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numbers. In this paper we prove the complete convergence and Marcinkiewicz-Zygmund
strong law of large numbers for the partial sums of moving average processes {X, =
ZZ_OO a;Yiyn, n > 1} based on the sequence {Y;, —0o < i < oo} of g-mixing random
MSC: variables, improving the result of [Zhang, L., 1996. Complete convergence of moving
GOFi 5 average processes under dependence assumptions. Statist. Probab. Lett. 30, 165-170].

© 2008 Elsevier B.V. All rights reserved.

1. Introduction and formulation of the main results

Let {Y;, —o0 < i < 400} be a doubly infinite sequence of identically distributed random variables and {a;, —o0 < i <
00} be an absolutely summable sequence of real numbers. Let

o0
Xo= D aYimn =1
1=—00
be the moving average process based on the sequence {Y;, —o0 < i < 400}. As usual, we denote S,, = ZLl Xy, n > 1, the
sequence of partial sums.

Under the assumption that {Y;, —oco < i < +00} is a sequence of independent identically distributed random variables,
many limiting results have been obtained for the moving average process {X,,n > 1}. For example, Ibragimov (1962)
established the central limit theorem, Burton and Dehling (1990) obtained a large deviation principle, and Li et al. (1992)
obtained the complete convergence result for {X,, n > 1}.

Certainly, even if {Y;, —o0 < i < 400} is the sequence of independent identically distributed random variables, the
moving average random variables {X;;, n > 1} are dependent. This kind of dependence is called weak dependence. The partial
sums of weakly dependent random variables {X,,, n > 1} have similar limiting behaviour properties in comparison with the
limiting properties of independent identically distributed random variables.

For example, we could present some of the previous results connected with complete convergence. The following was
proved in Hsu and Robbins (1947).

Theorem A. Suppose {X,, n > 1} is a sequence of independent identically distributed random variables. If EX; = 0,E|X;|*> < oo,
then Y o2, P{|Sy| > en} < oo forall e > 0.

The above result was extended by Li et al. (1992) for moving average processes.
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Theorem B. Suppose {X,,n > 1} is the moving average process based on a sequence {Y;, —o00 < i < oo} of independent
identically distributed random variables with EY; = 0, E|Y;|?> < oo. Then Zﬁil P{|S,| = en} < oo foralle > 0.

Very few results for a moving average process based on a dependent sequence are known. In this paper, we provide two
results on the limiting behaviour of a moving average process based on a ¢p-mixing sequence.
Let {Y;, —00 < i < o0} be a sequence of random variables defined on a probability space (§2, ¥, P) and denote o -
algebras F" = o (Y;,n <i<m),—oo <n <m < +o00.
Recall that a sequence of random variables {Y;, —co < i < 0o} is called g-mixing if the mixing coefficient
@(m) = sup sup{|P{B|A} — P{B}|,A € ¥*_,P{A} #0,Be FX,} > 0
k>1
asm — oo.
Recall that a function h is said to be slowly varying at infinity if it is real valued, positive and measurable on [0, c0), and
ifforeachA > 0
h(Ax)
im =
x—o00 h(x)
We refer to Seneta (1976) for other equivalent definitions and for a detailed and comprehensive study of properties of slowly
varying functions.
In the following, we frequently use the following properties of slowly varying functions (cf. Seneta (1976)).
If h is a function slowly varying at infinity, then forany0 <a <b < oo ands # —1

b
/ Xh(x) dx < O hx) |2,
a
where C does not depend on a and b, and for any A > 0
max h(x) < C(A)h(ra).

ra

as<x=<

Of course, these two inequalities take place only if the right hand sides make sense.
The following result of partial sums of ¢-mixing random variables was proved in Shao (1988), Remarks 3.2 and 3.3.

Theorem C. Let h be a function slowly varying at infinity, 1 < p < 2,r > 1, and {X;,i > 1} be a sequence of identically
distributed ¢-mixing random variables with EX; = 0 and E|X;|"Ph(]X1|P) < oo.
(i) If r > 1 then

o0
an’zh(n)P {1m’ax S| > 8n1/p} < o0, foralle > 0.
n=1 =k=n

and

o0
an’zh(n)P {sup |Sk/kP| > s} < o0, foralle > 0.
k>n

n=1
(i) If r=1and Y o, ¢2(2™) < oo, then
> h
ZﬂP {]ml;ax Sk| > en'/? } < o0, foralle > 0.
n <

n=1
For moving average processes, Zhang (1996) obtained the following result.

Theorem D. Let h be a function slowly varying at infinity, 1 < p < 2, and r > 1. Suppose that {X,, n > 1} is a moving average
process based on a sequence {Y;, —oo < i < oo} ofidentically distributed ¢-mixing random variables with Z 1<,01/2(m) < 00.
If EY; = 0and E|Y1|Ph(]Y1|P) < oo, then

(o]

an *h()P {IS,] = en'/?} < 0o, foralle > 0.

n=1

Keeping in mind the above mentioned analogy between the “usual” limiting behaviour of random variables and limiting
behaviour of the moving average process (cf. Theorems A and B), we note that a substantial gap between Theorems C and D
is distinct. Firstly, whenr > 1, Theorem C provides the result without any mixing rate, even whenr = 1Theorem C requires
a weaker condition on mixing rate than Theorem D. Secondly, Theorem D does not discuss the complete convergence for
the case of the maximums and supremums of the partial sums as it is done in Theorem C. Note that by the method of Zhang
(1996) it is impossible to eliminate these differences. The main goal of the present investigation is to obtain the results
similar to Theorem C, but for the moving average processes and using different methods from those in Zhang (1996).

Now we state the main results. Theorems 1 and 2 improve Theorem D and extend Theorem C on the case of moving
average processes. The proofs will be detailed in the next section.
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Theorem 1. Let h be a function slowly varying at infinity, 1 < p < 2, andr > 1. Suppose that {X,,n > 1} is a moving
average process based on a sequence {Y;, —oo < i < oo} of identically distributed ¢-mixing random variables. If EY; = 0 and
E|Y; |rph(|Y] |p) < 00, then

(i) Yopoy n"2h(n)P {max; <k<n ISk| = en'/?} < oo, foralle > 0.

and

(i) Yooy 1" 2h(n)P {supys, |Sk/k'/P| > &} < oo, foralle > 0.

The second theorem treats the caser = 1.

Theorem 2. Let h be a function slowly varying at infinity and 1 < p < 2. Assume that Z?ifoo la;|’ < oo, where 6 belong
to (0,1)if p=1and® = 1if 1 < p < 2. Suppose that {X,,n > 1} is a moving average process based on a sequence
{Yi, —o00 < i < oo} of identically distributed ¢-mixing random variables with Y o, ¢/2(2™) < oo. If EY; = 0 and
E|Y1|Ph(]Y1|P) < oo, then

. h(n
Z QP { max |Si| > snl/”} <00, foralle > 0.
— n 1<k<n

In particular, the assumptions EY; = 0and E|Y1|P < oo imply the following Marcinkiewicz-Zygmund strong law of large numbers

S,/n'P — 0 almost surely as n — oc.

2. Few technical lemmas

The following five lemmas will be useful. The first two lemmas can be found in Shao (1988) Lemma 3.1 and Corollary
2.1, hence we omit their proofs. For the first two lemmas we assume that {Y;,n > 1} is a ¢-mixing sequence and
Sem) =Y Yo n=1,k>0.

Lemma 1. Let EY; = 0, EY,-2 < oo foralli > 1. Then foralln > 1and k > 0 we have
[logn]

ES?(n) < 8000n exp {6
k+1<i<k+n

022" } max EY?.
i=1

Lemma 2. Suppose that there exists an array {Cy,,k > 0,n > 1} of positive numbers such that maxi<i<n ES,? i <
Ci.n forevery k > 0,n > 1. Then for any q > 2, there exists C = C(q, ¢(-)) such that forany k > 0,n > 1

k<i<k+n

Elmax 1Sc()|T < C (C,f/n2 +E ( max |Yi|q>> .
<i<n ’
The next two lemmas seem to be known (cf., for example the proof of Theorem G in Chen et al. (2006)), but we include

their short and simple proofs for the interested reader. Here we let h be a function slowly varying at infinity.

Lemma3. Ifr > land1 <p < 2, thenforanye > 0

o0 [o¢]
an’zh(n)P {sup \k”/l’sk\ > 8} < CZn”Zh(n)P { max |Sy| > (8/21/17)1’11/17} .
k>n 1<k<n

n=1 n=1

Proof. We have the following estimations:

%) oo 2M—1
> 0 ?h(m)P {sup|5k|/kl/p > g} =YY n’hmp {sup ISkl /k"/P > g}
n=1 k=n m=1p=ym-1 k=n
oo 2m_1
< CZP{ sup |Sl/k'P > s} Z 2mr=2pom)
m=1 k>2m—1 n=2m—1
<

€Y 2mrVhmPp { sup |Skl/k'P > s}
m=1

k>2m~1

o0
CY 2™ Vh@™P {sup max [Sil/k'P > ¢
21

1 I=m 2-1<k<
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o0 o0
< C) 2mMr=Dpgm P { max |Sy| > sz“‘)/P}
< ; ( )I; max_ IS

o0 1
=CY P{ max |S]| > 82“”/1’} 2m=Dp2m)

IA

o0
C 2’“‘“}1(2’)1){ max |Sy| > az“—”/l’}
; 1§k§21| k|

oo 2/-1

< CIZ Z: n"“2h(n)P {ln<1ka<xn ISk| > (8/21/p)n1/"}
=1 p=2I-1 -

IA

o0
C E n""2h(n)P {lml:ax Sk] > (8/21/p)n1/"}. 0
<k<n
n=1 -

Lemma 4. Let Y be a random variable with E|Y|Ph(|Y|?) < oo, wherer > 1and p > 1.If q > rp, then

o0
> o YPRmENY UI{|Y| < n'/P} < CE|Y|Ph(]Y]P).
=1

=

Proof. Sincer — q/p < 0, we have that

M2

o0
> T PhmE|Y 19| Y| < n'/P) =

n
n""Ph(n) Y CEIY[I{m —1 < Y < m)
=1 m=1

3
=
Il
_

o0
EIY['I{m—1<|YP <m} ) n"~""9Phn)

n=m

ol

3

A

m ~Ph(m)E|Y|'{m — 1 < |Y|P < m}

m=1
o0
< CY EmPh(m)|Y|'l{m — 1 < [YP < m}
m=1
(o]
< CY EQYPY T PR(YP)Y U {m — 1 < |Y]P < m)
m=1
o0
< CY ENIPR(YP)I{m —1 < |Y] < m}

m=1

CE|Y|Ph(Y|P). O

IA

The last lemma presents a technical fact that is important in the proofs of Theorems 1 and 2.

Lemma 5. Let h be a function slowly varying at infinity and p > 1. Suppose that {X,, n > 1} is a moving average process based
on a sequence {Y;, —oo < i < oo} of mean zero identically distributed random variables such that E|Y,|P < oo. Forany ¢ > 0
denote

00 o] i+k
[ = an_zh(n)P max Z ai Z YiI{|Y;| > n'/P}| > en'/? )2
n=1 1<ksn i=—o00 j=i+1
and
o) o) i+k
J= an_zh(n)P max Z a; Z Yo| > en'/P/at
n=1 1<ksn i=—o00 j=i+1
where

Yo = YiI{lY;] <n'P} — EY;I{]Y;| < n'/P}.
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If I < ocoand] < oo, then

o
an_zh(n)P {1mlflx 1Sk| > snl/p} <I+] < co.
<k=n

n=1

Proof. Note that

n n 00 00 i+n
Sx=3 Y are= > ad y
k=1 k=1 i=—00 i=—o0  j=i+1
and since ) > |a;| < oo,
(o] i+n (o] i+n
nPIE Y Y Yl <P =0T E Y @ Y vl > n')| (EY; =0)
i=—o0 j=i+1 i=—00 j=it+1
[e'9) i+n
<Y il Y EIYiIY] > n'/P)
i=—o00 j=i+1
o0
< i ( 37 lail | EMilI{IY)] > n'?)
i=—00
< CE@"P)P N |yq|I{|Y:| > n'/P}
< CE|Y;]PI{|Yq] > nYP} - 0, asn — oo.
Hence for n large enough we have
00 i+n
n'PE| Y Y YiI{ly;l < n'PY| < e/4.
i=—o0 j=i+1
Then
00 00 00 i+k
r—2 1/p r—2 . : . 1/p 1/p
Zn h(n)P{1r2ka§)<n|Sk| >en < CZn h(n)P {1?1?;1 Z a; Z YiI{|Yj| > n/P}| > en /2}
n=1 n=1 i=—o0 j=i+1
00 00 i+k
CY n"2h(n)P { max a; Y,i| > en'/P/4

=I1+4J. O

3. Proof of main results

With all the prerequisites accounted before, we could now prove the main results of the paper. We start with Theorem 1.

Proof. According to Lemma 3 it is enough to show that (i) holds. According to Lemma 5 it is enough to prove that I < oo
and ] < oo.
For I, by Markov inequality we have

00 00 i+k
I < Can’zh(n)n’]/"E max Z a; Z YiI{|Y;| > n'/?}

—1 1<k<n P
o0

< CY T T PR@EM Y1 > ')
n=1
o0 o0

=CY 0" "Ph(n) Y ENYlI{fm < |YilP < m + 1)
n=1 m=n

(e e) m
CY EM|{m < 1P <m+1} ) n"~""Ph(n)

m=1 n=1

o0
CY m T Phm)E|Y[I{m < [V1P < m+ 1)
m=1

CE|Y1|™Ph(]Y1]P) < oo.

IA

IA
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For J, by Markov and Holder inequalities, Lemmas 1 and 2, we have that for any g > 2
q

0 i+k
)= S e | 3 0 3
n=1 — |i=—o0  j=i+1
) o0 i+k 4
< CZ "2h(n)n"9/PE Z ("= 19) L ]ai "/ max Z Yo
n=1 i=—00 1=k ] i+1
00 -1 i+k
—2—
< cg WP h(n) _Z |a1) ;@wflE max | Z Ym

[log n]

N q/2
c> n WP (" o [6 2 *”1/2(25}) EY1PI{|Y:] < n'/P)7/?
n=1

IA

i=1

o0
+CY T WP UI{|Y4| < n'/P)
n=1

= Ji +J2.

Note that ¢(m) — 0asm — oo, hence Y 1" ¢1/2(21) = o(log n). Furthermore, exp {A Yy tlogn 172 (21')} = o(n') for

anyA > Oandt > 0.
We consider two separate cases. If rp < 2, take ¢ = 2. Note that in this case r — (2r/p) < 0.Take t > 0 small enough
such thatr — (2r/p) +t < 0. We have

[logn]

cZn’ () (n exp {6 Z o2 )}) E[Y1PI{]Ya] < n'/?)

[logn]
cy e 1h(n>exp{6 > w”z(z)}mm H{Iva| < n'7)

i=1

Ji

IA

n=1

IA

o0
CY 2P hmE Y PIY: PTPI{ Y| < n'/P)

n=1

(o]
< €Y P R@)EY; P < oo,
n=1
Ifrp > 2 take q > %’p”. We have that r — (q/p) + (q/2) < 1. Next, take t > 0 small enough such that
r — (q/p) + (q/2) +t < 1. Note that in this case E|Y;|? < co. We have

[logn]

q/2
Ji can —2-@Pp(n) (nexp{G Z w‘”(z)}) (EIY1P1{|Y1] < n'/Pph?

IA

C Z nr—(q/p)+(q/2)+t—2h(n) < 0.

n=1
By Lemma 4 we have thatJ, < co. O
Next, we prove Theorem 2.

Proof. By Lemma 5 we only need to show that] < coand] < oo withr = 1.
For I, by Markov and C;-inequalities (note that 8 < 1)

0

00 00 i+k
-1 —0 1
I<cC E1n h(n)n~%/PE max | E a,tAE 1Yj1{|Yj| > n'/?}
n= - 7 |i=—00 =it

IA

o0
C Y n Phm)E|Y1°I{[Ys| > n'/7)

n=1

o0 (&
CY_nPhm) Y Ei“Iim < V1P < m+ 1)

n=1 m=n
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o0 m
=CY EW[’lim < Y1 <m+1} ) n~"Ph(n)

m=1 n=1

IA

o0
CY - mPhmElY 'Ifm < |Y1” < m + 1}
m=1

CE|Y1 |ph(|Y] |p) < oQ.

For J, by Markov and Hélder inequalities, and Lemma 1

IA

00 i+k

< CZn’]h(n)n 2/PE Ta<xn Z a; Z Yn]

n=1 i=—o00 j=i+1

—
A

00 i+k 2

o0
CZn*Ih(n)n*Z/PE Z il | |ai| /2 i ZYnj

n=1 i=—00

IA

00 i+k

CZ ~1=2/pp(n) Z |aj Z lai|E max > Yn]

n=1 i=—o00 i=—o00 - 1 i+1

IA

[logn]
CY n"Ph(m) (nexp {6 Y 2@ 1 | EIV1PHIVa| < n'/P)
n=1 i=1

IA
3

o0
C Y n *PhmE|Y:1I{]Y1] < n'/P} < oo.

n=1

The last inequality holds by Lemma 4.
Now we will show almost sure convergence. By the first part of Theorem 2, EY; = 0 and E|Y;|P < oo imply

IA

Zn 1P{max|5k|>8n }<oo, foralle > 0.

n=1
Hence
o0
00 > Zn‘lP{ max |Sp| > snl/”}
1<m<n
n=1
00 2k
= Z Z n1P{ max |Sp| > enl/p}
k=1 p—gk—1 1=m=n
[o.¢]
>1/2) P{ max Sy > 2",
=1 Ui=m=2¢1

By Borel-Cantelli lemma,

27%P max |Su| — 0 almost surely
1<m<2k

which implies that S, /n'/? — 0 almost surely. O
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