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Abstract

For weighted randomly indexed sums of the form
∑Nn

j=1 anj(Vnj− cnj) where {anj; j¿1; n¿1} are constants, {Vnj; j¿1;
n¿1} are random elements in a real separable martingale type p Banach space, {Nn; n¿1} are positive integer-valued
random variables, and {cnj; j¿1; n¿1} are suitable conditional expectations, a general weak law of large numbers is es-
tablished. No conditions are imposed on the joint distributions of the {Vnj; j¿1; n¿1}. Also, no conditions are imposed on
the joint distributions of {Nn; n¿1}. Moreover, no conditions are imposed on the joint distributions of {Nn; n¿1}. More-
over, no conditions are imposed on the joint distribution of the sequence {Vnj; j¿1; n¿1} and the sequence {Nn; n¿1}.
The weak law is proved under a Ces�aro type condition. The sharpness of the results is illustrated by an example. The
current work extends that of Gut (1992), Hong and Oh (1995), Hong (1996), Kowalski and Rychlik (1997), Adler et al.
(1997) and Sung (1998). c© 2000 Elsevier Science B.V. All rights reserved
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1. Introduction

Consider an array of constants {anj; j¿1; n¿1} and an array of random elements {Vnj; j¿1; n¿1} de�ned
on a probability space (
;F; P) and taking values in a real separable Banach space X with norm ‖ · ‖.
Let {cnj; j¿1; n¿1} be a “centering” array consisting of (suitably selected) conditional expectations and
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{Nn; n¿1} be a sequence of positive integer-valued random variables. In this paper, a general weak law of
large numbers (WLLN) will be established. This convergence result is of the form

Nn∑
j=1

anj(Vnj − cnj) P→ 0

as n→ ∞. This expression is referred to as weighted sums with weights {anj; j¿1; n¿1}.
The hypotheses to the main result impose conditions on the growth behavior of the weights {anj; j¿1; n¿1}

and on the marginal distributions of the random variables {‖Vnj‖; j¿1; n¿1}. The random elements in the
array under consideration are not assumed to be rowwise independent. Indeed, no conditions are imposed
on the joint distributions of the random elements comprising the array. Also, no conditions are imposed on
the joint distributions of {Nn; n¿1}. Moreover, no conditions are imposed on the joint distribution of the
sequence {Vnj; j¿1; n¿1} and the sequence {Nn; n¿1}. However, the Banach space X is assumed to be of
martingale type p. (Technical de�nitions such as this will be discussed below.)
The main result is an extension, generalization and improvement to a martingale type p Banach space

setting and weighted sums of results of Gut (1992), Hong and Oh (1995), Hong (1996), Kowalski and
Rychlik (1997) and Sung (1998) which were proved for arrays of (real-valued) random variables. Moreover,
the main result is an extension on the randomly indexed sums of the results of Adler et al. (1997). The WLLN
is proved assuming a Ces�aro-type condition of Hong and Oh (1995) which is weaker than Ces�aro uniform
integrability. As will be apparent, the proofs of theorem owe much to those earlier articles. An example is
provided to illustrate the sharpness of the results.
The symbol C denotes throughout a generic constant (0¡C¡∞) which is not necessarily the same one

in each appearance.
A real separable Banach space X is said to be of martingale type p (16p62) if there exists a �nite

constant C such that for all martingales {Sn; n¿1} with values in X,

sup
n¿1

E‖Sn‖p6C
∞∑
n=1

E‖Sn − Sn−1‖p;

where S0 ≡ 0. It can be shown, using classical methods from martingale theory, that if X is of martingale type
p, then for all 16r ¡∞ there exists a �nite constant C′ such that for all X-valued martingales {Sn; n¿1}

E sup
n¿1

‖Sn‖r6C′E

( ∞∑
n=1

‖Sn − Sn−1‖p
)r=p

:

Clearly, every real separable Banach space is of martingale type 1. It follows from the Ho�mann-JHrgensen
and Pisier (1976) characterization of Rademacher type p Banach spaces that if a Banach space is of martingale
type p, then it is of Rademacher type p. But the notion of martingale type p is only super�cially similar
to that of Rademacher type p and has a geometric characterization in terms of smoothness. For proofs and
more details, the reader may refer to Pisier (1975, 1986).

2. Mainstream

Now, the main result can be stated and proved.

Theorem. Let {Vnj; j¿1; n¿1} be an array of random elements in a real separable; martingale type
p (16p62) Banach space; and {Nn; n¿1} be a sequence of positive integer-valued random variables such
that for some nonrandom sequence of positive integers kn→∞ we have

P{Nn¿kn}= o(1) as n→ ∞: (1)
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Let {anj; j¿1; n¿1} be an array of constants and let the sequence {f(n); n¿1}; where f(n) = 1=
max16j6kn |anj|; satisfying

knf−p(n) = o(1) as n→ ∞: (2)

Suppose that there exists a positive nondecreasing sequence {g(m); m¿0}; g(0) = 0; such that
kn−1∑
m=1

gp(m+ 1)− gp(m)
m

=O(fp(n)=kn) as n→ ∞: (3)

Suppose the uniform Ces�aro-type condition

lim
m→∞ supn¿1

1
kn

kn∑
j=1

mP{‖Vnj‖¿g(m)}= 0 (4)

holds. Then the WLLN
Nn∑
j=1

anj(Vnj − E(V ′
nj|Fn; j−1)) P→ 0 as n→ ∞ (5)

follows where V ′
nj = VnjI(‖Vnj‖6g(kn)); Fnj = �(Vni; 16i6j); j¿1; n¿1, and Fn0 = {∅; 
}; n¿1.

Proof. Note that (1) and (4) imply for arbitrary �¿ 0 and n¿1

P



∥∥∥∥∥∥
Nn∑
j=1

anjVnj −
Nn∑
j=1

anjV ′
nj

∥∥∥∥∥∥¿�


6 P{Nn¿kn}+ P




kn⋃
j=1

[Vnj 6= V ′
nj]




6 o(1) +
1
kn

kn∑
j=1

knP{‖Vnj‖¿g(kn)}= o(1):

Thus
Nn∑
j=1

anjVnj −
Nn∑
j=1

anjV ′
nj

P→ 0

and it su�ces to show that
kn∑
j=1

anjV ′
nj −

kn∑
j=1

anjcnj
P→ 0;

where cnj = E(V ′
nj|Fn; j−1).

For n¿1 and m¿1 denote

Bnm =



∥∥∥∥∥∥
m∑
j=1

anjV ′
nj −

m∑
j=1

anjcnj

∥∥∥∥∥∥¿�




and Dn =
⋃kn
m=1 B

n
m. Then by (1)

P{BnNn}6P{BnNn ; Nn6kn}+ P{Nn¿kn}6P{Dn}+ o(1)
and it is su�ces to show that P{Dn}= o(1).
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Note that Markov’s inequality yields

P{Dn} = P

 max
16m6kn

∥∥∥∥∥∥
m∑
j=1

anj (V ′
nj − cnj)

∥∥∥∥∥∥¿�




6CE max
16m6kn

∥∥∥∥∥∥
m∑
j=1

anj(V ′
nj − cnj)

∥∥∥∥∥∥
p

:

Since for every n¿1 the sequence {V ′
nj − cnj; 16j6kn} is a martingale di�erence sequence and since the

underlying Banach space is of martingale type p,

P{Dn}6C
kn∑
j=1

E(|anj| ‖V ′
nj − cnj‖)p

6C2p−1f−p(n)
kn∑
j=1

E(‖V ′
nj‖p + E‖cnj‖p)

6C2pf−p(n)
kn∑
j=1

E‖V ′
nj‖p

(by applying Jensen’s inequality for conditional expectations (see, e.g., Chow and Teicher, 1988, p. 209) to
the convex function | · |p):
Moreover,

kn∑
j=1

E‖V ′
nj‖p =

kn∑
j=1

kn∑
m=1

E‖Vnj‖pI(g(m− 1)¡ ‖Vnj‖6g(m))

6
kn∑
j=1

kn∑
m=1

gp(m)(P{‖Vnj‖¿g(m− 1)} − P{‖Vnj‖¿g(m)})

=
kn∑
j=1

[
gp(1)P{‖Vnj‖¿g(0)} − gp(kn)P{‖Vnj‖¿g(kn)}

+
kn−1∑
m=1

(gp(m+ 1)− gp(m))P{‖Vnj‖¿g(m)}
]

6 gp(1)
kn∑
j=1

P{‖Vnj‖¿g(0)}

+
kn∑
j=1

kn−1∑
m=1

(gp(m+ 1)− gp(m))P{‖Vnj‖¿g(m)}]

= R1 + R2 say:
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Now taking into account (2) we can estimate the �rst sum

f−p(n)R1 = Cf−p(n)
kn∑
j=1

P{‖Vnj‖¿g(0)}

6Cknf−p(n) = o(1):

In order to estimate the second sum, for every n¿1 and m¿1 denote

bnm =
1
kn

kn∑
j=1

mP{‖Vnj‖¿g(m)}:

Then, by the uniform Ces�aro-type condition (4), supn¿1bnm = o(1) as m→ ∞. Furthermore,

R26kn
kn−1∑
m=1

gp(m+ 1)− gp(m)
m

bnm:

Thus by (3) and the Toeplitz lemma (see, e.g., Lo�eve, 1977, p. 250) the expression

P{Dn}6o(1) + Cknf−p(n)
kn−1∑
m=1

gp(m+ 1)− gp(m)
m

bnm

is o(1) thereby completing the proof of Theorem.

The same example (which was inspired by another one due to Beck (1963) and Ord�oñez Cabrera (1994))
as in Adler et al. (1997, Remarks 3(ii)) shows that the martingale type p hypotheses cannot be dispensed
with.

Example. Consider the real separable martingale type r Banach space ‘r , where 16r ¡ 2, of absolutely rth
power summable real sequences v = {vi; i¿1} with norm ‖v‖ = (∑∞

i=1 |vi|r)1=r . Let v(n) denote the element
having 1 in its nth position and 0 elsewhere, n¿1. De�ne a sequence {Vn; n¿1} of independent random
elements in ‘r by requiring the {Vn; n¿1} to be independent with

P{Vn = v(n)}= P{Vn =−v(n)}= 1
2 ; n¿1:

Let Nn = kn = n; n¿1 be nonrandom and Vnj = Vj; 16j6n; n¿1. Moreover, let g(m) = m1=r . Now for all
m¿ 1; P[‖Vnj‖r ¿m]=0 and Vnj=V ′

nj; 16j6n; n¿1 and so uniform Ces�aro-type condition (4) holds. Let
anj = n−1=r ; 16j6n; n¿1. Then for any p ∈ (r; 2]∥∥∥∥∥∥

n∑
j=1

anj(Vnj − E(Vnj|Fn; j−1))
∥∥∥∥∥∥
p

=
‖∑n

j=1 Vj‖p
np=r

= 1 almost certainly; n¿1:

Now the hypotheses of the Theorem are satis�ed except for the Banach space being of martingale type p.
From above the conclusion of Theorem fails, thereby showing that the martingale type p hypotheses cannot
be dispensed with.

3. Additional results

First of all, it is worth mentioning that condition (3) can be di�cult to check. Now we present two simple
propositions which can be useful in order to check (3).
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Let {g(m); m¿0} and {f(n); n¿1} be two sequences of positive constants, p¿ 0 and kn→∞ be a
sequence of integers. The monotonity of sequence {g(m); m¿0} is not necessary now as it was in the
Theorem.

Proposition 1. If g(kn) = O(f(n)) as n→ ∞ and
kn∑
m=1

gp(m)=m2 = O(fp(n)=kn) as n→ ∞ (6)

then (3) holds.

Proof. Denote am=gp(m); m¿1 and bn=fp(n); n¿1: Then the statement of Proposition 1 will be rewritten
as follows. If akn =O(bn) and

∑kn
m=1 am=m

2 = O(bn=kn) then
∑kn−1

m=1(am+1 − am)=m=O(bn=kn).
Indeed,

kn−1∑
m=1

am+1 − am
m

=
kn−2∑
m=1

am+1
m(m+ 1)

+
akn
kn − 1 − a1

6 2
kn−2∑
m=1

am+1
(m+ 1)2

+
kn

kn − 1
akn
kn
62

kn−1∑
m=2

am
m2
+ 2

akn
kn
6Cbn=kn:

Proposition 2. If (6) holds and the sequence {gp(m)=m; m61} is nonincreasing then (3) holds.

Proof. Using the notation as in the proof of Proposition 1, the statement of Proposition 2 will be rewritten
as follows. If the sequence {am=m; m¿1} is nonincreasing and

∑kn
m=1 am=m

2 = O(bn=kn) then
∑kn−1

m=1(am+1 −
am)=m=O(bn=kn). Indeed,

kn−1∑
m=1

am+1 − am
m

6
kn−2∑
m=2

am
m2
+

akn
kn − 1 − a16Cbn=kn

since
akn
kn − 1 − a16 akn

kn − 1 − akn
kn
6

akn−1
(kn − 1)2 :

Remark. Propositions 1 and 2 can also be proved using summation by parts.

In Hong and Oh (1995), Hong (1996), Kowalski and Rychlik (1997), Adler et al.(1997) and Sung (1998)
the sequence {g(m); m¿1} is taken such that g(kn) is equal to f(n); n¿1. In this case condition (6) will
be rewritten as

kn∑
m=1

gp(m)=m2 = O(gp(kn)=kn):

In connection with this the following proposition, which is a slight modi�cation of a result reported to us by
Professor Thomas Mikosch, may be useful.
A sequence {an; n¿1} of positive constants is said to be quasi-increasing if there exists C¿ 0 such that

for all positive integer n¿m we have that an¿Cam.

Proposition 3. If the sequence {gp(m)=m; m¿1} is quasi-increasing and {kn; n¿1} is a sequence of positive
integers such that kn→∞; then the following conditions are equivalent.
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(a)
∑kn

m=1 g
p(m)=m2 = O(gp(kn)=kn) as n→ ∞,

(b)
∑∞

m= kn g
−p(m) = O(kn=gp(kn)) as n→ ∞,

(c) There exists a positive integer r0¿ 1 such that for all r ¿ r0

lim inf
n→∞ gp(krkn)=gp(kn)¿kr;

(d) There exists a positive integer r ¿ 1 such that lim inf n→∞ gp(krkn)=gp(kn)¿kr .

Proof. Using the same notation as in the proof of Proposition 1 the statement of Proposition 3 will be rewritten
as follows. If the sequence {am=m; m¿1} is quasi-increasing, then the following conditions are equivalent.
(a)

∑kn
m=1 am=m

2 = O(akn =kn),
(b)

∑∞
m= kn 1=am =O(kn=akn),

(c) There exists a positive integer r0¿ 1 such that for all r ¿ r0 lim inf n→∞ akrkn =akn ¿ kr:
(d) There exists a positive integer r ¿ 1 such that lim inf n→∞ akrkn =akn ¿ kr .
The proposition can be proved if we show the following: (a) ⇒ (c) ⇒ (d) ⇒ (a) and (b) ⇒ (c) ⇒ (d)

⇒ (b). Since both parts can be proved analogously, we only prove the second one.
(b) ⇒ (c): Let r ¿ 1, then

krkn∑
m= kn

1=am6
∞∑

m= kn

1=am6Ckn=akn :

Moreover, as the sequence {am=m; m¿1} is quasi-increasing

krkn
akrkn

krkn∑
m= kn

1
m
6C

krkn∑
m= kn

m
am

1
m
6Ckn=akn :

Hence,

akrkn
akn

¿Ckr
krkn∑
m= kn

1=m¿Ckr

∫ krkn

m= kn

dx
x − 1¿Ckr ln(kr − 1)¿kr

for all su�ciently large r.
(c) ⇒ (d) is trivial.
(d) ⇒ (b) First of all notice that since the sequence {am=m; m¿1} is quasi-increasing,

M∑
m=L

1
am
=
1
L

M∑
m=L

L
am
6
1
L

M∑
m=L

m
am
6
C
L

M∑
m=L

L
aL
6
CM
aL
:

Then, for all integers p¿0, we have that

∞∑
m= kpr

1=am =
∞∑
l=p

kl+1r∑
m= klr

1=am6C
∞∑
l=p

kl+1r − 1
aklr

6C(r)
∞∑
l=p

klr
aklr
:

Let r= r0. By (d) there exists �¿ 0 and positive integer n0 such that for all n¿n0 we have akrkn =akn ¿ kr+ �.
If rp ¿n0 then for all l¿p¿ 1 aklr k

p
r ¿ (kr + �)p−l or klr =aklr6k

l
r (kr + �)

p−l=akpr . Hence

∞∑
m= kpr

1=am6C
(kr + �)p

kpr

∞∑
l=p

(
kr

kr + �

)l
6C(r; �)kpr =akpr :
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Now if n¿n0 we can choose p such that k
p−1
r ¡ kn6k

p
r . Consequently,

∞∑
m= kn

1=am6
kpr∑

m= kn

1=am +
∞∑

m= kpr

1=am6Ckpr =akn + Ck
p
r =akpr 6Ckn=akn ;

where C = C(r; �).

Now we obtain a modi�cation of Theorem 2 of Adler et al. (1997) for randomly indexed partial sums.

Corollary. Let {Vnj; j¿1; n¿1} be an array of random elements in a real separable; martingale type
p (16p62) Banach space; and {Nn; n¿1} be a sequence of positive integer-valued random variables such
that (1) holds for some nonrandom sequence of positive integers kn → ∞.
Let {anj; j¿1; n¿1} be an array of constants such that for some 0¡r¡p

max
16j6kn

|anj|=O(k−1=rn ): (7)

Suppose the uniform Ces�aro-type condition

lim
a→∞ sup

n¿1

1
kn

kn∑
j=1

aP{‖Vnj‖r ¿a}= 0 (8)

holds. Then the WLLN (5) follows.

Proof. Consider g(m) = m1=r and check the conditions (2), (3) of the Theorem and (6) of Proposition 1.
Condition (3) follows from Proposition 1, since

g(kn) = k1=rn 6C
(
max
16j6kn

|anj|
)−1

= Cf(n)

if and only if max16j6kn |anj|=O(k−1=rn ).
Condition (6) is rewritten

∑kn
m=1m

p=r−2 = O(fp(n)=kn). Note that since p¿r; p=r − 2¿− 1 and

knf−p(n)
kn∑
m=1

mp=r−26Ck1−p=rn kp=r−1n = C:

Condition (2) holds since

lim
n→∞ knf−p(n) = lim

n→∞ kn

(
max
16j6kn

|anj|
)p
6 lim

n→∞ Ck1−p=rn = 0:

Condition (4) is rewritten as (8).

Remark. The prior Example also shows that Corollary can fail if r = p. Moreover, the Example (with r
replaced by r′) shows that Corollary can fail if (8) holds for all 0¡r¡p but (7) fails for all 0¡r¡p.
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Ord�oñez Cabrera, M., 1994. Convergence of weighted sums of random variables and uniform integrability concerning the weights. Collect.
Math. 45, 121–132.

Pisier, G., 1975. Martingales with values in uniformly convex spaces. Israel J. Math. 20, 326–350.
Pisier, G., 1986. Probabilistic methods in the geometry of Banach spaces, In: Lette, G., Pratelli, M. (Eds.), Probability and Analysis,
Lectures given at the 1st 1985 Session of the Centro Internazionale Matematico Estivo (C.I.M.E.) held at Varenna (Como), Italy,
May 31–June 8, 1985, Lecture Notes in Mathematics, vol. 1206. Springer, Berlin, pp. 167–241.

Sung, S.H., 1998. Weak law of large numbers for arrays. Statist. Probab. Lett. 38, 101–105.


