, South Korea
“Department of Mathematics, University of Regina, Regina,
Saskatchewan, Canada

ABSTRACT

Let {X,,n =1} be a sequence of independent and identically

distributed random variables and {a,;, | =i = n,n = 1} an array

of constants. Some strong convergence results for the weighted
n .

sums » ., a,X; are obtained.

1. INTRODUCTION

The concept of complete convergence introduced by Hsu and Robbins (1)
is as follows. A sequence {U,,n = 1} of random variables converges completely
to the constant 6 if > o P(|U, — 0] > € <oco for all €e>0. If U,—6
completely, then the Borel-Cantelli lemma implies that U, —0 a.s. (almost
sure). The converse is generally not true.

Recently, Wu (2) proved the equivalence of the a.s. and complete
convergence of weighted sum E;’:lXi/((n + 2 — Dlog(n + 2 — i)loglogn) of
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i.i.d. (independent and identically distributed) random variables. In this paper, we
give some conditions on weights so that the weighted sum converges completely
to zero. This result improves the theorem of Chow and Lai (3). By using this
result, we extend Wu’s (2) theorem to the more general weighted sums.

Throughout this paper, C denotes a positive constant which may be
different in various places.

2. MAIN RESULTS

To prove the main results, we need the following lemmas. They provide
some conditions under which some moments of the random variable exist.

Lemma 1. Let {X,,n =1} be a sequence of ii.d. random variables and
{an,1 =i=n,n=1} an array of constants. Suppose that the following
conditions hold.

@) 1/(amllogn) = O(1),
(1) awmX, — 0 in probability,
(i) Y5 anX; —0 as.

Then E[e"™11] < oo for all t > 0.

Proof. LetY, = 27;11 a,;X; and Z, = a,,X,. Then Y,, and {Z,,Z,+1,...} are
independent, and hence Z, — 0 a.s. by Lemma 3.3.4 in Chow and Teicher (4).
Since Z, are independent, it follows by the Borel-Cantelli lemma that for
€e>0 O

0 >N "PZ,) > &= PlanXi| > € =Y P! >n).
n=1 n=1 n=1
Hence E[e™1l] < oo forall t > 0. O
The following lemma is only a slight modification of Lemma 1.

Lemma 2. Let {X,,n= 1} be a sequence of i.i.d. random variables and
{a,i, 1 =i = m,,n= 1} an array of constants, where {m,,n = 1} is a strictly
increasing sequence of positive integers. Let ¢p(n) = 1/max ==, |an|. Suppose
that the following conditions hold.

(i) ¢(n) — o0 asn— o0,
() > anX; — 0 completely.

Then for any positive nondecreasing function  such that Y(p(n) = n for all
n =1, we have that Eyt|1X,|] < oo for all t > 0.
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Proof. Let k, be such that |au,|=1/¢n),n=1. Let Y, => " auX; —
e, Xk, = QpmyXm, + G, Xk, and Z, = ay, X,,,. Then Y, + Z, and > " a,X;

have the same probability distribution, and Y, and {Z,,Z,+1,...} are
independent. The rest of proof is similar to that of Lemma 1 and omitted. [

Now, we state and prove one of our main results.
Theorem 1. Let {X,,n = 1} be a sequence of i.i.d. random variables with
EX, =0 and E[e’|X1|] < oo for all t > 0. Let {ay,1 =i=m,,n=1} be an

array of constants satisfying the following conditions, where {m,,n = 1} is a
sequence of positive integers.

(i) maxj=i=m, layllogn = O(1),
(i) Y a*logn = o(1).

Then Y " a,;X; converges completely to zero.

Proof. From an equality e* =1+ x + 1/2x2¢e|"I for all x € R, we have
1
E[e™*] =<1+ E{EtzaﬁiX%ell“""”X‘l}
for any ¢t > 0. Let € > 0 be given. By putting ¢ = 2log n/e, we obtain

E[etam ] < 1 + — < > logz naiiE[X%e%IOgﬂlaui”X]|]
2\? 2 clxil
=1+=(- log na ElX e
€

2
( log2 naz-E[e(HC)lX‘l]
ni ?

since x2 < M for all x € R. It follows that

ny,
P(Z aniX,- > 6) = eiteE [elzzlamXi]

i=1

= 6_2'°g”H(1 + Ca?log” n)

i=1
my,

- e*ZlognHeCaﬁilogzn = e*%logn 1)
i=1

for all sufficiently large n. By replacing X; by —X; from the above statement, we
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obtain
" (Z aniX; < ‘€> = e7hr @)
i=1
for all sufficiently large n. Hence the result follows by (1) and (2). ]

Corollary 1. Let {X,,n = 1} be a sequence of i.i.d. random variables with
EX| = 0. Then the following statements are equivalent.

(i) Ele™] < oo for all >0,

(ii) forevery array {c,;} of constants such that lim supn_.oozlflzlczi <
00, 3" c,iX;/logn converges completely to zero.

Proof. Let a, = c¢,;/logn. The implication (i)=>(ii) is easily proved by
Theorem 1. To prove the converse using Lemma 2, let ¢,; = 1/(n + 1 — i). Then
¢(n) =logn, and limsup,—ed i;c2 = limsup,—ey o 1/i> <oo. If
S cuiXi/logn — 0 completely, then E[¢™1!] < oo for all # > 0 by Lemma 2
with (x) = e*. O

Remark 1. Corollary 1 was proved by Chow and Lai (3). Let ¢, =

1/ + Diogli + 1) and a,; = cyi/logn. Then limsup,—wy i c2; = 0.
However, {a,;} satisfies the conditions (i) and (ii) of Theorem 1. Hence
Theorem 1 improves the result of Chow and Lai (3).

The following example shows that Theorem 1 does not hold if the condition
(ii) is replaced by the weaker condition (iiY Y. a2 logn = O(1).
Example 1. Let X1,X>5,... be i.i.d. N (0, 1) random variables. Define a,,; by

1/llogn] if1 =i=|logn]
“=90 if llogn]+1=i=n’

where |a] denotes the integer part of a. Then the condition (i) of Theorem 1 and
the above condition (i) are all easily satisfied. Noting X; ~ N(0, 1), it follows
that E["X11] < 2¢7*/2 for all t > 0. Since ZEI:O%”JXi/\/llog n) ~ N(0,1), we have
by Lemma 5.1.1 in Stout (5) that

n UOg"J
P(IZam-X,-I > 1) = P(IZX,-/\/[lognJI > \/Uognj>
i=1 i=1

2
= 2exp(—|logn)) = -
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for all sufficiently large n, and so ) ;_,a,X; does not converge completely to
Zero.

Recently, Wu (2) proved the equivalence of the a.s. and complete
convergence of weighted sum Y . X;/((n + 2 — i)log(n + 2 — iloglogn) of
i.i.d. random variables. From the following corollary, we also have the
equivalence of the a.s and complete convergence of some weighted sums.

Corollary 2. Let {X,,n = 1} be a sequence of i.i.d. random variables with
EX, =0. Let {a,,1l =i=n,n=1} be an array of constants satisfying the
following conditions.

(i) max;=i=,lanllogn = O(1),
(i) Y% a*logn = o(l),
(i) 1/(lamllogn) = O(1).

Then " a,X; — 0 a.s. if and only if Y a,;X; — 0 completely.

Proof. If Y a,X; — 0 completely, then the Borel—Cantelli lemma trivially
implies that >_"_ a,;X; — 0 a.s. Now we assume that y ., a,X; — 0 a.s. Since
Elam,X,| = maxi=;=pla,|E|X|| = C/logn, it follows that a,,X,—0 in
probability, and so E[e’™11] < oo for all > 0 by Lemma 1. Thus, it follows
by Theorem 1 that Z?:laniX,- — (0 completely. U

We can find some arrays {a,;} satisfying the conditions of Corollary 2. For
example,

ay =1/(n+1—Dlogn)ora, = 1/((\/(n + 2 — Dlog(n + 2 — ilogn).

However, the result of Wu (2) does not follow from Corollary 2. The following
theorem extends the result of Wu to the more general weighted sums. The proof is
similar to that of Wu.

Theorem 2. Let {X,,n =1} be a sequence of i.i.d. random variables with
EX, = 0. Let {a,,n = 1} and {b,,n = 1} be sequences of constants satisfying
the following conditions.

(@ laul lasntoo,

(b) 0<b,— oo,

(¢) by/logn=0(1).
Furthermore, assume that there exists a non-decreasing sequence {k,,n =1}
satisfying the following conditions.

(d)  konk, = 2k, = n for all sufficiently large n,

e la,llogn/b, = O(1),
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() lag, 1> laillogn/b, = o(1),
(g8) Ciby = by, = Cab, for some constants C1 > 0 and C, > 0.

Then Y an+1-iXi/by — 0 a.s. if and only if Y an+1-iX; /b, — 0 completely.

Proof. Note that complete convergence implies a.s. convergence by the Borel -
Cantelli lemma. Now we assume that >\ d,+1-:X;/by —0 as. Let a, =
ay+1-i/by. Then we have 1/(la,,|logn) = O(1) by (c). We also have a,,X, — 0
in probability, since Ela,,X,| = |a||E|X;|/b, — 0 by (b). Hence, it follows by
Lemma 1 that E[e™1l] < oo for all 7 > 0. We rewrite

1 n 1 n—ky 1 n
b_zan+l—ixi = b_z an+1-iX; + b Z an+1-iX;. 3
n =1 n =1 M i=p—k,+1
By (a) and (e), we obtain that
|an+17i|10 n= |ak,,|10gn - 0(1) (4)
1=i=n-k, b, = '

We also obtain by (a) and (f) that

n—k, 2 n
{ n+1—i E :'— i 1
E (_a ;1 ) logn = la, | ’*blzla |log n = o(1). 5)
i=1 n n

From (4) and (5), it follows by Theorem 1 that the first term on the right hand side
of (3) converges completely to zero. Hence, it remains to show that the second
term converges completely to zero. To do this, we let n(m) = 2mk,,, and S, be the
second term, i.e.,

1 ky
Sn = b_zaixn+l—i-
noi=1

Since n(m + 1) — kygur1y + 1 > n(m) for m = my by (d), {Spmy,m = mg} are
independent. It follows by the Borel-Cantelli lemma that S,,, converges
completely to zero, since S, — 0 a.s. Hence, we have by (g) that

Kn(m)

. Z a;X;—0 completely. 6)
m =1

Note that Zf’z’(z:" +1@:Xi /by, converges completely to zero. The proof is similar to
that of the first term on the right hand side of (3). Hence S,, converges completely
to zero by (6), so the proof is complete. ]
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Remark 2. When k, = |logn|, {k,} satisfies the condition (d) of Theorem 2.
When b, ~ CY_'"_|a;| for some constant C > 0, the both conditions (e) and (f)
are equivalent to |ay, |logn/b, = o(1).

Finally, we give some examples satisfying the conditions of Theorem 2. It
can be easily checked by using Remark 2.

Example 2

() a,=1/({(n+ DHlogln + )HO=a<1), b, = (logn)' ¢, and
k, = |logn|.

(2) a,=1/((n+ Dlog(n + 1)),b, =loglogn, and k, = [logn].

3) a,=1/({(n+ 1)+ log(n + 1)), b, = logn, and k, = [log nl.
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