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1. INTRODUCTION AND SOME GENERALIZATIONS OF THE BASIC PROPERTIES
OF NEGATIVELY ASSOCIATED RANDOM VARIABLES

Negatively associated random variables play a significant role in the theory of probability. Such
random variables inherit some properties of independent random variables. It is important to note that
independent random variables are negatively associated. In fact there exists a tight connection between
these two notions. This connection helps to extend various asymptotic results on sums of independent
random variables to negatively associated random variables. A survey on negatively associated random
variables can be found in the recent monograph by Bulinski and Shashkin [1]. Despite substantial
progress in the theory of negatively associated random variables, there are still many unsolved problems.
For example, the construction of such random variables is an important problem. In the second part
on the paper we demonstrate the usefulness of Chebyshev’s other inequality [2] p. 716—719, in a
construction of negatively associated random variables. We also show that the usage of this inequality
can significantly simplify proofs of many known results. In the first part on the paper we discuss basic
properties of negatively associated random variables. Note that some of these properties are mentioned
without proofs in the literature. We provide rigorous proofs of these results, sometimes in a more general
form.

In what follows we assume that all random variables under consideration are defined on a probability
space (§2,F,P). We use standard notation; in particular, 74 denotes the indicator function of a set
A C Q, and by symbols R and N we denote the set of all real numbers and the set of positive integers.
The notion of negatively associated random variables was introduced by Alam and Saxena [3] and then
thoroughly studied by Joag-Dev and Proschan [4].

1. Definition. Random variables X1, ..., X,,n > 2, are said to be negatively associated, if the
inequality

COV(f(Xi17""Xik)%g(le?“‘?ij))SO (1)
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holds for all nonempty disjoint subsets {i1,... it} and {j1,...,7m} of the set {1,...,n} and for all

bounded coordinatewise increasing Borel functions f(z;,,...,;,) and g(zj,,...,2;,), 1,..., %y €
R, k,m € N, k+m <n. Random variables X;,¢ € T, with an arbitrary set T of real numbers are
called negatively associated, if for any numbers ¢1,...,t, € T, n > 2, random variables Xy,,..., X,

are negatively associated.

We extend the definition by replacing the condition of coordinatewise increasing by coordinatewise
decreasing: If f and g are coordinatewise decreasing functions, then the functions —f and —g are
coordinatewise increasing and covariance (1) coincides with the covariance for — f and —g. It follows
directly from the definition that any subset (of two or more random variables) of negatively associated
random variables is a set of negatively associated random variables itself.

The next important theorem was formulated without proof in Joag-Dev and Proschan [4].

2. Theorem. Increasing functions defined on disjoint subsets of a set of negatively associated
random variables are negatively associated.

Proof. Let f,(zy1,...%rm,),” =1,...,n, be real coordinatewise increasing functions of real ar-
guments x,1,...,Zrm, € R, my,...,my € N. Let moreover X, 1,...,Xpm,, 7 =1,...,n, be disjoint
subsets of a set of negatively associated random variables. Further, let f and g be coordinatewise
nondecreasing functions mentioned in the Definition 1. The composite functions

f,(xl,lw .- ,ZEk’mk) = f(fl(le?' .- 7x17T1)7 v 7fk(xk,17 cee 7xk,7“k))7

9/($k+1,1, cee 7$n,mn) = 9(fk+1(35k+171, s 7$k+1,mk+1), cee ,fn(l“n,l, cee ,-’Enmn))

are bounded. Moreover, as compositions of coordinatewise increasing functions, they are coordinatewise
increasing. Denote

Y, = fr(Xo1,.. .. Xom, ), r=1,...,n.
Because the random variables X1 1, ..., X, ,, are negatively associated, we obtain
cov(f (Y1, Y&), 9(Yig1,---,Yn))
= cov(f'(X11-- s Ximy,)s & (Xkt11s -+ Xnmy)) < 0.

This means that Y7, ..., Y], are negatively associated. The theorem is proved.

Note that if we truncate negatively associated random variables, then we may loose the negative
association property because indicator function may be not monotone. The next corollary provides an
important technique of monotone truncation that preserves the negatively association property.

3. Corollary. Let X,,,n € N, be negatively associated random variables. Then for any a,b, €
R, a,, < by, random variables 'Y, = f,(X,), where

In(@) = anl(—0,) (%) + (g, 5, (%) + 0nl(p, o) (T),r € R;n €N,

are negatively associated.

Proof. The function f,(z),x € R, is increasing. By Theorem 2 random variables Y,, = f,,(X,,),n €
N, are negatively associated. The corollary is proved.

4. Corollary. Let X,,,n € N, be negatively associated random variables. Then each of the
sequences { X, }n>1 and { X, }n>1 consists of negatively associated random variables.

Proof. Functions f(z) = x1jg () and g(v) = —zl_ g)(7), * € R, are non-decreasing and non-
increasing respectively. By Theorem 2 and by the remark after Definition 1 random variables X, =
f(X,),n € Nyaswell as X,, = g(X,),n € N, are negatively associated. The corollary is proved.

The next theorem provides important properties of negatively associated random variables. In some
sense these properties resemble the property of independence. With the help of this theorem many known
weak and strong laws of large numbers for independent random variables can be extended to negatively
associated random variables. But first we need to introduce the following notion.

5. Definition. Random variables X1, ..., X, n > 2, are said to be negatively dependent, if for any
numbers x1, ..., 2, € R we have that

P{Ni_{ Xk <2 }} < H P{X} < a1},
=1
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n
P{p_ {X5 > o }} < [ PAXe > -
k=1
Random variables X;,t € T', with an arbitrary set T" of real numbers are called negatively dependent, if
forany numbers ¢y, ...,t, € T,n > 2, random variables Xy, , ..., Xy, are negatively dependent.

Previously this notion was investigated by LLehman [6] under the name of negatively quadrant
dependent random variables. Joag-Dev and Proschan [4] showed that negatively associated random
variables are negatively dependent, but not vice versa.

We deduce the next Theorem 6 from Theorem 2. Nevertheless it should be regarded as a new result.
Particular cases (3) and (4) of the general inequalities (2) are discussed in Joag-Dev and Proschan [4],
and in Taylor et al. [5].

6. Theorem. Let X1,..., X, be negatively associated random variables. Then for any numbers
Z1,...,2n € Rand forany set A C {1,...,n} the following inequalities hold

P{kea{ Xy < o} N0 iga{Xp < ax}} < [ PAXE < 2id [ PAXE < @i} (2)
keA k¢ A

P{rea{Xs > a2} N ga{Xi > wi}} < [ P{X% > e} [] P{Xx > 21}
kEA k¢ A

Proof. We start with the proof of two particular cases of the first inequality in (2):
P{Xp <ap,k=1,...,n} < [[ P{Xk < 21}, (3)
k=1
P{Xp <ap,k=1,...,n} < [[ P{Xk < 21}.
k=1

Bounded functions

n—1

f(yh s 7yn—1) = - H I(—oo7:ck} (yk) and .g(yn) = _I(—oo,xn} (yn)
k=1
of real arguments y1, ..., y, are non-decreasing in each argument. By Definition | the inequality

E(f(X1,...,Xn-1),9(Xpn)) < E(f(X1,...,Xn-1)Eg(Xy),
holds which may be rewritten in the following form
P{X) <zp,.... X, <z} < P{Xq; <x1,...,Xpn-1 < zp 1} P{X,, <z}
In the same way we obtain
P{X;<zy,....,.Xp 1 <zp 1} < P{Xg <z1,...,. Xpn-92 < zp o} P{Xp—1 < xp_1}.
[t follows that
P{Xy <zy,...., X, <z} < P{X; <1} - P{X,, <z, }.

The first inequality in (3) is proved. The second one can be proved in the same way by the change of
functions I(_oo,xk] and I(_oo,xk), k=1,...,n.

Now we prove the first inequality in (2). Note that bounded functions —[],c 4 {(—c0,2,) (&) and
— Hkng I(—oo 2y (yr) of real arguments yy, . .. , y,, are non-decreasing in each argument. By Definition 1
the following inequality holds

E( T T—sowa(X0) T ] I(—oo7:ck)(Xk)> < E( T Z-com (Xk)> E( I1 I(—oo,xk)(Xk)> ,

keA k¢ A keA k¢ A

which may be rewritten as

p{ Mrea { Xk < 2r} N Npea{Xs < a:k}} < p{ Akea { X5 < a:k}}P{ Mega { Xk < xk}}.
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By inequalities (3) we obtain
P{nkea{Xr < ax}} < [] PAXe <o}y P{rwga{Xe <@} < ] P{Xw < 2}
keA k¢A

The first inequality in (2) follows.
The second inequality in (2) can be proved in the similar way. It follows from the particular inequalities

P{Xp > ap,k=1,...,n} < [[ P{X% = 21}, (4)

P{Xp > ap,k=1,...,n} < [[ P{Xk > z1}.

We prove, for instance, the first one. Bounded functions
f/(y1, s 7yn) = I[:choo)(yl) T I[zn_l,oo) (yn—l) and g/(yn) = I[zn,oo) (yn)

of real arguments y1,...,y, are non-decreasing in each argument. By Definition 1 the following
inequality holds

E(f'(X1,..., Xn-1),d(Xn) < Ef(X1,..., X0 1)Eg (X,).
[t follows from this that
P{X1>x,....Xp >} < P{Xy>21,..., X1 > 21} P{X, > 2}
<< P{Xy > a1} P{X, > 2}

The theorem is proved.

In the next theorem two inequalities are proved. They are mentioned without proofs in Joag-Dev and
Proschan [4], and Taylor et al [5].

7. Theorem for any negatively associated random variables X1, ..., X, and any non-negative
non-decreasing functions fi(z),..., fn(z),x € R, the following inequality holds
In particular, if the random variables are non-negative, then
B(XP - XP) < EXJ' - EXDr (6)
for any positive numbers py,. .., py.
Proof. We may assume that mathematical expectations on the right hand sides are finite. Otherwise
there is nothing to prove. For any m € N functions g ,, = fx Am,k =1,...,n, are bounded and non-

decreasing. By Definition 1 the following inequality holds

E(gl,m(Xl) e gn,m(Xn)) < E(ng(Xl) o gn_l’m(Xn_l))Egn,m(Xn)
<... < Eng(Xl) s Egn,m(Xn)'

Now inequality (5) follows from the monotone convergence theorem as m 7 oo. Inequality (6) follows
from inequality (5) with

fr(x) = I[O,Oo)(m)mpk, k=1,...,n.

The theorem is proved.

As it is shown by examples in Joag-Dev and Proschan [4], if we are given a collection of three or
more random variables, they may be negatively dependent, but not negatively associated. Moreover,
both inequalities in Definition 5 are required for them to be negatively dependent. But if we consider only
two random variables the situation changes completely. The definition of negatively association of two
random variables can be expressed in terms of their joint and marginal distribution functions.

8. Theorem. Random variables X and Y are negatively associated if and only if one of the
following inequalities holds

P{X<2,Y <y} < P{X <z}P{Y <y}, P{X<zY<yp<PXZz}P{Y <y}, (7)
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P{X <2V <yl<P{X<z}P{Y <y}, P{X<uz,Y<y}<P{X<a}P{Y <y}

forany z,y € R.

Proof. All inequalities (7) hold for negatively associated random variables X and Y by Theorem 6.
One can prove that each inequality in (7) implies the others. Assume that the first inequality in (7)
holds. Then P{f(X) <z, g(Y) <y} < P{f(X) <z}P{g(Y) <y} for all z,y € R and for any non-
decreasing bounded functions f,g : R — R. It follows from the Hoeffding identity [7] that

E(f(X)g(Y)) - Ef(X)Eg(Y)

- / / PL(X) < 2,9(Y) <y} — P{(X) < 2}P{g(Y) < y}dady < 0.

—00 —O0

The random variables X and Y are negatively associated by Definition 1. The theorem is proved.

2. ON CHEBYSHEV’'S OTHER INEQUALITY

In this section we present a construction of negatively associated random variables. The following
can be considered as a classical method of a construction of a sequence of negatively associated random
variables. Let X1, ..., X,, be a sequence of negatively correlated normally distributed random variables.
Then they are negatively associated, as shown in Joag-Dev and Proschan [4]. Further we can obtain
sequences of random variables with different (not normal) distributions by applying monotone increasing
functions to each of the random variables.

A different construction of negatively associated random variables that we suggest in this section
is based on Chebyshev’s other inequality [2]. We start with an analog of this inequality for finite sums,
which is presented in monograph [8].

9. Theorem. Let {a} ={ai,...,a,} and {b} ={by,... by} be two [inite sequences of real
numbers. If both sequences {a} and {b} are non-increasing or both sequences are non-decreasing,

then
> prarbe > Y prax Y prbe (8)
k=1 k=1 k=1

for any numbers pp > 0,p1 + ...+ pn, = 1. I[ one the sequences {a} or {b} is non-decreasing and
other sequence non-increasing, then

> pearbe <> prax Y pib. 9)
k=1 k=1 k=1

10. Definition. Functions f,g: R™ — R are called accordantly monotone by k-th argument,
if the functions f(z1,...,2,) and g(z1,...,2n), 2, € R, for any fixed z;,j =1,...,n, j #k, are
simultaneously increasing or decreasing. Functions f and g are called discordantly monotone by k-th
argument, if functions — f(z1, ..., z,) and g(z1, ..., x,), z; € R, are accordantly monotone.

The famous Chebyshev’s other inequality can be reformulated in terms of random variables as
follows.

11. Theorem. Let X be a random variable and f,g:R — R be functions such that
E|f(X)g(X)| < oo, E|f(X)| < 00, E|g(X)| < oo. If the functions f and g are accordantly mono-
tone then E(f(X)g(X)) > Ef(X)Eg(X). If the [unctions f and g are discordantly monotone,
then E(f(X)g(X)) < Ef(X)Eg(X).

[t is remarkable to note that the original proof of the Chebyshev’s other inequality is so general that
there is nothing to add to it.

Both statements in the next theorem follow from the second part of Chebyshev’s other inequality. The
second statement of the next theorem seems to be new.

12. Theorem. a) If functions f,g:R — R are discordant monotone, then for any random
variable X, random variables f(X) and g(X) are negatively associated.
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b) If functions f,g: R™ — R, n > 2, are discordant monotone by each argument, then for any
independent random variables Xi,..., Xy, random variables f(Xy,...,X,) and g(X1,...,X,)
are negatively associated.

Proof. First we prove statement (a). The bounded function ¢(f(z)) and ¥(g(z)), x € R, are
accordant (discordant, respectively) monotone for any bounded increasing functions ¢, : R — R. By
Chebyshev’s other inequality we get that random variables f(X) and g(X) are negatively associated.

Now we prove statement (b). It is required to prove the inequality
E((f(X1, ., Xa)(9(Xrseo o, X)) € BS(F(X1, oo, X)) E(g(X1, ., X)) (10)
for the functions ¢ and ¢ mentioned above. For any x € R,k = 2, ..., n, the following inequality holds
E(o(f(X1,xa, ..., x0))0(9(X1,22,...,2p))) < Eo(f(X1,22,...,20))EY(g(X1,22,...,20)).
Note that the functions
Eo(f(X1,x9,...,2,)) and EY(g(X1,22,...,2p)), T2,...,Tn € R,

satisfy the condition of the theorem. By Chebyshev’s other inequality and by independence of X7 and X5
we obtain that

E(o(f(X1,Xo,23,...,2,))0(9(X1, X2, 23,...,2p)))

= /E(gb(f(Xl,xg,...,ajn))w(g(Xl,xg,...,ajn)))dP{Xg < xo}

< / E(o(f(Xy,x2,...,2n))) E(W(g(X1,22,...,2,)))dP{Xs < 22}

[e.9]

< /E(¢(f(X1,x2,...,xn)))dP{Xg < 25} / E((g(Xy 29, . 00)))AP{Xs < @)

= FE(o(f(X1, X2, 23,...,20))) E(¥(9(X1, X2, 23,...,2p))).

These arguments can be applied to X3, ..., X, consequently. As a result we obtain inequality (10). The
theorem is proved.

The following theorem appears in Lehman [6]. We present a new proof based on Chebyshev’s other
inequality.

13. Theorem. Let (X1,Y7), ..., (Xn,Y,) be independent two-dimensional random vectors and
functions f,g:R™ — R. Assume that for each k=1,...,n random variables X and Y} are
negatively associated and for any k= 1,...,n functions f and g are accordant monotone by
k-th argument, or random variables —Xy and Yy or X and —Y} are negatively associated
and functions f and g discordant monotone by k-th argument. Then the random variables
X =f(X1,...,Xp)andY = g(Y1,...,Y,) are negatively associated.

Proof. It is required to prove the inequality E(¢(X)¥(Y)) < E¢(X)Ey(Y) forany bounded increas-
ing functions ¢, : R — R. If functions f and g are accordant (discordant) monotone by k-th argument,
then composite functions ¢(f)1(g) have this property, too. Without loss of generality we may assume
that ¢(x) = ¢(x) = z, z € R, and functions f and g are bounded and continuous. It is sufficient to prove
the theorem for bounded random variables. Really, for any » € N, bounded function

fr(@)=(zV(-r)Ar,x €R

is increasing. For any k = 1,...,n, random variables f,.(X}) and f,.(Y%) are negative associated. Note
that random vectors (f(Xg), fr(Yx)), k = 1,...,n, are independent. Since the sequences { f,(Xx)}r>1
and { f;(Y%)}r>1 converge pointwise to X}, and Y}, then by the Dominated Convergence Theorem

rli_)ngo cov(f(fr(X1),. .o\ [r(Xn)), g(fr(Y1),..., [t(Yn))) (11)
=cov(f(Xy,..., Xn),9(Y1,...,Y)).
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The covariance on the right hand side is non-positive if all covariances under the limit sign are non-
positive. It is sufficient to prove the theorem for random variables with finite number of values. Really, let
all random variables Xj, and Yy, k = 1,...,n, be bounded by a positive number c. Define the function
or : R — R, by letting

—c, ifx < —c
(m+1)c

Gr(z) =q—c+2m il —c+2™ <z<—c+2"TV m=0,...,r—1
c, ifx > c.
Function ¢, is increasing and hence for each k = 1,...,n random variables ¢,(X}y) and ¢,(Y}) are

negatively associated. Note that the random vectors (¢,(X%), ¢»(Y%)), k = 1,...,n, are independent.
From (11) with exchange of f, on ¢, it follows that the covariance in the right hand side is nonnegative,
if all covariances under the limit sign are non-negative.

In the following we assume that random variables X1, Y1, ..., X,,, Y, have finite number of values.
Let X}, takevalues a;x, j = 1,...,my, and Yy, take values b, j = 1,..., 7. Note that p; j . = P{X}, =
a; k, Y = bj 1} satisfy conditions

Pitk+ o T Pk = Pik = P{Xk = ai}, prjrt+ -+ Pk = Gk = P{Ye = bji}

In their turn, p; r,7 = 1,...,my, ¢jk,J = 1,..., 75, connected by equalities py j, + -+ - + pp, x = 1 and
qk + -+ q, k= 1. ITrandom variables X, and Y}, are negatively associated and functions f and g are
accordantly monotone by the argument z,, € R, then

Ef(ail,h o 7ain_1,n—17 Xn)g(bj1,17 cee 7bjn_1,n—17 Yn)

Mn Tn

= Z Z Pinjnnt @iy 155 @iy n)g(bjy 1,5 05, n)
in=1jn=1
mn Tn
<Y Pingund @i 15 Qign) D Pingundbis 15 b )
in=1 jn=1

=FEf(ai 1, i, -1, Xn)Eg(bi 1, b1 n—1, Xn).

This inequality remains true if random variables X,, and —Y;, are negatively associated and functions f
and g are discordantly monotone by the argument z,, € R. With the help of the previous inequality we
obtain

mi r1 Mnp—1 Tn—1
Ef(X1,. X9V Y) 30 pijie O Y Piacriuint
i1=1j1=1 in—1=1jn-1=1

X Ef(ai 1,0, 1 n—1,Xn)Egbj 1, bj_1n—1,Yn).

Taking into consideration that random vectors (X,,—1,Y,—1) and (X,,Y,,) are independent, we obtain
that

E (f(ail,h o 7ain_2,n—27 Xn—l,Xn)g(bjhl, ey bjn_z,n—Qa Yn—17 Yn))

mnp—1 Tn—1

= Z Z Pin1,jn-1m—1Ef (i1, @i, 1, Xn)Eg(biy 15 - -+ 5 biyy g in—1, Yo

in—1=1jpn—1=1

Note that functions f(--- , X,),g(--- ,Y¥) : R"~! — R and random vectors (X1, Y1), ..., (Xn_1,Yn_1)
satisfy the assumptions of the theorem with the only difference that instead of n we use n — 1. Hence the
following inequality is true

Mmn—-2 Tnh-2

mi
Ef(Xy,...,Xn)g(Y1,...,Y,) < Zzpil,jl,k'” Z Z Dip_2,jn_2,n—2

11=1j1=1 in—2=1jpn_2=1

X Ef(ai ;- 0, 5n-2,Xn-1,Xn) Eg(bj 1, bj,_sn-2,Yn_1,Yn).
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In a finite number of steps we obtain the required inequality
E (f(le s 7Xn)g(Y17 cee 7Yn)) < Ef(le s 7X71)E9(Y17 s 7YTL)

The theorem is proved.

The following theorem is proved in Joag-Dev and Proschan [4]. We present a proof based on
Chebyshev’s other inequality.

14. Theorem. Let X;,t € T, be an arbitrary family of independent sets, each set consists of
negatively associated random variables. Then the union | J,.p X; consists of negatively associ-
ated random variables.

Proof. It is enough to prove the theorem for two sets. Let sets X’ and X" be independent and each
set consists of negatively associated random variables. By Definition 1 it is required to prove that any
finite set X C X' U X" consists of negatively associated random variables. It is possible to assume that
X contains representatives of both sets X’ and X”. Otherwise, the statement is true by the assumption.

Numerate in arbitrary order the random variables Xi,..., X, from the set X, n > 2. Let two
nonempty disjoint subsets {iy,...,4,} and {j1,...,5m} of the set {1,...,n} be given and f : R¥ — R
g : R™ — R be bounded coordinatewise increasing Borel functions. Chose random variables from X
with numbers iy, ..., i,. From these random variables we construct a random vector (X7, Y7 ), where the
sub-vector X consists of representatives of the set X N X" and sub-vector Y; consists of representatives
of the set X N X",

Next we chose random variables from X’ with numbers j1, . .., j,, and use them to construct a random
vector (X, Y>), where sub-vector Xy consists of representatives of the set X N X’ and sub-vector Y3
consists from representatives of the set X N X”. Substitute random vectors (X7, Y7) and (X3,Y3) as
arguments of the functions f and g. As a result we obtain random variables f(X1, Y1) and g(Xq, Ya). It
is required to prove the inequality

E(f(X1,Y1),9(X2,Y2)) < Ef(X1,Y1)Eg(X2,Y2). (12)
[t is enough (see the proof of Theorem 13) to establish Theorem 14 for bounded continuous functions f
and g and for random vector (X7, Y1) and (X2, Y2) with finite number of values. Denote sets A;, As, By,
By of possible values of random vectors X1, X, Y1, Ya, respectively. Representatives of these sets will

be denoted by symbols a1, as, b1, bs. The mathematical expectation in the left hand side of (12) can be
rewritten in the following form

E(f(X1,Y1), 9(X2,Y2)) = > P{X1 = a1, Xo = a2, Y1 = b1, Y2 = bo} f (a1, b1)g(as, b2),
where the summation goes over a; € Ay, as € Ay, by € By, by € Bsy. Since the sets X7 and X" are
independent, the following inequality holds

P{X1=a1, Xo=1a2,Y1 =b1, Y1 = b} = P{X1 = a1, X2 = ax} P{Y1 = b1, Yo = by }.
Note that

E(f(a1,Y1)g(ag,Y2)) = Y P{Y1 =b1,Ys = b} f(a1,b1)g(az, bs).

b1 EBl,
boeBs

Taking into consideration all these remarks we obtain

E(f(X1,Y1)9(X2,Y2)) = Y P{X1= a1, Xo = as} E(f(a1,Y1)g(az, Y2)) (13)

al 61417
a2€Az

< Z P{Xy = a1, X2 = az}Ef(a1,Y1)Eg(az, Y2).

a1€Aq,
a2€A2

The last inequality is true because of the negative association of random variables from the set X”. Next
we note that

> P{Xy =a1, Xy = as}Ef(a1,Y1)Eg(az,Y2) (14)

a1€Aq,
az2€Az
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= Z Z P{Y1 =b1,Y2 = bo }E(f (X1, b1)9(X2,b2))

b1€B1 bo€B2

< Y ) P{Yi=0b1,Y2 = bo} Ef(X1,b1)Eg(X2,b2).
b1€B1 bo€B>o

The last inequality is true since random variables from the set X’ are negatively associated. The last
double sum can be rewritten as E(f'(Y1)g' (Y2)), where f'(b1) = Ef(X1,b1), ¢'(b2) = Eg(X2,bs).
Functions f’ and ¢’ are coordinatewise increasing. Since the random variables from the set X are
negatively associated, then the following inequality is true

E(f'(V1)g'(Y2)) < Ef'(Y1)Eg (Ya).

Because X; and Y5 are independent random vectors,

Effm)= Y PMi=b)Ef(X1,b1) = Y P(Vi=0b) Y P(X1=a1)f(ar,b)

b1€By b1€B1 a1 €A1

= Z Z P(Xl =ay,Y] = bl)f(alabl) = Ef(X17Y2)'

a1€A1 b1€B;

Similarly E¢'(Y3) = Eg(Xs,Y>). Taking into consideration (13) and (14), we get the required inequality
(12). The theorem is proved.
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