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Abstract

The notion of conditional compactly uniform pth-order integrability of an array of random elements in a separable
Banach space concerning an array of random variables and relative to a sequence of �-algebras is introduced and charac-
terized. We state a conditional law for randomly weighted sums of random elements in a Banach space with the bounded
approximation property, and we prove that, under the introduced condition, the problem can be reduced to a similar
problem for random elements in a 7nite-dimensional space. c© 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

In view of the random nature of many problems arising in the applied sciences, the limiting behaviour
of weighted partial sums of random elements in normed linear spaces with random weights (i.e., when the
weights are random variables) has started being studied since the begining of the 1970s. The interested reader
can 7nd a complete list of references about this area in Rosalsky and Sreehari (1998).
We consider now: (a) two sequences of integers {un¿−∞; n¿ 1} and {vn6+∞; n¿ 1}, with vn ¿un

for all n¿ 1; (b) an array of random elements {Vnj; un6 j6 vn; n¿ 1} de7ned on a probability space
(
;A; P) and taking values in a real separable Banach space (X; ‖:‖); (c) an array of random variables
{Anj; un6 j6 vn; n¿ 1} de7ned on (
;A; P). We consider the randomly weighted sums

∑vn
j=un AnjVnj. When
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un= −∞ or vn= +∞, we assume that the series converges. When un=1; vn= n; n¿ 1, we have the usual
randomly weighted partial sums.
When a triangular array of nonrandom weights Anj ≡ anj is considered, the uniform integrability of {Vnj}-

or {anj}-uniform integrability of {Vnj} are powerful notions for obtaining weak laws of large numbers. The
interested reader can refer to Gut (1992), Cabrera (1994) and Sung (1999).
These concepts are extended in a natural way, and they give rise to the concepts of compactly uniform

pth-order integrability or {anj}-compactly uniform pth-order integrability of {Vnj}. The interested reader can
refer to Wang and Rao (1987), Cuesta and Matr%an (1988) and Cabrera (1997).
Hu et al. (2001) introduced some notions of uniform integrability of an array {Vnj; un6 j6 vn; n¿ 1} of

random elements with respect to an array {Anj; un6 j6 vn; n¿ 1} of random variables; from among those,
they emphazise the notion of {Anj}-conditional uniform integrability relative to a sequence {Bn; n¿ 1} of
sub �-algebras of A, which allows one to obtain conditional laws of large numbers for randomly weighted
sums of random elements.
In this note, the notion of {Anj}-conditional compactly uniform pth-order integrability relative to {Bn}

is introduced and characterized in terms of {Anj}-conditional uniform integrability relative to {Bn}- and
{Anj}-conditional tightness relative to {Bn}. In the particular case of an array of constants {anj}, this char-
acterization allows one to obtain the characterization of {anj}-compactly uniform pth-order integrability of
{Vnj}, which was an open problem.
The various concepts of compactly uniform integrability (in respect of constants or not) have often been used

by their authors to obtain limit laws for sums of random elements in a Banach space X which has a Schauder
basis. The crucial point for the fruitfulness of the obtained results is the fact that the identity operator in X
can be approximated by the partial sums operators corresponding to the Schauder basis, uniformly on compact
sets. This is a consequence of the fact that the existence of a Schauder basis in a Banach space implies that
the Banach space has the bounded approximation property (BAP in short) and the approximation property.
It was a very famous open problem for many years as to whether the existence of a Schauder basis in a

separable Banach space is equivalent to the BAP. Pelczynski (1971) and Johnson et al. (1971), independently,
discovered that a separable Banach space X has the BAP if and only if X is isomorphic to a complemented
subspace of a space with a basis (see also Lindenstrauss and Tzafriri, 1977), but the question remained open
until Szarek (1987) proved that there exists a separable Banach space which has the BAP but fails to have
a basis, i.e., the BAP is a condition weaker that the existence of a Schauder basis.
In the last section of this note, we extend the habitual 7eld of applications of the concepts of compactly

uniform integrability to the scope of separable Banach spaces with BAP, and we show that under the hypothesis
of conditional compactly uniform pth-order integrability, the study of a conditional law of large numbers in
a separable Banach space with BAP can be reduced to the study of a similar limit law for 7nite-dimensional
random elements.

2. De�nitions

Let {un; n¿ 1} and {vn; n¿ 1} be two sequences of integers (not necessary positive or 7nite) such that
vn ¿un for all n¿ 1 and vn − un → ∞ as n → ∞. Consider an array of random variables {Anj; un6 j6 vn;
n¿ 1} and an array {Vnj; un6 j6 vn; n¿ 1} of random elements in a real separable Banach space X with
norm ‖ · ‖, de7ned on a probability space (
;A; P). Let {Bn; n¿ 1} be a sequence of sub �-algebras of A.
For each n¿ 1, denote by EBn(Y ) the conditional expectation of the random variable Y relative to Bn, and
by PBn(A) the conditional probability of the event A∈A relative to Bn.
(1) We recall that {Vnj; un6 j6 vn; n¿ 1} is said to be tight if for all �¿ 0 there exists a compact subset

K of X such that

sup
n¿1

sup
un6j6vn

P[Vnj 
∈ K]¡�:
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(2) The following de7nition was introduced in Cabrera (1997).
Let {anj; un6 j6 vn; n¿ 1} be an array of constants. Let p¿ 0. {Vnj; un6 j6 vn; n¿ 1} is said to be

{anj}-compactly uniformly pth-order integrable if for all �¿ 0, there exists a compact subset K of X such
that

sup
n¿1

vn∑
j=un

|anj|E(‖Vnj‖pI[Vnj �∈K])¡�:

(3) The following de7nition was introduced in Hu et al. (2001).
{Vnj; un6 j6 vn; n¿ 1} is said to be {Anj}-conditionally uniformly integrable relative to {Bn} if for all

�¿ 0, there exists a0¿ 0 such that

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖I[‖Vnj‖¿a0])¡� a:e:

We introduce the following new de7nitions now.
(4) Let {anj; un6 j6 vn; n¿ 1} be an array of constants. We say that {Vnj; un6 j6 vn; n¿ 1} is {anj}-tight

if for all �¿ 0 there exists a compact subset K of X such that

sup
n¿1

vn∑
j=un

|anj|P[Vnj 
∈ K]¡�:

Remark. If supn¿1
∑vn

j=un |anj|6C for some constant C¿ 0, then (1) ⇒ (4):

(5) We say that {Vnj; un6 j6 vn; n¿ 1} is conditionally tight relative to {Bn} if for all �¿ 0 there exists
a compact subset K of X such that

sup
n¿1

sup
un6j6vn

PBn [Vnj 
∈ K]¡� a:e:

Remark. Note that

P[Vnj 
∈ K] =E(I[Vnj �∈K]) =E(EBn(I[Vnj �∈K]))=E(PBn [Vnj 
∈ K]):

Thus, (5) ⇒ (1):
(6) We say that {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally tight relative to {Bn} if for all �¿ 0 there

exists a compact subset K of X such that

sup
n¿1

vn∑
j=un

|Anj|PBn [Vnj 
∈ K]¡� a:e:

Remark. If supn¿1
∑vn

j=un |Anj|6C a.e. for some constant C¿ 0, then (5) ⇒ (6):

(7) Let p¿ 0. We say that {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally compactly uniformly pth-order
integrable relative to {Bn} if for all �¿ 0 there exists a compact subset K of X such that

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈K])¡� a:e:

If p=1, we say that {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally compactly uniformly integrable
relative to {Bn}.
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3. Characterization

In this section we will obtain the characterization of the concept of conditional compactly uniform pth-order
integrability which has been introduced in the previous section. We will also obtain, as a particular case, a
characterization of the concept of {anj}-compactly uniform pth-order integrability (with {anj} being an array
of constants).

Theorem 1. Let {Anj; un6 j6 vn; n¿ 1} be an array of random variables and let {Vnj; un6 j6 vn; n¿ 1}
be an array of random elements in a separable Banach space X with norm ‖ · ‖; de8ned on a probability
space (
;A; P); with supn¿1

∑vn
j=un |Anj|6C a.e.; for some constant C¡∞. Let {Bn; n¿ 1} be a sequence

of sub �-algebras of A. Let p¿ 0.
Then; {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally compactly uniformly pth-order integrable relative

to {Bn} if; and only if; {‖Vnj‖p; un6 j6 vn; n¿ 1} is {Anj}-conditionally uniformly integrable relative to
{Bn} and {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally tight relative to {Bn}.

Proof. Let {‖Vnj‖p; un6 j6 vn; n¿ 1} be {Anj}-conditionally uniformly integrable relative to {Bn}. By The-
orem 1 of Hu et al. (2001), given �¿ 0, there exists �¿ 0 such that whenever {Bnj; un6 j6 vn; n¿ 1} is
an array of events satisfying supn¿1

∑vn
j=un |Anj|PBn(Bnj)¡� a.e., then

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pIBnj)¡� a:e:

By hypothesis of {Anj}-conditional tightness, there exists a compact subset K of X such that
supn¿1

∑vn
j=un |Anj |PBn [Vnj 
∈ K]¡� a.e., and therefore

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈K])¡� a:e:

So, {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally compactly uniformly pth-order integrable relative to
{Bn}.
Conversely, suppose that {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally compactly uniformly pth-order

integrable relative to {Bn}.
Given �¿ 0, for each i∈N there exists a compact Ki ⊂ X such that

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈Ki])¡
�

ip2i
a:e:

Denote by B(0; 1=i) the open ball in X with center 0 and radius 1=i. Then

EBn(‖Vnj‖pI[Vnj �∈Ki])¿ EBn(‖Vnj‖pI[Vnj∈Kc
i ∩Bc(0;1=i)])

¿
1
ip
EBn I

[Vnj∈Kc
i ∩Bc(0; 1i )]

=
1
ip
PBn

[
Vnj ∈Kc

i ∩ Bc
(
0;

1
i

)]
a:e:;

which implies that

sup
n¿1

vn∑
j=un

|Anj|PBn

[
Vnj ∈Kc

i ∩ Bc
(
0;

1
i

)]
6 sup

n¿1
ip

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈Ki])¡
�
2i

a:e:
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Let now K =
⋂

i∈N (Ki ∪ B(0; 1=i)). The closure of K in X, MK , is a compact set (see Lemma 2:2 in Wang
and Rao, 1987). Then

PBn [Vnj ∈ MK
c
]6 PBn [Vnj ∈Kc]

= PBn

[
Vnj ∈

⋃
i∈N

(
Kc
i ∩ Bc

(
0;

1
i

))]
6

∞∑
i=1

PBn

[
Vnj ∈Kc

i ∩ Bc
(
0;

1
i

)]
a:e:

Therefore, for each n∈N
vn∑

j=un

|Anj|PBn [Vnj 
∈ MK]6
vn∑

j=un

|Anj|
∞∑
i=1

|PBn

[
Vnj ∈Kc

i ∩ Bc
(
0;

1
i

)]

=
∞∑
i=1

vn∑
j=un

|Anj|PBn

[
Vnj ∈Kc

i ∩ Bc
(
0;

1
i

)]
¡

∞∑
i=1

�
2i

= � a:e:

So, {Vnj; un6 j6 vn; n¿ 1} is {Anj}-conditionally tight relative to {Bn}.
On the other hand, given �¿ 0, there exists a compact subset K of X such that

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈K])¡� a:e:

The compactness of K implies that there exists r ¿ 0 such that K ⊂ MB(0; r), and so [‖Vnj‖¿r] ⊂ [Vnj 
∈ K]
for every n¿ 1; un6 j6 vn:
Therefore,

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[‖Vnj‖¿r])6 sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈K])¡� a:e:

Thus, {‖Vnj‖p; un6 j6 vn; n¿ 1} is {Anj}-conditionally uniformly integrable relative to {Bn}.

Cabrera (1997) obtained a suNcient condition for {anj}-compactly uniform pth-order integrability, but
not a characterization (i.e., a necessary and suNcient condition) of this concept. Actually, the desired char-
acterization follows from Theorem 1 by taking {Anj; un6 j6 vn; n¿ 1} to be an array of real constants
{anj; un6 j6 vn; n¿ 1} and Bn= {∅; 
} for every n∈N:

Corollary 1. Let {Vnj; un6 j6 vn; n¿ 1} be an array of random elements in a separable Banach space X;
and let {anj; un6 j6 vn; n¿ 1} be an array of real constants such that supn¿1

∑vn
j=un |anj|6C; for some

constant C¡∞. Let p¿ 0.
Then; {Vnj; un6 j6 vn; n¿ 1} is {anj}-compactly uniformly pth-order integrable if; and only if; {‖Vnj‖p;

un6 j6 vn; n¿ 1} is {anj}-uniformly integrable and {Vnj; un6 j6 vn; n¿ 1} is {anj}-tight.

4. A conditional limit law for randomly weighted sums

In the main result of this section we will prove that the condition of {Anj}-conditional compactly uniform
pth-order integrability relative to a certain sequence of �-algebras {Bn} allows us to reduce the study of
conditional convergence of a randomly weighted sum of random elements in some in7nite-dimensional Banach
spaces to a similar problem posed for random elements in 7nite-dimensional spaces.
In this section, the term “operator” means a continuous linear operator.
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Recall that a separable Banach space X has the bounded approximation property (BAP) if the identity
operator I on X is a pointwise limit of a sequence of 7nite rank operators in the strong operator topology;
that is, if there exists a sequence {Tn; n¿ 1} of 7nite rank operators on X such that

lim
n→∞

∣∣∣∣∣
∣∣∣∣∣x −

n∑
k=1

Tk(x)

∣∣∣∣∣
∣∣∣∣∣=0 for x∈X:

An application of Banach–Steinhaus principle implies that there exists a constant M ¡∞ such that
‖∑n

k=1 Tk‖6M for all n¿ 1.
Throughout this section, we denote Un=

∑n
k=1 Tk .

We will need the following lemma:

Lemma 1. Let X be a separable Banach space with the BAP. Let K be a compact subset of X. Then; for
each �¿ 0 there exists n0 = n0(�)∈N such that ‖x − Un(x)‖¡� for all x∈K and n¿ n0:

Proof. Given �¿ 0, consider the covering of K by the family of open balls{
B
(
y;

�
2(M + 1)

)
; y∈K

}
:

The compactness of K implies that there exist y1; y2; : : : ; yp ∈K such that

K ⊂
p⋃
i=1

B
(
yi;

�
2(M + 1)

)
:

Then, for every x∈K there exists j∈{1; 2; : : : ; p} such that ‖x − yj‖¡�=2(M + 1):
As x= limn→∞Un(x) pointwise, there exists n0 = n0(�)∈N such that ‖yi − Un(yi)‖¡�=2 for all i∈

{1; 2; : : : ; p} and for every n¿ n0:
Therefore, for all x∈K and n¿ n0:

‖x − Un(x)‖6 ‖x − yj‖+ ‖yj − Un(yj)‖+ ‖Un(yj)− Un(x)‖

6 (M + 1)‖x − yj‖+ ‖yj − Un(yj)‖¡ �
2
+

�
2
= �:

The main result in this section is the following:

Theorem 2. Let X be a separable Banach space with BAP. Let {Anj; un6 j6 vn; n¿ 1} be an array of ran-
dom variables such that supn¿1

∑vn
j=un |Anj|6C a.e.; for some constant C¡∞. Let Bn= �(Anj; un6 j6 vn);

for each n¿ 1; and let {Vnj; un6 j6 vn; n¿ 1} be an array of random elements in X which is {Anj}-
conditionally compactly uniformly pth-order integrable relative to {Bn}; for some p¿ 0.
Then EBn

∑vn
j=un |Anj‖|Vnj‖p → 0 a.e. as n → ∞ if; and only if; there exists t1 ∈N such that

EBn
∑vn

j=un |Anj‖|Ut(Vnj)‖p → 0 a.e. for each t¿ t1; as n → ∞.

Proof. Suppose that EBn
∑vn

j=un |Anj‖|Ut(Vnj)‖p → 0 a.e. for each t¿ t1.
Given �¿ 0, there exists a compact K ⊂ X such that

sup
n¿1

vn∑
j=un

|Anj|EBn(‖Vnj‖pI[Vnj �∈K])¡
�

4C2
p(M + 1)p

a:e:;

where Cp=2p−1 if p¿ 1 or Cp=1 if p∈ (0; 1).
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De7ne, for each n∈N; un6 j6 vn:

Wnj =VnjI[Vnj∈K]; Ynj =VnjI[Vnj �∈K]:

The compactness of K implies (see Lemma 1) that there exists t0 ∈N such that for every t¿ t0 and every
n∈N; un6 j6 vn

‖Wnj − Ut(Wnj)‖¡
(

�
4C2

pC

)1=p
;

which implies

EBn‖Wnj − Ut(Wnj)‖p¡ �
4C2

pC
a:e:

Moreover, for every n∈N
vn∑

j=un

|Anj|EBn‖Ynj − Ut(Ynj)‖p6 (M + 1)p
vn∑

j=un

|Anj|EBn‖Ynj‖p¡ �
4C2

p
a:e:

Therefore, for every t¿ t0

sup
n¿1

EBn

vn∑
j=un

|Anj‖|Vnj − Ut(Vnj)‖p

6 sup
n¿1

vn∑
j=un

|Anj|EBn(‖Wnj − Ut(Wnj)‖+ ‖Ynj − Ut(Ynj)‖)p

6 sup
n¿1

Cp

[
vn∑

j=un

|Anj|EBn‖Wnj − Ut(Wnj)‖p +
vn∑

j=un

|Anj|EBn‖Ynj − Ut(Ynj)‖p
]
6

�
2Cp

a:e:

We take now t¿max{t0; t1}: By hypothesis, there exists n0 ∈N such that

for all n¿ n0; EBn

vn∑
j=un

|Anj‖|Ut(Vnj)‖p¡�=2Cp a.e.

Therefore, for all n¿ n0

EBn

vn∑
j=un

|Anj‖|Vnj‖p = EBn

vn∑
j=un

|Anj‖|Vnj − Ut(Vnj) + Ut(Vnj)‖p

6Cp

[
EBn

vn∑
j=un

|Anj‖|Vnj − Ut(Vnj)‖p + EBn

vn∑
j=un

|Anj‖|Ut(Vnj)‖p
]
¡� a:e:

On the other hand, suppose that EBn
∑vn

j=un |Anj‖|Vnj‖p → 0 a.e.
Then, it is immediate that for every t; n∈N

EBn

vn∑
j=un

|Anj‖|Ut(Vnj)‖p6MpEBn

vn∑
j=un

|Anj‖|Vnj‖p a:e:

and so, EBn
∑vn

j=un |Anj‖|Ut(Vnj)‖p → 0 a.e.

In the case p=1 we can improve slightly the result above:
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Corollary 2. Let hypothesis be as in Theorem 2; with p=1.
Then EBn‖∑vn

j=un AnjVnj‖ → 0 a.e. as n → ∞ if; and only if; there exists t1 ∈N such that
EBn‖∑vn

j=un AnjUt(Vnj)‖ → 0 a.e. for each t¿ t1; as n → ∞.

Proof. Suppose that EBn‖∑vn
j=un AnjUt(Vnj)‖ → 0 a.e. for each t¿ t1.

We prove, as in Theorem 2, with p=1, that, given �¿ 0, there exists t0 ∈N such that for every t¿ t0:
supn¿1

∑vn
j=un |Anj|EBn‖Vnj − Ut(Vnj)‖¡�=2 a.e.

Then, taking t¿max{t0; t1}:

EBn

∣∣∣∣∣
∣∣∣∣∣
vn∑

j=un

AnjVnj

∣∣∣∣∣
∣∣∣∣∣6EBn

∣∣∣∣∣
∣∣∣∣∣
vn∑

j=un

AnjUt(Vnj)

∣∣∣∣∣
∣∣∣∣∣+

vn∑
j=un

|Anj|EBn‖Vnj − Ut(Vnj)‖ → 0 a:e:

as n → ∞.
Now, suppose that EBn‖∑vn

j=un AnjVnj‖ → 0 a.e. as n → ∞.
Then, for every t ∈N:∣∣∣∣∣

∣∣∣∣∣
vn∑

j=un

AnjUt(Vnj)

∣∣∣∣∣
∣∣∣∣∣=
∣∣∣∣∣
∣∣∣∣∣Ut

(
vn∑

j=un

AnjVnj

)∣∣∣∣∣
∣∣∣∣∣6M

∣∣∣∣∣
∣∣∣∣∣
vn∑

j=un

AnjVnj

∣∣∣∣∣
∣∣∣∣∣ ;

which implies that

EBn

∣∣∣∣∣
∣∣∣∣∣
vn∑

j=un

AnjUt(Vnj)

∣∣∣∣∣
∣∣∣∣∣6MEBn

∣∣∣∣∣
∣∣∣∣∣
vn∑

j=un

AnjVnj

∣∣∣∣∣
∣∣∣∣∣ a:e:

and so EBn‖∑vn
j=un AnjUt(Vnj)‖ → 0 a.e. as n → ∞.

Remark. Theorem 2 and Corollary 2 remain true if X is a Banach space with a Schauder basis and, for each
t ∈N, Ut denotes the tth partial sum operator corresponding to the basis.
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