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1. Introduction

The concept of negatively orthant dependent (NOD) random variables was introduced by Ebrahimi and Ghosh (1981).

Definition 1.1. The random variables Xy, ..., X, are said to be negatively upper orthant dependent (NUOD) if for all real
X1y ooy Xk
k
P >x. i=1,2,....k<[[PX > x). (1.1)

i=1

and negatively lower orthant dependent (NLOD) if

k
PG <xi, i=1,2,....0) < [[PX < x). (1.2)
i=1

Random variables X1, . . ., X are said to be negatively orthant dependent (NOD) if they are both NUOD and NLOD.
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It is easily seen that independent random variables and negatively associated (NA, in short, cf. Joag-Dev & Proschan,
1983) random variables are NOD. Since the paper of Ebrahimi and Ghosh (1981) appeared, the convergence properties of
NOD random sequences have been studied in some papers. We refer the reader to Bozorgnia, Patterson, and Taylor (1996),
Gan and Chen (2008), Ko, Han, and Kim (2006), Taylor et al. (2002), Volodin, Ordéfiez Cabrera, and Hu (2006) and Wu and
Zhu (2010).

A sequence of random variables {U,, n > 1} is said to converge completely to a constant a if for any ¢ > 0,

o0
ZP(|U,1 —al > ¢) < o0.

n=1

In this case we write U, — a completely. This notion was given first by Hsu and Robbins (1947).
Let {Z,, n > 1} be a sequence of random variablesand a, > 0, b, > 0, q > 0.If

o
ZanE{b;1|Zn| — ¢}l <oo forsomeoralle > 0,
n=1
then the above result was called the complete moment convergence by Chow (1988).
An array of rowwise random variables {Xyx, 1 < k < n, n > 1} is said to be uniformly bounded by a random variable X
(write {X,,} < X) if there exists a constant C > 0 such that

sup P(|Xnk| > x) < CP(|X| > x), Vx> 0.
n,k
Clearly if {X,;} < X,for0 <p <ocandany 1 <k <n,n > 1, E[Xu|?P < CE|X]|P.

Let {Xu, 1 < k < n,n > 1} be an array of rowwise NOD random variables and {a,, n > 1} be a sequence of positive real
numbers with a, 1 oco. Also, let {¥,(t), n > 1} be a sequence of nonnegative even functions satisfying

(It (It

4 and —/——= | as|t| 1. (1.3)
|t] |t]P
Introduce the conditions
EXy =0, 1<k<n, n=>1, (1.4)
Ey, (X,
Z Z k( nk) 0, (1‘5)
Y (an)

n=1 k=1

i[i Elx,:k'r} < 0, (1.6)
n=1

k=1 n

where0 <r <2,s> 0.
Wu and Zhu (2010) obtained the following theorems.

Theorem A. Let {X,x, 1 < k < n, n > 1} be an array of rowwise NOD random variables and {a,, n > 1} be a sequence of
positive real numbers with a, 1 oco. Also, let {W,(t), n > 1} be a sequence of nonnegative even functions satisfying (1.3) for some
real number 1 < p < 2. Then conditions (1.4) and (1.5) imply

-l n
— ank — 0 completely. (1.7)
n Y=

Theorem B. Let {Xyx, 1 < k < n, n > 1} be an array of rowwise NOD random variables and {a,, n > 1} be a sequence of
positive real numbers with a, 1 oo. Also, let {¥;,(t), n > 1} be a sequence of nonnegative even functions satisfying (1.3) for
p > 2. Then conditions (1.4)-(1.6) imply (1.7).

Theorem C. Let {X,, 1 < k < n, n > 1} be an array of rowwise NOD random variables and {a,,, n > 1} be a sequence of

positive real numbers with a,, 1 oc. Also, let {W¥,(t), n > 1} be a sequence of nonnegative even functions satisfying (1.3) for some
real number 1 < p < 2. Then conditions (1.4) and (1.5) imply

o0 n
E a'E E Xu| — ea
n=1 k=1

n} <00, Vex>0. (1.8)
+

Theorem D. Let {X;x, 1 < k < n, n > 1} be an array of rowwise NOD random variables and {a,, n > 1} be a sequence of
positive real numbers with a, 1 oc. Also, let {¥;(t), n > 1} be a sequence of nonnegative even functions satisfying (1.3) for
p > 2. Then conditions (1.4)-(1.6) imply (1.8).
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In addition, Hu et al. (1989) obtained the following result in complete convergence.

Theorem E. Let {X,x, 1 < k < n, n > 1} be an array of rowwise independent random variables with EX,;, = 0 and {X,.} < X.
If E|X|? < oo forsome 1 < p < 2, then

n
n~1/p ZX”k — 0 completely. (1.9)
k=1

In this work, we shall improve Theorems A-E under some weaker conditions. In addition, we study L! convergence and
convergence in probability for the arrays of NOD random variables under some appropriate conditions.

Below, C will denote generic positive constants, whose value may vary from one application to another, I(A) will indicate
the indicator function of A.

2. Main results

Now we will present the main results of the paper. The proofs will be detailed in the next section.
Theorem 2.1. Let {X,;x, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose the following
conditions hold:
(i) foreverye > 0

DO P(IXul > &) < o0, (2.1)

n=1 k=1

(ii) forsome§ > Oandn > 1

o0 n "
Z(Z EX21(1Xni| < 3)) < 0. (2.2)

n=1 \ k=1

(iii)

=

EXull(|Xuk| > 8) > 0 asn— o0. (2.3)
k=1

Then

n
ZX”" — 0 completely. (2.4)

k=1

By a similar argument as the proof of Theorem 1 in Qiu, Chang, Antonini, and Volodin (2011), we can prove Theorem 2.1.
Therefore, we will omit the details of the proof.

Let {a,, n > 1} be a sequence of positive real numbers with a,, 1 oo, and take X, /a, instead of X;; in Theorem 2.1, we
can get the following corollary.

Corollary 2.1. Let {X,;, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4), and {a,,n > 1} be a
sequence of positive real numbers with a,, 1 oo. Suppose the following conditions hold:
(i) foreverye > 0

Y P(|Xuk| > ane) < o0, (2.5)
DD

n=1 k=1
(ii) forsomeé > Oandn > 1

n

n
o0
Z(anZ ZEX3,<I(|X,1/<| < an5)> < 00, (2.6)
n=1

k=1

(iii)

n
a;’ ZE|Xnk|I(|Xnk| > a,8) > 0 asn— oo. (2.7)
k=1

Then (1.7) holds.
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Remark 2.1. The following statements show that the conditions of Corollary 2.1 are weaker than those of
Theorems A and B.

First, without loss of generality we may assume 0 < & < 1. By the Markov inequality, (1.3) and (1.5), we have

)3 ZP<|xnk| cae < Z 1 ol > ane)

n=1 k= n=1 k= n

- Elxnk| o E|Xnk|
< ZZ Iane < Kol < @)+ Y > == 1(Xui| > @)
n=1 k= (@ne)P n=1 k=1 dn®
- EW(Xni)
<P+
23 i -

n=1 k=

Second, we state that (1.3), (1.5) and (1.6) implies (2.6). For§ < 1and 1 < p < 2,by(1.3) and (1.5), we can get easily

. N n 00 n
Z(anz ZEXﬁkIankl < an8)) =< ;(CIHZ ZExﬁkIOXnkl =< an)) (Z Z E;I::((:;—,;))

n=1 k=1 k=1 n=1 k=

Ford < landp > 2,take0 < r < 2,s > 0and n > max{1, s}. By (1.3) and (1.6), we can get
n
=

00 n A\ n/s
Z( _ZZEX kI(|X”’<| < ap8 ) = Z( _ZZEX kI(|Xnk| < ay) (;(; Elx:k| ) ) < Q.

n=1 n

For§ > 1and 1 < p < 2,by(1.3) and (1.5), we have

o0 n n
Z(a_z ZEX kI(|Xnk| =< an8)>

n=1

00 n n
= Z(a,?z > EXZI(Xuil < an)> + Z( ~2 ZEXnkI(an < Xl < an(S))

k=1

n n
o i El]’k(xnk . -1 .
< (Z ) Z ZE|Xnk|1(an < Xkl < and)

n=1 k=1 n=1 k=1

EY (Xnk
.maﬂzxﬁw)

For§ > 1and p > 2,by(1.3),(1.5) and (1.6), we have

n
Z( - ZEX kl(|Xnk| = an5))

n
oo n
Z(az ZEX,fkl(ankI < an)> + 3'7 < =1 ZE|X,,,<|I(a,1 < [ Xn| < an8)>

n=1 k=1 k=1

i Z E|an<| ,, . E"I/k(xnk)
n n— 1 k=1 Wk(an)
Finally, we state that (1.3), (1.5) and (1.6) implies (2.7). For § > 1, by (1.3) and (1.5), we have

"EIX, EIX, EW(X
> | ""'1(|xnk| > a,8) < Z | ”"'1(|xnk| > a,) < Z EVhu) o asm = oo,
=1 n =1 n k=1 Yi(an)

For § < 1, by (1.3) and (1.5), we also have

~ E X  E X
(Xl > an8) <Y (Xl > ap) + 6 "Z

k=1 n k=1 n 11

IA

I( s < |Xnk| = an)

Ev, (X,
< (144! ”)Z lpk((a"; — 0 asn— oo.
k\Un

To sum up, we know that Corollary 2.1 improve Theorems A and B.
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Take X /n'/?P (1 < p < 2) instead of X, in Theorem 2.1, we can get the following corollary.
Corollary 2.2. Let {X,,, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose the following
conditions hold:
(i) foreverye > 0

> " P(Xul > n'Pe) < oo, (2.8)

n=1 k=1
(ii) forsome$§ > 0andn > p/(2 — p)

n
[ee] n
Z(n‘z/p D EXZI(Xui| < nl/"(S)) < 00, (2.9)
n=1 k=1
(iii)
n
n\/p ZEank|I(|Xnk| > n'/P§) - 0 asn — oo, (2.10)

k=1

where 1 < p < 2. Then (1.9) holds.

Remark 2.2. The following statements show that the conditions of Corollary 2.2 are weaker than those of Theorem E.

First, by {X.} < X and E|X|* < oo, we have

o0 n o0
ZZPQXM > n'Pe) < an(m > n'Pg) < CEIX|? < 0.
n=1 k=1 n=1

Second, since E|X|?? < oo for 1 < p < 2, we know E|X|?> < oo. Hence, by n > p/(2 — p) and {X,;;} < X, we have

o0 n n o0
Z(n‘z“’ > EXI (X < n”*’a)> = C Yy nPIEXP) < oo,
n=1

k=1 n=1
Finally, by {X.} < X and E|X|** < oo, we have

- "B X |?
P E Xl (X > n'P8) <87 | ’;‘;" I(Xi| > n'/78) < 8720~ 'E|X|® — 0 asn — oo.

k=1 k=1

To sum up, we know that Corollary 2.2 extends and improves Theorem E. In addition, Corollary 2.2 also improves partially
Theorem 3.1 by Taylor et al. (2002).

The following theorem shows that, under some appropriate conditions, we can obtain complete moment convergence
for the array of rowwise NOD random variables.

Theorem 2.2. Let {X,;x, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose that for some
8§>0andn > 1

oo

D EXud (Xl > 8/4n) < oo. (2.11)

n=1 k=1
Then (2.1), (2.2) and (2.11) imply

n

Z Xnk

n=1 k=1

— 8} < o0, foralle > 0. (2.12)
+

Let {a,, n > 1} be a sequence of positive real numbers with a,, 1 oo, and take X, /a, instead of X,;; in Theorem 2.2, we
can get the following corollary.

Corollary 2.3. Let {X,x, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose that for some
8d>0andn > 1

oo n
> ay Y EXull(1Xnl > and/4n) < oo. (2.13)
n= k=1

1
Then (2.5), (2.6) and (2.13) imply (1.8).
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Remark 2.3. By a similar argument as in Remark 2.1, we can show that the conditions of Corollary 2.3 are weaker than those
of Theorems C and D. Here we omit the details.

Theorem 2.3. Let {X;, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose that for some
§>0

n
D EXud[(IXe| > 8) = 0 asn — oo, (2.14)
k=1
n
ZEX3,<I(|X,1,<| <8) — 0 asn— oo. (2.15)
k=1
Then
n L]
> Xu — 0. (2.16)

Let {a,, n > 1} be a sequence of positive real numbers with a,, 1 00, and take X, /a, instead of X;; in Theorem 2.3, we
can get the following corollary.

Corollary 2.4. Let {X,, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose that for some
§>0

n

0" D EXull(1Xuel > a,8) > 0 asn — oo, (2.17)
k=1
n

0,2 > EX2 ] (Xui| < a,8) > 0 asn — oo. (2.18)
k=1

Then

n
_ !
a’ E X — 0.
k=1

Remark 2.4. By a similar argument as in Remark 2.1, we can show that the conditions of Corollary 2.4 are weaker than those
of Theorem 1.5 by Wu and Zhu (2010). Here we omit the details.

The following theorem shows that, under some weaker conditions, we can obtain convergence in probability for the array
of rowwise NOD random variables.

Theorem 2.4. Let {X;, 1 < k < n,n > 1} be an array of rowwise NOD random variables with (1.4). Suppose that for some
§>0

n
ZP(|Xnk| >8) — 0 asn— o0o. (2.19)
k=1

Then (2.15) and (2.19) imply

n
> X . (2.20)
k=1

3. Proofs
To prove main results in this paper, we need the following lemmas.

Lemma 3.1 (Cf. Bozorgnia et al., 1996). Let random variables X1, X3, ..., X, be NOD and f1, f, . . ., fu be all nondecreasing (or
nonincreasing) functions, then random variables f1(X1), f,(X2), ..., fu(X,) are NOD.

Lemma 3.2 (Cf. Wu & Zhu, 2010). Let {X,,n > 1} be a sequence of NOD random variable with mean zero and 0 < B, =
ercl=1 EXI? < 00. Let S = ZZ:l Xy, then
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P(ISa| = %) < ZP<|xk| > y) +2exp<; ~Z1o (1 + ;—y)>

k=

forallx > 0,y > 0.

Lemma 3.3 (Cf. Gan, Chen, & Qiu, 2011). Let {X,,, n > 1} be a sequence of NOD mean zero random variables. S, = Z}Zzl X, n >
1, p > 2. Then foranyn > 1,

n n P/2
EIS, " < C{ZEIXkI" + (ZEX,?) }
k=1

k=1

where C is a positive constant depending only on p. Especially we have

n
E[S* < C Y EX}.
k=1

Remark before the proof of Theorem 2.2. A reviewer of the paper suggested an interesting idea to provide a proof of
Theorem 2.2 based on Theorem 2.1 from the paper (Gan et al., 2011). But in this case we must add some stronger conditions
than we have in Theorem 2.2. For example, Z;’; ZL] E|Xuk|PI(JXnk| < &) < oo should be required. O

—8>t>dt
o0 n
>8+t>dt+/ P( >€+t>dt}
J k=1
o0 n
>8)+2/ P( >t>dt
k=1

to prove (2.12), it is enough to prove thatI; < coand I, < oco. Noting that (2.11) implies (2.3), by Theorem 2.1 in this paper,
we have I; < o0o. To prove (2.12), it suffices to prove I, < oo. Let

Yo = —tIXne < —t) + X (| Xnie| < ) + tI(Xpie > 1),
Znie = Xk — Yok = Xk + DI X < —1) + Kk — OIXie > 1).

Proof of Theorem 2.2. Since

=§{f s

?(ixnk

nk

n

Z Xnk

k=1

nk

IA
>

nk

=L +1L,

Obviously
n n n
P( nk >t>fzp(|xnk|>t)+P(ZYnk >t)-
k=1 k=1 k=1
Hence
00 00 n
I < / P(|Xu| > t)dt+Z/ P( | > r) dt
n= 1I< n=1"38 k=1

= I3+ 14.
For I, by (2.11), we have

00 n
I3 = ZZE|XHI<|I(|Xnk| > (S) < 0.

n=1 k=1
By (1.4) and (2.11), we have

era(SX t! nk| = Tza(SX t! nk| =< maXt kX:E|XnI<|I(|Xnk| > t)
n
< st ZE|Xnk|I(|Xnk| >8) — 0 asn— oo. (3.1)

k=1
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Therefore, while n is sufficiently large, | ZZ=1 EYy,| < t/2 holds uniformly for t > §. Then

n n
P >t] <P
k=1 k=1

LetB] = > }_ E(Yux — EYy)?. Take x = t /2,y = t/2n. By Lemma 3.2 and (3.2), we have

Z/ ( >t/2)dt

B// g
/ P(lynk_EYnk| > t/zﬂ)dH‘CZf B//+t2/4n de

nk nk — EYnk)

> t/Z) . (3.2)

I4

IA

nk - EYnk)

IA

n= 1k—

= Is + 5.

By a similar argument as in the proof of (3.1), we can prove max;>s t ! |[EY;x| — 0asn — oo.Therefore, while n is sufficiently
large, by |Ynk| < |Xiuk| and (2.11), we have

s <y / (IYuil > t/4n) dt<ZZ/OOP(|Xnk|>t/4n)dt

n=1 k=1 n=1 k=

o0
CZ EIXuel[(1Xn] > 8/40) < oo.
n=1 k=1

Then we prove I < co. By C,-inequality, we have

o0 o0 o0 ee)
o o3 Temya ey (e«
n=1v4 n=1v4 k=
o0 o0 n n n
- CZ/ (tZZEx§k1(|xnk| <O+ P(Xul > t)) de
n=1v9 k=1 k=1
<

o0 o0 "
CZ/ <_2ZEXH,<I(|X,1,<| < 5)) dt
n=1"4

[e¢] o0 n n o0 o0 n "
+C2/s (r”;mxnkuw < Pl = t)) dt+c2/5 (;Puxnu > r)) dt
n= = n= k=

=: Ig1 + Is2 + I63-

By n > 1and (2.2), we have

IA

o0
Is
5

n
¢ Z(Z EX k1(|Xnk| =< 5)) / t=20d¢e
n
27} — 151 g Z(ZEXI%IJGXMJ =< 8)) < 00.

By n > 1and (2.11), we have

o n n o0
cZ(menkuaxnm >8>> / tdt
n=1 \k=1 8
1 oo n n
C—al"(z D EXuilI(1Xe] > 5)) < 0.

n- 1 n=1 k=1

IA

Isy

IA
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Fort > &, by (2.11), we know

n n
max » | P(Xul > ) < Y P(Xul > 8)
— k=1 k=1

n
< §! ZE|xn,<|1(|xnk| >38) = 0 asn— oo.
k=1

Therefore, while n is sufficiently large, we know that ZZ=1 P(|Xuk| > t) < 1 holds uniformly for t > §. Hence, by a similar
argument as in the proof of Is; < o0, we have

les < ch ZP(|xnk| > t)dt < CZZElxnkuuxnu > 8) < o0.
n=1 s

n=1 k=1
The proof is complete. O
Proof of Theorem 2.3. Let
Yo = —81(Xe < —8) + Xul (| Xkl < 8) + 81 (X > 6),
Znke = Xk — Yok = Kk + ) X < —8) + Ko — I Ky > 98).

Then
nk| = Z(an Ean) +E Z(Ynk EYnk)
k=
n 241/2
=< nk — Ean) + {E(Z(Ynk - EYnk)) }
k=1
=: 17 + Ig.

Noting that |Zuk| < |Xukll (| Xnk| > §). By (2.14), we have

n
b <2 EXull(IXul > 8) — 0 asn — oo.
k=1
Then we prove I3 — 0 as n — oo. By Lemma 3.3 and C,-inequality, we have

n n
I§ < C) E(Yy —EYy)® < C Y EYj
k=1 k=1

= CZEX I1(|Xnk| < 8) +Ck21:P(|Xnk| > 4)

IA

C ZEX I(Xul <8)+C ;mxnkuqxnu > 8)

= 181 + Ig,.
By (2.14)and (2.15), we havelg; — Oandlg, — 0asn — oo.Hence we getls — 0asn — oo.The proofis complete. O

Proof of Theorem 2.4. Following the notations of the proof in Theorem 2.3. For all ¢ > 0, we have

P ( > 28) ( Z(Ynk EYn)| > 8) +P ( Z(an EZ)| > 8)
k=1

ank
k=
=: Iy + 110.

By the Markov inequality, Lemma 3.3 and C,-inequality, we have

IA

Iy < CZE(Ynk EYm)? < CZE H

k=

= CZEx3k1(|xnk| <8 +C ZP(lxnk| > §).

k=1 k=1

By (2.15) and (2.19), we have Iy — 0 asn — oo.
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Taking into account the definition of Z,, and (2.19), we have

Lo < P(Elk; 1 <k < n, such that [Xp| > 5)

n
< > P(IXul > 8) = 0 asn — oo.
k=1

The proof is complete. O
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