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Abstract

For weighted randomly indexed sums of the form 2721 anj(Vuj — cnj) where {an;,j=1,n>1} are constants, {V,;,j>1,
n>1} are random elements in a real separable martingale type p Banach space, {N,,n>=1} are positive integer-valued
random variables, and {c,,j>1,n>1} are suitable conditional expectations, a general weak law of large numbers is es-
tablished. No conditions are imposed on the joint distributions of the {¥,;,j>1,n>1}. Also, no conditions are imposed on
the joint distributions of {N,,n>1}. Moreover, no conditions are imposed on the joint distributions of {N,,n>1}. More-
over, no conditions are imposed on the joint distribution of the sequence {V,;,j>1,n>1} and the sequence {N,,n>1}.
The weak law is proved under a Cesaro type condition. The sharpness of the results is illustrated by an example. The
current work extends that of Gut (1992), Hong and Oh (1995), Hong (1996), Kowalski and Rychlik (1997), Adler et al.
(1997) and Sung (1998). (© 2000 Elsevier Science B.V. All rights reserved
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1. Introduction

Consider an array of constants {a,;,j>1,n>1} and an array of random elements {V,;,j>1,n>1} defined
on a probability space (Q,%,P) and taking values in a real separable Banach space Z with norm || - |.
Let {c,;,j=1,n>1} be a “centering” array consisting of (suitably selected) conditional expectations and
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{Nus,n=1} be a sequence of positive integer-valued random variables. In this paper, a general weak law of
large numbers (WLLN) will be established. This convergence result is of the form

Ny
> @y (Vi = cup) =0
Jj=1
as n — oo. This expression is referred to as weighted sums with weights {a,;,j>1,n>1}.

The hypotheses to the main result impose conditions on the growth behavior of the weights {a,;,j>1,n>1}
and on the marginal distributions of the random variables {||V,;|,/=>1,n>1}. The random elements in the
array under consideration are not assumed to be rowwise independent. Indeed, no conditions are imposed
on the joint distributions of the random elements comprising the array. Also, no conditions are imposed on
the joint distributions of {N,,n>1}. Moreover, no conditions are imposed on the joint distribution of the
sequence {V,;,j>1,n>1} and the sequence {N,,n>1}. However, the Banach space 2" is assumed to be of
martingale type p. (Technical definitions such as this will be discussed below.)

The main result is an extension, generalization and improvement to a martingale type p Banach space
setting and weighted sums of results of Gut (1992), Hong and Oh (1995), Hong (1996), Kowalski and
Rychlik (1997) and Sung (1998) which were proved for arrays of (real-valued) random variables. Moreover,
the main result is an extension on the randomly indexed sums of the results of Adler et al. (1997). The WLLN
is proved assuming a Cesaro-type condition of Hong and Oh (1995) which is weaker than Cesaro uniform
integrability. As will be apparent, the proofs of theorem owe much to those earlier articles. An example is
provided to illustrate the sharpness of the results.

The symbol C denotes throughout a generic constant (0 < C < co) which is not necessarily the same one
in each appearance.

A real separable Banach space % is said to be of martingale type p (1< p<2) if there exists a finite
constant C such that for all martingales {S,,n>1} with values in Z,

Sup E||S, [ <C Y E|Sy — Su—ill?s

sup 15 Z::l | |

where Sy = 0. It can be shown, using classical methods from martingale theory, that if Z is of martingale type
p, then for all 1<r < oo there exists a finite constant C’ such that for all #'-valued martingales {S,,n>1}

00 r/p
Esup||S,| <CE S, — So_1ll? .
n}r;ll | (ZII 1>

n=1
Clearly, every real separable Banach space is of martingale type 1. It follows from the Hoffmann-Jergensen
and Pisier (1976) characterization of Rademacher type p Banach spaces that if a Banach space is of martingale
type p, then it is of Rademacher type p. But the notion of martingale type p is only superficially similar
to that of Rademacher type p and has a geometric characterization in terms of smoothness. For proofs and
more details, the reader may refer to Pisier (1975, 1986).

2. Mainstream
Now, the main result can be stated and proved.

Theorem. Let {V,;,j=1,n>1} be an array of random elements in a real separable, martingale type
p (1< p<2) Banach space, and {N,,n>=1} be a sequence of positive integer-valued random variables such
that for some nonrandom sequence of positive integers k, — oo we have

P{N, > k,} =o(l) asn— oo. (1)
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Let {a,;,j=1,n=1} be an array of constants and let the sequence {f(n),n>1}, where f(n) =1/

max <<, |dnl, satisfying
knf P(n)=o0(1) asn— oo.

Suppose that there exists a positive nondecreasing sequence {g(m),m=0}, g(0) =0, such that

kn—1
Z gP(m + 1) — gP(m) _ O(fp(n)/kn) as n — oQ.

m
m=1

Suppose the uniform Cesaro-type condition

k

) 1 n

lim sup — E mP{||V,;|| > g(m)} =0
i=1

m—o0 ;> kn

holds. Then the WLLN

Ny

>y (Vig = EYVj| Fje1) 20 as n— o0

j=1
Jollows where V,; =V l(|Vyill <9(k)), Fuj = 0(Vuis 1<i<)),j =1, n=1, and Fop = {0,Q}, n>1.
Proof. Note that (1) and (4) imply for arbitrary ¢ > 0 and n>1

Ny Ny kn
P anVuy = ayVy|| > ep <PINy >k} +PS | Wy # V)

Jj=1 Jj=1 Jj=1

kn
<o)+ 1 D k(I > gk} = o(D),

"j=1

and it suffices to show that
K ke
/ P
D@V = D anicnj =0,
j=1 j=1

where ¢,; = E(V,j|Fnj—1)-
For n>=1 and m>1 denote

m m
no__ !
B = E a,,jan — g ApjCnjl| > &

j=1 j=1
and D, =J"_, B Then by (1)
P{By } <P{BY ,N,<k,} + P{N, > k,} <P{D,} + o(1)
and it is suffices to show that P{D,} = o(1).

(2)

(3)

4)

(%)
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Note that Markov’s inequality yields

1<m<k,

P{D,} = P{ max Zanj(V,;j—cnj) >¢
=1

< CE max Zan;‘(Vrfj = Cnj)

1<m<k, ||4
Jj=1

Since for every n>1 the sequence {V,; — ¢y, 1 <j<k,} is a martingale difference sequence and since the
underlying Banach space is of martingale type p,

kn
P{D,} < C Y E(lay]| |Vy; — cujl)?
=1
kn
<C277' 7)Y E(IVll” + Ellen )
=1

kn
< C2Pf~P(n) > E|Vi "
j=1
(by applying Jensen’s inequality for conditional expectations (see, e.g., Chow and Teicher, 1988, p. 209) to
the convex function | - |?).
Moreover,

kn kn  kn
STEWNT =0 EIVlIPIgim = 1) < ||V ]| <g(m))
j=1

j=1 m=1

kn

<D D gPm)P{|Vusll > gm — 1)} = P{|[V,]] > g(m)})

B3

—

m=1

~

B3

= > |g?MP{|IVill > 9(0)} — g?(k)P{|[ V]| > gCkn)}
=1

~

kyn—1
+ ) (g (m+ 1) = gP(m)P{|| V]| > g(m)}
=1

k,

<g?() Y P{| Vil > 9(0)}
j=1
kn  kp—1
+) ) (gPm+ 1) = g?(m)P{|| V|| > g(m)}]
j=1 m=1

= Rl + R2 say.
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Now taking into account (2) we can estimate the first sum

kn
STPMRy = CfP(n) > P{|[Vy]l > 9(0)}

J=1

< Chof (1) = o(1).

In order to estimate the second sum, for every n>1 and m>1 denote
1 @
bnm = k_ ZmP{HanH > g(m)}
n =1

Then, by the uniform Cesaro-type condition (4), sup, - bum = o(1) as m — oo. Furthermore,

kn—1
o 97 (m+1) —gP(m)
RZ <kn z_:l m bnm-

Thus by (3) and the Toeplitz lemma (see, e.g., Lo¢ve, 1977, p. 250) the expression

kn—1
P{D,}<0o(1) + Ck, f~?(n) Z gP(m+ ln)1 — gP(m)b

nm

m=1

is o(1) thereby completing the proof of Theorem. [J

The same example (which was inspired by another one due to Beck (1963) and Ordoéfniez Cabrera (1994))
as in Adler et al. (1997, Remarks 3(ii)) shows that the martingale type p hypotheses cannot be dispensed
with.

Example. Consider the real separable martingale type » Banach space /,, where 1<r < 2, of absolutely rth
power summable real sequences v = {v;, i>1} with norm [jv] = (35, [v;]")"". Let v denote the element
having 1 in its nth position and 0 elsewhere, n>1. Define a sequence {V,, n>=1} of independent random
elements in /, by requiring the {V,, n>1} to be independent with
P{V,=v"}=P{V, ="} =1 >l

Let N, =k, =n, n=1 be nonrandom and V,; = V;, 1 <j<n, n=1. Moreover, let g(m) = m'". Now for all
m > 1, P[||V,||" >m]=0and V,;=V,,, 1<j<n, n>1 and so uniform Cesaro-type condition (4) holds. Let
ayj =n""", 1<j<n, n>1. Then for any p € (r,2]

P n
Lopp
Fnj-1))|| = w =1 almost certainly, n>1.
n

> ani(Vay — E(Vy
j=1

Now the hypotheses of the Theorem are satisfied except for the Banach space being of martingale type p.
From above the conclusion of Theorem fails, thereby showing that the martingale type p hypotheses cannot
be dispensed with.

3. Additional results

First of all, it is worth mentioning that condition (3) can be difficult to check. Now we present two simple
propositions which can be useful in order to check (3).
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Let {g(m), m=0} and {f(n), n>=1} be two sequences of positive constants, p >0 and k, — oo be a
sequence of integers. The monotonity of sequence {g(m), m>0} is not necessary now as it was in the
Theorem.

Proposition 1. If g(k,) =0O(f(n)) as n — oo and

kn
> g7 (m)/m* = O(f*(n)/ky) as n— oo (6)

m=1
then (3) holds.

Proof. Denote a,,=g”(m), m>=1 and b,= f?(n), n=1. Then the statement of Proposition 1 will be rewritten
as follows. If a;, = O(b,) and Zm_l ap/m* = O(b,/k,) then > ":i(aerl am)/m = O(b,/ky).

Indeed,
kn—1 u p kn—2 4 4
m+1 — Um m+1 kn _
mz::l m _Zm(m+l)+kn—l “

Am+1 n kn
Z(m+1)2 kn—lkn 2§—+2 <Chbyfky,. O

Proposition 2. If (6) holds and the sequence {g?(m)/m, m<1} is nonincreasing then (3) holds.

Proof. Using the notation as in the proof of Proposition 1, the statement of Proposition 2 will be rewritten
as follows. If the sequence {a,,/m, m>1} is nonincreasing and Zfﬁl:l a,,/m?> = O(b,/k,) then Zf,f:(aerl —
ap)/m = O(b,/k,). Indeed,

kn—1

ZL\Z — ay <Cb,/k,
m=1
since
ay ay ay, Ak, —1
S B
o1 Sk S - 1)

Remark. Propositions 1 and 2 can also be proved using summation by parts.

In Hong and Oh (1995), Hong (1996), Kowalski and Rychlik (1997), Adler et al.(1997) and Sung (1998)
the sequence {g(m), m=>1} is taken such that g(k,) is equal to f(n), n=1. In this case condition (6) will
be rewritten as

ko
> g7 (m)/m* = O(g” (ky)/k).
m=1
In connection with this the following proposition, which is a slight modification of a result reported to us by
Professor Thomas Mikosch, may be useful.
A sequence {a,, n>1} of positive constants is said to be quasi-increasing if there exists C > 0 such that
for all positive integer n=>m we have that a, > Ca,,.

Proposition 3. If the sequence {g’(m)/m, m>=1} is quasi-increasing and {k,, n>=1} is a sequence of positive
integers such that k, — oo, then the following conditions are equivalent.



D.H. Hong et al. | Statistics & Probability Letters 46 (2000) 177185 183

(@) Yoy 97 (m)/m? = O(g(ki)/ky) as n — oo,
(b) Z;’O:kn gip(m) = O(kn/gp(kn)) as n — 00,
(c) There exists a positive integer ro > 1 such that for all r > ry

liminf g” (ki ky)/g” (kn) > k.,
(d) There exists a positive integer r > 1 such that liminf,_, o g?(k.kn)/g? (kn) > k.

Proof. Using the same notation as in the proof of Proposition 1 the statement of Proposition 3 will be rewritten
as follows. If the sequence {a,/m, m>1} is quasi-increasing, then the following conditions are equivalent.

(@) Yoy an/m* = O(ay, k),

(0) Yoy, Vam = Olkn/az, ),

(c) There exists a positive integer o > 1 such that for all » > ry iminf,_,~ arr,/ar, > k.

(d) There exists a positive integer » > 1 such that liminf, . ag,/ar, > k-

The proposition can be proved if we show the following: (a) = (¢) = (d) = (a) and (b) = (¢) = (d)
= (b). Since both parts can be proved analogously, we only prove the second one.

(b) = (c¢): Let r > 1, then

Kk

Z l/am< i l/am<Ckn/akn~

m=k, m=k,

Moreover, as the sequence {a,/m, m>1} is quasi-increasing

k-k, 1 1
~<c S 2 <hyay,.
Ak m=k, m m=k, Am m
Hence
Kok Kk dy
kkn>ck Zl/m>Ck/ —— > Ck,In(k, — 1) >k,
G, m=k, m=k, X~ 1

for all sufficiently large r.
(c) = (d) is trivial.
(d) = (b) First of all notice that since the sequence {a,/m, m>1} is quasi-increasing,

Then, for all integers p>0, we have that

k[+]

Z Vay=>"%" 1/am<cz <C(V)Z;

m=kl I=pm=k]

Let »=r¢. By (d) there exists ¢ > 0 and positive integer ny such that for all n>ny we have ayr, /ar, > k. +e.
If #? > ng then for all />p > 1 akrzk,p > (k. 4+ &)P~" or k}jay <k!(k. + )"~ ja;». Hence

[e%S) 1

m=kl
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Now if n>ny we can choose p such that k¥~ < k,<k’. Consequently,
kP o
Z Van< > Vaw+ Y 1/aw<CkPay, + Ckf jay, < Cky/ay,.

m=k, m=kl

where C = C(r,¢). [
Now we obtain a modification of Theorem 2 of Adler et al. (1997) for randomly indexed partial sums.

Corollary. Let {V,;, j=1, n=1} be an array of random elements in a real separable, martingale type
p (1< p<2) Banach space, and {N,, n=1} be a sequence of positive integer-valued random variables such
that (1) holds for some nonrandom sequence of positive integers k, — oc.

Let {a,;, j=1, n=1} be an array of constants such that for some 0 <r < p

max \a,,,| =0k, ). )

1 <] <k
Suppose the uniform Cesaro-type condition

kn
lim sup -~ ZaP{HV,UH >al=0 (8)

A= p>1 n
holds. Then the WLLN (5) follows.

Proof. Consider g(m) =m'" and check the conditions (2), (3) of the Theorem and (6) of Proposition 1.
Condition (3) follows from Proposition 1, since

—1
glky) = k" <C ( Sy |anj> =Cf(n)
1<) <k,

if and only if max; <<, |a,;| = Ok, 7).

Condition (6) is rewritten ZZ mP"=2 = O( fP(n)/k,). Note that since p >r, p/r —2> — 1 and

Kn
b TP(n) > mP < Cly Pk = C
m=1

Condition (2) holds since
r
lim k,f~?(n)= lim k, ( max a,,j|> < lim Ck,i_p/rzo.
n— oo n— o0 1<j<ky n—o00

Condition (4) is rewritten as (8). [J
Remark. The prior Example also shows that Corollary can fail if » = p. Moreover, the Example (with r
replaced by r’) shows that Corollary can fail if (8) holds for all 0 < r < p but (7) fails for all 0 <r < p.
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