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Abstract

The notion of conditional compactly uniform pth-order integrability of an array of random elements in a separable
Banach space concerning an array of random variables and relative to a sequence of o-algebras is introduced and charac-
terized. We state a conditional law for randomly weighted sums of random elements in a Banach space with the bounded
approximation property, and we prove that, under the introduced condition, the problem can be reduced to a similar
problem for random elements in a finite-dimensional space. (©) 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

In view of the random nature of many problems arising in the applied sciences, the limiting behaviour
of weighted partial sums of random elements in normed linear spaces with random weights (i.e., when the
weights are random variables) has started being studied since the begining of the 1970s. The interested reader
can find a complete list of references about this area in Rosalsky and Srechari (1998).

We consider now: (a) two sequences of integers {u, > — oco,n = 1} and {v, < + oco,n > 1}, with v, > u,
for all n>1; (b) an array of random elements {V,;,u, <j <uv,n > 1} defined on a probability space
(Q,/,P) and taking values in a real separable Banach space (Z,].||); (¢) an array of random variables
{4nj,un <j <vp,n > 1} defined on (Q,.<7,P). We consider the randomly weighted sums Z?: u, AniVnj. When
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u, = — 00 or v, =+ co, we assume that the series converges. When u, =1,v, =n,n > 1, we have the usual
randomly weighted partial sums.

When a triangular array of nonrandom weights 4,; = a,,; is considered, the uniform integrability of {V,,;}-
or {a,;}-uniform integrability of {¥,;} are powerful notions for obtaining weak laws of large numbers. The
interested reader can refer to Gut (1992), Cabrera (1994) and Sung (1999).

These concepts are extended in a natural way, and they give rise to the concepts of compactly uniform
pth-order integrability or {a,;}-compactly uniform pth-order integrability of {V,;}. The interested reader can
refer to Wang and Rao (1987), Cuesta and Matran (1988) and Cabrera (1997).

Hu et al. (2001) introduced some notions of uniform integrability of an array {V,,j,u,, <j<vpn=1} of
random elements with respect to an array {A,,j,u,, < j < vy,n = 1} of random variables; from among those,
they emphazise the notion of {4,;}-conditional uniform integrability relative to a sequence {#,,n > 1} of
sub g-algebras of .o/, which allows one to obtain conditional laws of large numbers for randomly weighted
sums of random elements.

In this note, the notion of {A4,;}-conditional compactly uniform pth-order integrability relative to {%,}
is introduced and characterized in terms of {A4,;}-conditional uniform integrability relative to {%,}- and
{4,;}-conditional tightness relative to {#,}. In the particular case of an array of constants {a,;}, this char-
acterization allows one to obtain the characterization of {a,;}-compactly uniform pth-order integrability of
{V,;}, which was an open problem.

The various concepts of compactly uniform integrability (in respect of constants or not) have often been used
by their authors to obtain limit laws for sums of random elements in a Banach space 2" which has a Schauder
basis. The crucial point for the fruitfulness of the obtained results is the fact that the identity operator in 2
can be approximated by the partial sums operators corresponding to the Schauder basis, uniformly on compact
sets. This is a consequence of the fact that the existence of a Schauder basis in a Banach space implies that
the Banach space has the bounded approximation property (BAP in short) and the approximation property.

It was a very famous open problem for many years as to whether the existence of a Schauder basis in a
separable Banach space is equivalent to the BAP. Pelczynski (1971) and Johnson et al. (1971), independently,
discovered that a separable Banach space 2 has the BAP if and only if Z is isomorphic to a complemented
subspace of a space with a basis (see also Lindenstrauss and Tzafriri, 1977), but the question remained open
until Szarek (1987) proved that there exists a separable Banach space which has the BAP but fails to have
a basis, i.e., the BAP is a condition weaker that the existence of a Schauder basis.

In the last section of this note, we extend the habitual field of applications of the concepts of compactly
uniform integrability to the scope of separable Banach spaces with BAP, and we show that under the hypothesis
of conditional compactly uniform pth-order integrability, the study of a conditional law of large numbers in
a separable Banach space with BAP can be reduced to the study of a similar limit law for finite-dimensional
random elements.

2. Definitions

Let {u,,n > 1} and {v,,n > 1} be two sequences of integers (not necessary positive or finite) such that
v, >u, for all n > 1 and v, — u, — oo as n — oco. Consider an array of random variables {A,,j,u,, <j <o,
n =1} and an array {V,;,u, <j < v,,n > 1} of random elements in a real separable Banach space 2" with
norm || - ||, defined on a probability space (Q,.oZ,P). Let {%,,n > 1} be a sequence of sub g-algebras of .o7.
For each n > 1, denote by E”"(Y) the conditional expectation of the random variable Y relative to %, and
by P”:(A4) the conditional probability of the event A € .o relative to 4,.

(1) We recall that {V,,j,u,, <j < vp,n =1} is said to be tight if for all ¢ > 0 there exists a compact subset
K of Z such that

sup sup PV, ZK]<e.

n=z1lu, <j<uv,
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(2) The following definition was introduced in Cabrera (1997).

Let {a,j,u, <j <v,n =1} be an array of constants. Let p > 0. {V,j,u, <j < v,,n =1} is said to be
{an;}-compactly uniformly pth-order integrable if for all ¢ > 0, there exists a compact subset K of 2 such
that

SUPZ lan |[EAN Vil "Iy, gx1) < &
U j=u,
(3) The following definition was introduced in Hu et al. (2001).

{Vajsttn < j <wy,nm =1} is said to be {4, }-conditionally uniformly integrable relative to {%,} if for all
¢ > 0, there exists ag > 0 such that

supz A | EZ (VT 5 a0) < & e

=
n/ju

We introduce the following new definitions now.
(4) Let {ayj,u, <j <wv,,n =1} be an array of constants. We say that {V,;,u, <j <wv,,n > 1} is {a,;}-tight
if for all &€ > 0 there exists a compact subset K of Z such that

sup E |ani|P[Va; & K] < e
n=1
=

Remark. If sup,., Z ", lanj| < C for some constant C > 0, then (1) = (4).

(5) We say that {V,;,u, <j <v,n =1} is conditionally tight relative to {%,} if for all ¢ > 0 there exists
a compact subset K of Z such that

sup sup P%"[Vn_,-gK]<s a.e.

nzlu,<j<uv,

Remark. Note that
PV, & K1=E(Ly,j¢x1) = E(E” Iy, ¢x1)) = EP™'[V,y; & K]).

Thus, (5) = (1).
(6) We say that {V,;,u, < j < vsn > 1} is {4,;}-conditionally tight relative to {#,} if for all & > 0 there
exists a compact subset K of 4 such that

supZ|A,,]|P‘4 [V, € K] <e ae.
>

Remark. If sup, ., S |4uj| < C ae. for some constant C > 0, then (5) = (6).

=t
(7) Let p > 0. We say that {V,;,u, <j < uvyn > 1} is {4,;}-conditionally compactly uniformly pth-order
integrable relative to {%,} if for all ¢ > 0 there exists a compact subset K of & such that

supz |An/|Ej Vil "I, ex1) <& ae.
n>lJ —y
If p=1, we say that {V,j,u, <j<v,n=1} is {4,;}-conditionally compactly uniformly integrable
relative to {%,}.
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3. Characterization

In this section we will obtain the characterization of the concept of conditional compactly uniform pth-order
integrability which has been introduced in the previous section. We will also obtain, as a particular case, a
characterization of the concept of {a,; }-compactly uniform pth-order integrability (with {a,;} being an array
of constants).

Theorem 1. Let {4,;,u, <j < vy,n =1} be an array of random variables and let {V,;,u, <j < v,,n =1}
be an array of random elements in a separable Banach space & with norm || - ||, defined on a probability
space (L, ./, P), with sup,,-, | Zj‘”:u,, |4,;| < C a.e., for some constant C < cc. Let {%,,n > 1} be a sequence
of sub c-algebras of <f. Let p > 0.

Then, {Vyj,uy < j < vg,n =1} is {4, }-conditionally compactly uniformly pth-order integrable relative
to {B,} if, and only if, {||V||?,un < J < vnn =1} is {Ay;}-conditionally uniformly integrable relative to
{#B,} and {V,j,u, <j < vy,n > 1} is {A,;}-conditionally tight relative to {%,}.

Proof. Let {||V,;||”,un <j < vnn > 1} be {4,;}-conditionally uniformly integrable relative to {#,}. By The-
orem 1 of Hu et al. (2001), given & > 0, there exists o > 0 such that whenever {B,;,u, <j <wv,n > 1} is
an array of events satisfying sup, -, Z;: “ |4,;|P?"(By;) < 0 a.e., then

Uy
SUPZ (A | EZ (| Vai|P15,) < & ae.
nzlj:u,,

By hypothesis of {4,;}-conditional tightness, there exists a compact subset K of Z such that
Sup,, > | Z;":un |4, |P?"[V,; ¢ K] < J a.e., and therefore

Un
su}tl) Z |4,/ EZ(
n=

Z1j=u,

Vil P Iy, ¢x1) <& ae.

So, {Vyj,un <j <vy,n>=1} is {4,;}-conditionally compactly uniformly pth-order integrable relative to
{#.}.

Conversely, suppose that {V,;,u, <j < wv,n>1} is {4,;}-conditionally compactly uniformly pth-order
integrable relative to {%,}.

Given ¢ > 0, for each i € N there exists a compact K; C Z such that

Un

sup Z |4, E?(

n=l’
= J=un

&
Vsl linyexa) < <7 ae.

Denote by B(0,1/i) the open ball in 2" with center 0 and radius 1/i. Then

EZ (Wil Py, sex1) = E7 (V| "1y, exsoeco,1/i)
1 B, 1 B, c c 1
= *E n] 1.= *P " Vn] € Ki NnAB 0, - a.c.,
114 [V,,,-GK,CHBC(O,T)] 174 E i

which implies that

v v
- 2 1 PN 2 €
sup E |Anj|Pj" |:an GKlC N B¢ <O, l>:| < Suplp E |An1|EJ"(|| Vninl[V,,,-eK,-]) < E a.e.

>17 > N
n/l‘]:u” n= =
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Let now K =";c (K; U B(0,1/i)). The closure of K in Z, K, is a compact set (see Lemma 2.2 in Wang
and Rao, 1987). Then

PPV, €K1 < PP[V,; €K*]

; 1 o~ 1
— p* an_,-e U <Kf nE <ol>)] <3 P [V,,_,-er B (o,iﬂ ae.
i=1

ieN

Therefore, for each n e N

v, v
> APV & K] < Z|An,|Z|P” {Vn,eKCOBC (0 )}

J=n J=un

o0 Un
=SSl ez (03)] <32
i=1

i=1 j=u,

So, {Vyj,up < j < vy,n > 1} is {4,;}-conditionally tight relative to {#,}.
On the other hand, given ¢ > 0, there exists a compact subset K of 2 such that

sup Z A |EZ (Vi P Ty, gx1) < € ae.
J Un

The compactness of K implies that there exists 7 > 0 such that K C B(0,r), and so [||V,]| > r] C [V € K]
for every n = l,u, < j <v,.
Therefore,

SupZ|An/|E”” Vil Iy, > 1) SupZ\Ale% Vil Ty, ex)) <& ae

n;]u nju

Thus, {||V,||?,usn < j < vs,n > 1} is {4,;}-conditionally uniformly integrable relative to {#,}. [J

Cabrera (1997) obtained a sufficient condition for {a,;}-compactly uniform pth-order integrability, but
not a characterization (i.e., a necessary and sufficient condition) of this concept. Actually, the desired char-
acterization follows from Theorem 1 by taking {4,;, u, <j < uv,,n > 1} to be an array of real constants
{anjsun <j <vp,n>1} and B, ={0,Q} for every ne N:

Corollary 1. Let {V,j,u, < j < vy,n > 1} be an array of random elements in a separable Banach space X,
and let {a,,u, < j < vy,n =1} be an array of real constants such that sup, Zj”:u" lanj| < C, for some
constant C < oco. Let p > 0.
Then {Vajsttn < j < Upon = 1} is {ay;}-compactly uniformly pth-order integrable if, and only if, {||V,;||?,
< Jj < vgn =1} is {ay}- umformly integrable and {V,;,u, <j < vy, n = 1} is {a,;}-tight.

4. A conditional limit law for randomly weighted sums

In the main result of this section we will prove that the condition of {4, }-conditional compactly uniform
pth-order integrability relative to a certain sequence of o-algebras {#,} allows us to reduce the study of
conditional convergence of a randomly weighted sum of random elements in some infinite-dimensional Banach
spaces to a similar problem posed for random elements in finite-dimensional spaces.

In this section, the term “operator” means a continuous linear operator.
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Recall that a separable Banach space 2 has the bounded approximation property (BAP) if the identity
operator / on % is a pointwise limit of a sequence of finite rank operators in the strong operator topology;
that is, if there exists a sequence {7,,n > 1} of finite rank operators on Z such that

X — ZTk(x)

k=1

lim =0 forxeXZ.

n—oo

An application of Banach—Steinhaus principle implies that there exists a constant M < co such that
150 Tkl <M for all n > 1.

Throughout this section, we denote U, =Y ;_, Ti.

We will need the following lemma:

Lemma 1. Let X be a separable Banach space with the BAP. Let K be a compact subset of . Then, for
each ¢ > 0 there exists ng=no(e) €N such that ||x — U,(x)|| < ¢ for all x€ K and n = ny.

Proof. Given ¢ > 0, consider the covering of K by the family of open balls

&
{B (y’z(M+1))’y€K}'

The compactness of K implies that there exist yi, ys,...,y, €K such that

b &

Then, for every x € K there exists j € {1,2,..., p} such that ||x — y;|| <¢&/2(M + 1).

As x=1lim,_, o U,(x) pointwise, there exists no=mnp(e) €N such that ||y; — U,(»)| <¢/2 for all i€
{1,2,..., p} and for every n > ny.

Therefore, for all x €K and n = ng:

[x = Un(OI| < [lx = yill + 1y = Un)I + 1 Un(3)) = Un(x)|

& &
SMADlx=yill+ 1y =GOl <5+ 5=6 O

The main result in this section is the following:

Theorem 2. Let 2 be a separable Banach space with BAP. Let {A,j,u, < j < vy,n > 1} be an array of ran-
dom variables such that sup,, -, Z;":u,, A4,i| < C a.e., for some constant C < co. Let B, = 0(Anj,un < j < Up),
Sor each n>1, and let {V,j,u, <j<uv,n=1} be an array of random elements in X which is {A,;}-
conditionally compactly uniformly pth-order integrable relative to {%,}, for some p > 0.

Then E* 5" |Ayll[Vill? — 0 ae as n — oo if, and only if, there exists t €N such that

=ty

E?» Z;f”:un Ani|U(Vup)||? — 0 a.e. for each t = t,, as n — oo.

Proof. Suppose that EZ Zj”:un | i | U:(Vuj)||P — 0 a.e. for each ¢ > 1.
Given ¢ > 0, there exists a compact K C 4 such that

&

A |E? (| V| P 1y k1) < 5
SUPZ| j| (” j” [Vn./gK]) 4cé(M+1)p

>1
n>1 i,

where C,=27"1if p>1or C,=1if pe(0,1).

a.e.,
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Define, for each n €N, u, < j < v,:

Woj=Vjlvexr, Yoy = Vapliy -

The compactness of K implies (see Lemma 1) that there exists #, € N such that for every ¢ > £ and every
neN, u, <j <,

l/p
g

Wy — UMW)l < <4C2C> ,
P

which implies
€

B,
E Van — U[(an)Hp < @ a.c.
Moreover, for every ne N
Uy ) Uy ) e
> Ay [E? Y = UYu)IIP < (M + 1P |4y |E? || Y17 < iz e
J=tin J=y P
Therefore, for every ¢t = t
SliI;E‘@” > 1 Anill| Vi = UV I
"= =t
< SUI;Z A | EZ (W = UWup) || + 1Yy = Us(Yup) )
nzl
J=tn
Uy . Uy . e
< sup Cp | D Auf[E? Wy = UWupII? + Y A E? (| Yy — Un(Xup)))? | < T
nz p

= J=tn

We take now ¢ > max{f,# }. By hypothesis, there exists np € N such that

Un
for all n > no, E” > |Ay[||U(Vij)l|? < £/2C,, ae.
J=un
Therefore, for all n = ny

EPS Al 1VuflP = EPY " uill| Vg = UdVup) + UiV 1P

J=n J=tn

< Cp [EPD |du||[Vj = UVupII? + E*D A lUT)IIP | <& ae.

J=n J=tn

On the other hand, suppose that EZ " |4,;]||V;]|? — 0 a.e.

J=n
Then, it is immediate that for every ¢, n€ N

Uy Un
EPY Ay [1U)P < MPEP Y |Ay|[[Vl|” ae.

J=n J=un

and so, EZ 3" Ay || U(Va)||P — 0 ae. O

J=tn

In the case p=1 we can improve slightly the result above:
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Corollary 2. Let hypothesis be as in Theorem 2, with p=1.

Then E” Z;”:un AVl — 0 ae as n — oo if, and only if, there exists ty €N such that
E?» Z;”:WA,UU,(V,U)H — 0 a.e. for each t =1t,, as n — oo.

Proof. Suppose that EZ:| Zj”:un AnjUi(Vyj)|| — 0 ace. for each t > ¢;.
We prove, as in Theorem 2, with p =1, that, given ¢ > 0, there exists #p € N such that for every ¢ > ¢:
SUP, > 1 Doy, [An|EZ [Vaj — UiVl < ¢/2 ace.
Then, taking ¢ > max{t,t }:
) Un ) Un Un
EP S AuVg| S EZ S S AgUiVap)|| + D 1A B Vg = UVl = 0 ae
J=n J=n J=n
as n — oo.
Now, suppose that E%»
Then, for every € N:

Sy AnVisll — 0 ace. as n — oo

Un

> 4, UV = ||U; iA,,,V,,, <MD AV

J=tin J=tn J=n

Un

which implies that

E? N 4 Ui(Vp)|| < ME? > AniVy|| e
J=tn J=tn

and so E7[| 375, Ay Ui(Viy)ll — 0 ace. as n — oo, O
Remark. Theorem 2 and Corollary 2 remain true if 2 is a Banach space with a Schauder basis and, for each
t €N, U, denotes the rth partial sum operator corresponding to the basis.
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