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ABSTRACT
In the article, the complete convergence and completemoment conver-
gence for weighted sums of sequences of random variables satisfying a
maximal Rosenthal type inequality are studied. As an application, the
Marcinkiewicz–Zygmund type strong law of large numbers is obtained.
Our partial results generalize and improve the corresponding ones of
Shen (2013).

1. Introduction

Let {Xn, n ≥ 1} be a sequence of identically distributed random variables and {ani, 1 ≤ i ≤
n, n ≥ 1} an array of constants. The strong convergence results for weighted sums

∑n
i=1 aniXi

have been studied by many authors, see for example, Choi and Sung (1987), Cuzick (1995),
Wu (1999), Bai and Cheng (2000), Chen and Gan (2007), Cai (2008), Sung (2001, 2011), Shen
(2011, 2013), Shen and Wu (2013), Wang et al. (2011a, b, 2012a, b, c), Zhou et al. (2011),
Wu (2010, 2012a, b), Xu and Tang (2012), and so forth. Many useful linear statistics are
these weighted sums. Examples include least-squares estimators, non parametric regression
function estimators, and jackknife estimates among others. Bai and Cheng (2000) proved the
strong law of large numbers for weighted sums

1
bn

n∑
i=1

aniXi → 0, a.s.

when {X,Xn, n ≥ 1} is a sequence of independent and identically distributed random vari-
ables with EX = 0 and E exp(h|X |γ ) < ∞ for some h > 0 and γ > 0, and {ani, 1 ≤ i ≤
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n, n ≥ 1} is an array of constants satisfying

Aα
.= lim sup

n→∞
Aα,n < ∞,Aα

α,n
.= 1
n

n∑
i=1

|ani|α (1)

for some 1 < α < 2, where bn = n1/α(log n)1/γ+γ (α−1)/α(1+γ ).
Sung (2011) generalized and improved the result of Bai and Cheng (2000) for independent

and identically distributed random variables to the case of identically distributed negatively
associated (NA, in short) random variables under much weaker conditions and obtained the
following complete convergence result for weighted sums of identically distributed NA ran-
dom variables.

Theorem A. Let {X,Xn, n ≥ 1} be a sequence of identically distributed NA random variables,
and let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of constants satisfying (1) for some 0 < α ≤ 2. Let
bn = n1/α log1/γ n for some γ > 0. Furthermore, suppose that EX = 0 when 1 < α ≤ 2. Then
the following statements hold:

(i) If α > γ , then E|X |α < ∞ implies

∞∑
n=1

1
n
P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

aniXi

∣∣∣∣∣ > εbn

)
< ∞ for all ε > 0. (2)

(ii) If α = γ , then E|X |α log |X | < ∞ implies (2).
(iii) If α < γ , then E|X |γ < ∞ implies (2).

The technique used in Sung (2011) is the result of Chen et al. (2007) for NA random vari-
ables, which is not proved for many sequences of random variables, such as ρ-mixing ran-
dom variables, ϕ-mixing random variables, α-mixing random variables, ρ∗-mixing random
variables, ρ−-mixing random variables, asymptotically almost negatively associated random
variables, and so forth. So it is very challenging to generalize the result of Theorem A to the
case of the sequences above. Recently, Shen (2013) made a great contribution to this work.
She further studied the strong convergence for a sequence of random variables satisfying a
Rosenthal type maximal inequality by using different method from that of Sung (2011) and
obtained the following result.

Theorem B. Let {Xn, n ≥ 1} be a sequence of identically distributed random variables. Let
{ani, 1 ≤ i ≤ n, n ≥ 1} be an array of constants satisfying

∑n
i=1 |ani|α = O(n) for some 0 <

α ≤ 2. EXn = 0 when 1 < α ≤ 2. Let bn = n1/α log1/γ n for some γ > 0. Assume that for any
q ≥ 2, there exists a positive constant Cq depending only on q such that

E

⎛
⎝max

1≤ j≤n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
q⎞⎠ ≤ Cq

⎡
⎣ n∑

i=1

E|Yni|q +
(

n∑
i=1

EY 2
ni

)q/2
⎤
⎦, (3)

where Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) + bnI (aniXi > bn) or Yni =
aniXiI (|aniXi| ≤ bn). Furthermore, suppose that

∞∑
n=1

n−1

[
n∑

i=1

P (|aniXi| > bn)

]q/2

< ∞ (4)
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for Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) + bnI (aniXi > bn). If⎧⎨
⎩
E|X1|α < ∞, f or α > γ ,

E|X1|α log |X1| < ∞, f or α = γ ,

E|X1|γ < ∞, f or α < γ ,

(5)

then (2) holds.

Theorem B is a general result of complete convergence for sequences of random variables
satisfying a Rosenthal type maximal inequality. For many sequences, such as ρ-mixing ran-
dom variables, ϕ-mixing random variables, α-mixing random variables, ρ∗-mixing random
variables, and so on, condition (3) is satisfied. Unfortunately, Theorem B does not gener-
alize Theorem A for identically distributed NA random variables to the case of sequences
of random variables satisfying a Rosenthal type maximal inequality completely, since con-
dition (4) is needed additionally for Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) +
bnI (aniXi > bn).

Inspired by Sung (2011) and Shen (2013), we will generalize Theorem A for identically
distributed NA random variables to the case of sequences of random variables satisfying a
Rosenthal type maximal inequality completely. Since the condition (4) is not needed, our
results improve the corresponding one of Shen (2013). In addition, the condition of identical
distribution is not needed, but the condition of stochastic domination is needed. The concept
of stochastic domination is as follows.
Definition 1.1. A sequence {Xn, n ≥ 1} of random variables is said to be stochastically dom-
inated by a random variable X if there exists a positive constantC such that

P(|Xn| > x) ≤ CP(|X | > x) (6)

for all x ≥ 0 and n ≥ 1.

The following basic property for stochastic domination will be used frequently throughout
the article. For the proof, one can refer to Wu (2006), Shen et al. (2013), or Tang (2013).

Lemma 1.1. Let {Xn, n ≥ 1} be a sequence of random variables which is stochastically domi-
nated by a random variable X. Then for any α > 0 and b > 0,

E|Xn|αI (|Xn| ≤ b) ≤ C1 [E|X |αI (|X | ≤ b) + bαP (|X | > b)] , (7)
E|Xn|αI (|Xn| > b) ≤ C2E|X |αI (|X | > b) , (8)

where C1 and C2 are positive constants.

Throughout the article, let I(A) be the indicator function of the set A.C denotes a positive
constantwhichmay be different in various places and an = O(bn) stands for an ≤ Cbn. Denote
log x = lnmax(x, e) for x ∈ R.

2. Main results

In this section, we will study the complete convergence for weighted sums of a class of random
variables.

Inspired by Sung (2011) and Shen (2013), we can get the following general result of com-
plete convergence for sequences of random variables satisfying a maximal Rosenthal type
inequality. The method for the proof is similar to that of Shen (2013), which is different from
that of Sung (2011).
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Theorem 2.1. Let {Xn, n ≥ 1} be a sequence of random variables which is stochastically dom-
inated by a random variable X. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of constants satisfying∑n

i=1 |ani|α = O(n) for some 0 < α ≤ 2. EXn = 0 when 1 < α ≤ 2. Let bn = n1/α log1/γ n for
some γ > 0. Assume that for any q ≥ 2, there exists a positive constant Cq depending only on q
such that

E

⎛
⎝max

1≤ j≤n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
q⎞⎠ ≤ Cq

⎡
⎣ n∑

i=1

E|Yni|q +
(

n∑
i=1

EY 2
ni

)q/2
⎤
⎦, (9)

where Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) + bnI (aniXi > bn) or Yni =
aniXiI (|aniXi| ≤ bn). If ⎧⎨

⎩
E|X |α < ∞, f or α > γ ,

E|X |α log |X | < ∞, f or α = γ ,

E|X |γ < ∞, f or α < γ ,

(10)

then (2) holds.

Proof. We only need to prove that (2) holds for

Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) + bnI (aniXi > bn) .

The proof forYni = aniXiI (|aniXi| ≤ bn) is analogous.
Without loss of generality, we may assume that

∑n
i=1 |ani|α ≤ n. It is easy to check that for

any ε > 0,(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

aniXi

∣∣∣∣∣ > εbn

)
⊂
(
max
1≤i≤n

|aniXi| > bn
)⋃(

max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

Yni

∣∣∣∣∣ > εbn

)
,

which implies that

P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

aniXi

∣∣∣∣∣ > εbn

)

≤ P
(
max
1≤i≤n

|aniXi| > bn
)

+ P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

Yni

∣∣∣∣∣ > εbn

)

≤ C
n∑

i=1

P (|aniX | > bn) + P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ > εbn − max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

EYni

∣∣∣∣∣
)

.

First, we will show that

b−1
n max

1≤ j≤n

∣∣∣∣∣
j∑

i=1

EYni

∣∣∣∣∣ → 0 as n → ∞. (11)

When 1 < α ≤ 2, we have by EXn = 0, Lemma 1.1, Markov’s inequality and (10) that

b−1
n max

1≤ j≤n

∣∣∣∣∣
j∑

i=1

EYni

∣∣∣∣∣ ≤ C
n∑
i=1

P(|aniX | > bn) + b−1
n

n∑
i=1

E|aniXi|I(|aniXi| > bn)

≤ Cb−α
n

n∑
i=1

|ani|αE|X |α +Cb−α
n

n∑
i=1

|ani|αE|X |α

≤ CE|X |α(log n)−α/γ → 0 as n → ∞. (12)
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When 0 < α ≤ 1, we have by Lemma 1.1, Markov’s inequality and (10) again that

b−1
n max

1≤ j≤n

∣∣∣∣∣
j∑

i=1

EX (n)
i

∣∣∣∣∣ ≤
n∑

i=1

P(|aniXi| > bn) + b−1
n

n∑
i=1

E|aniXi|I(|aniXi| ≤ bn)

≤ C
n∑

i=1

P(|aniX | > bn) +Cb−1
n

n∑
i=1

E|aniX |I(|aniX | ≤ bn)

≤ Cb−α
n

n∑
i=1

|ani|αE|X |α +Cb−α
n

n∑
i=1

E|aniX |αI(|aniX | ≤ bn)

≤ Cb−α
n nE|X |α +Cb−α

n nE|X |α

= 2CE|X |α(log n)−α/γ → 0 as n → ∞. (13)

By (12) and (13), we can get (11) immediately. Hence, for n large enough,

P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

aniXi

∣∣∣∣∣ > εbn

)
≤ C

n∑
i=1

P (|aniX | > bn) + P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ >
ε

2
bn

)
.

To prove (2), we only need to show that

I .=
∞∑
n=1

n−1
n∑

i=1

P (|aniX | > bn) < ∞, (14)

J .=
∞∑
n=1

n−1P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ >
ε

2
bn

)
< ∞. (15)

First, we will prove (14). By
∑n

i=1 |ani|α ≤ n and (10), we can get that

I ≤
∞∑
n=1

n−1b−α
n

n∑
i=1

E|aniX |αI (|aniX | > bn)

≤
∞∑
n=1

n−2(log n)−α/γ

n∑
i=1

E|aniX |αI
(

n∑
i=1

|aniX |α > n(log n)α/γ

)

≤
∞∑
n=1

n−2(log n)−α/γ

n∑
i=1

E|aniX |αI (|X |α > (log n)α/γ
)

≤
∞∑
n=1

n−1(log n)−α/γE|X |αI (|X |γ > log n
)

=
∞∑

m=1

E|X |αI (logm < |X |γ ≤ log(m + 1)
) m∑

n=1

n−1(log n)−α/γ

≤

⎧⎪⎨
⎪⎩
C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
, f or α > γ

C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
log logm, f or α = γ

C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
(logm)1−α/γ , f or α < γ
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≤

⎧⎪⎨
⎪⎩
CE|X |α, f or α > γ

CE|X |α log |X |, f or α = γ

CE|X |γ , f or α < γ

< ∞,

which implies (14).
In the following, we will prove (15). Let q > max{2, α, γ ,

2γ
α

}. By Markov’s inequality and
condition (9), we have

J ≤ C
∞∑
n=1

n−1b−q
n

n∑
i=1

E |Yni|q +C
∞∑
n=1

n−1b−q
n

(
n∑

i=1

EY 2
ni

)q/2

.= J1 + J2. (16)

To prove (15), it suffices to show that J1 < ∞ and J2 < ∞.
For j ≥ 1 and n ≥ 2, denote

In j =
{
1 ≤ i ≤ n :

n
j + 1

< |ani|α ≤ n
j

}
. (17)

In view of
∑n

i=1 |ani|α ≤ n, it is easy to see that {In j, j ≥ 1} are disjoint and⋃∞
j=1 In j = {1 ≤

i ≤ n : ani 	= 0}. Hence, we have for allm ≥ 1 that

n ≥
n∑
i=1

|ani|α =
∑

{1≤i≤n:ani 	=0}
|ani|α =

∞∑
j=1

∑
i∈In j

|ani|α

≥ n
∞∑
j=1

( j + 1)−1�In j ≥ n
∞∑
j=m

( j + 1)−q/α( j + 1)q/α−1�In j

≥ n
∞∑
j=m

( j + 1)−q/α(m + 1)q/α−1�In j,

which implies that for allm ≥ 1,

∞∑
j=m

( j + 1)−q/α�In j ≤ Cm1−q/α, n ≥ 2. (18)

ByCr inequality, Lemma 1.1, (14) and (17), we can get that

J1 ≤ C
∞∑
n=1

n−1
n∑
i=1

P (|aniXi| > bn) +C
∞∑
n=1

n−1b−q
n

n∑
i=1

E|aniXi|qI (|aniXi| ≤ bn)

≤ C
∞∑
n=1

n−1
n∑
i=1

P (|aniX | > bn) +C
∞∑
n=2

n−1b−q
n

n∑
i=1

E|aniX |qI (|aniX | ≤ bn)

≤ C
∞∑
n=2

n−1−q/α(log n)−q/γ
∞∑
j=1

∑
i∈In j

E|aniX |qI (|X | ≤ ( j + 1)1/α(log n)1/γ
)

≤ C
∞∑
n=2

n−1−q/α(log n)−q/γ
∞∑
j=1

nq/α j−q/αE|X |qI (|X | ≤ ( j + 1)1/α(log n)1/γ
)
�In j
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≤ C
∞∑
n=2

n−1(log n)−q/γ
∞∑
j=1

j−q/αE|X |qI (|X | ≤ (log n)1/γ
)
�In j

+C
∞∑
n=2

n−1(log n)−q/γ
∞∑
j=1

j−q/α
j∑

k=1

E|X |qI (k1/α(log n)1/γ < |X |

≤ (k + 1)1/α(log n)1/γ
)
�In j

.= J11 + J12.

If α > γ , we have by (18) and E|X |α < ∞ that

J11 ≤ C
∞∑
n=2

n−1(log n)−q/γE|X |qI (|X | ≤ (log n)1/γ
)

≤ C
∞∑
n=2

n−1(log n)−α/γE|X |αI (|X | ≤ (log n)1/γ
)

≤ C
∞∑
n=2

n−1(log n)−α/γ < ∞. (19)

If α ≤ γ , we have by (10) and (18) that

J11 ≤ C
∞∑
n=2

n−1(log n)−q/γE|X |qI (|X | ≤ (log n)1/γ
)

≤ C
∞∑

m=2

E|X |qI ((log(m − 1))1/γ < |X | ≤ (logm)1/γ
) ∞∑
n=m

n−1(log n)−q/γ

≤ C
∞∑

m=2

(logm)1−q/γE|X |qI ((log(m − 1))1/γ < |X | ≤ (logm)1/γ
)

≤ CE|X |γ < ∞. (20)

By (19) and (20), we can get that J11 < ∞. Next, we will prove that J12 < ∞.
It follows by (10) and (18) again that

J12 = C
∞∑
n=2

n−1(log n)−q/γ
∞∑
k=1

E|X |qI (k1/α(log n)1/γ < |X |

≤ (k + 1)1/α(log n)1/γ
) ∞∑

j=k

j−q/α�In j

≤ C
∞∑
n=2

n−1(log n)−q/γ
∞∑
k=1

k1−q/αE|X |qI (k1/α(log n)1/γ < |X | ≤ (k + 1)1/α(log n)1/γ
)

≤ C
∞∑
n=2

n−1(log n)−α/γE|X |αI (|X | > (log n)1/γ
)

= C
∞∑

m=2

E|X |αI ((logm)1/γ < |X | ≤ (log(m + 1))1/γ
) m∑

n=2

n−1(log n)−α/γ
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≤

⎧⎪⎨
⎪⎩
C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
, f or α > γ

C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
log logm, f or α = γ

C
∑∞

m=1 E|X |αI (logm < |X |γ ≤ log(m + 1)
)
(logm)1−α/γ , f or α < γ

≤

⎧⎪⎨
⎪⎩
CE|X |α, f or α > γ

CE|X |α log |X |, f or α = γ

CE|X |γ , f or α < γ

< ∞.

By J11 < ∞ and J12 < ∞, we can get that J1 < ∞.
To prove (15), it suffices to show that J2 < ∞.
By Markov’s inequality,

∑n
i=1 |ani|α ≤ n and condition (10), we have

n∑
i=1

P (|aniXi| > bn) ≤ C
n∑

i=1

P (|aniX | > bn)

≤ Cb−α
n

n∑
i=1

|ani|αE|X |α

≤ CE|X |α(log n)−α/γ → 0 as n → ∞. (21)

Hence, byCr inequality, Lemma 1.1, (21), (14), and (10), we can get that

J2
.= C

∞∑
n=1

n−1b−q
n

(
n∑

i=1

EY 2
ni

)q/2

≤ C
∞∑
n=1

n−1b−q
n

[
n∑

i=1

b2nP (|aniXi| > bn) +
n∑
i=1

E|aniXi|2I (|aniXi| ≤ bn)

]q/2

≤ C
∞∑
n=1

n−1b−q
n

[
n∑

i=1

b2nP (|aniX | > bn) +
n∑

i=1

E|aniX |2I (|aniX | ≤ bn)

]q/2

≤ C
∞∑
n=1

n−1

[
n∑

i=1

P (|aniX | > bn)

]q/2

+C
∞∑
n=1

n−1b−q
n

[
n∑

i=1

E|aniX |2I (|aniX | ≤ bn)

]q/2

≤ C
∞∑
n=1

n−1
n∑
i=1

P (|aniX | > bn) +C
∞∑
n=1

n−1

[
n∑
i=1

b−α
n E|aniX |αI (|aniX | ≤ bn)

]q/2

≤ C +C (E|X |α )
q/2

∞∑
n=1

n−1(log n)
− αq

2γ < ∞.

Therefore, (15) follows from (16) and J1 < ∞, J2 < ∞ immediately. This completes the proof
of the theorem. �

If the Rosenthal type inequality for the maximal partial sum is replaced by the partial sum,
then we can get the following complete convergence result for a class of random variables.
The proof is similar to that of Theorem 2.1. So the details are omitted.

Theorem 2.2. Let {Xn, n ≥ 1} be a sequence of random variables which is stochastically dom-
inated by a random variable X. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of constants satisfying∑n

i=1 |ani|α = O(n) for some 0 < α ≤ 2. EXn = 0 when 1 < α ≤ 2. Let bn = n1/α log1/γ n for
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some γ > 0. Assume that for any q ≥ 2, there exists a positive constant Cq depending only on q
such that

E

(∣∣∣∣∣
n∑

i=1

(Yni − EYni)

∣∣∣∣∣
q)

≤ Cq

⎡
⎣ n∑

i=1

E|Yni|q +
(

n∑
i=1

EY 2
ni

)q/2
⎤
⎦, (22)

where Yni = −bnI (aniXi < −bn) + aniXiI (|aniXi| ≤ bn) + bnI (aniXi > bn) or Yni =
aniXiI (|aniXi| ≤ bn). If (10) satisfies, then

∞∑
n=1

1
n
P

(∣∣∣∣∣
n∑

i=1

aniXi

∣∣∣∣∣ > εbn

)
< ∞ for all ε > 0. (23)

The following result provides the Marcinkiewicz–Zygmund type strong law of large num-
bers for weighted sums

∑n
i=1 aiXi of a class of random variables satisfying the Rosenthal type

maximal inequality. The proof is similar to that of Theorem 2.2 in Shen (2013). So we omit
the details.

Theorem 2.3. Let {Xn, n ≥ 1} be a sequence of random variables which is stochastically domi-
nated by a random variable X. Let {an, n ≥ 1} be a sequence of constants satisfying∑n

i=1 |ai|α =
O(n) for some 0 < α ≤ 2. EXn = 0 when 1 < α ≤ 2. Let bn = n1/α log1/γ n for some γ > 0.
Assume that for any q ≥ 2, there exists a positive constant Cq depending only on q such that
(9) holds, where Yni = −bnI (aiXi < −bn) + aiXiI (|aiXi| ≤ bn) + bnI (aiXi > bn) or Yni =
aiXiI (|aiXi| ≤ bn). If (10) holds, then

∞∑
n=1

1
n
P

(
max
1≤ j≤n

∣∣∣∣∣
j∑

i=1

aiXi

∣∣∣∣∣ > εbn

)
< ∞ for all ε > 0 (24)

and

1
bn

n∑
i=1

aiXi → 0 a.s., as n → ∞. (25)

Remark 2.1. Just as Shen (2013) stated that there are many sequences of dependent random
variables satisfying (9) for all q ≥ 2. Examples include sequences of NA random variables (see
Shao, 2000), ρ∗-mixing random variables (see Utev and Peligrad, 2003), ϕ-mixing random
variables with themixing coefficients satisfying certain conditions (seeWang et al., 2010), ρ−-
mixing random variables with the mixing coefficients satisfying certain conditions (seeWang
and Lu, 2006), asymptotically almost negatively associated random variables (see Yuan and
An, 2009), and negatively superadditive dependent random variables (see Wang et al., 2014).
There are also many sequences of dependent random variables satisfying (22) for all q ≥ 2.
Examples not only include the sequences of above, but also include sequences ofNODrandom
variables (see Asadian et al., 2006) and extended negatively dependent random variables (see
Shen, 2011).

Remark 2.2. Theorem 2.1 generalizes the corresponding one of Sung (2011) and improves
the corresponding one of Shen (2013), respectively. In addition, Theorem 2.3 improves the
corresponding one of Theorem 2.2 in Shen (2013).

The following theorem,which is inspired byKuczmaszewska (2009), is a very general result
on complete convergence for weighted sums of a class of random variables.
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Theorem 2.4. Let {Xni, i ≥ 1, n ≥ 1} be an array of rowwise random variables and {ani, i ≥
1, n ≥ 1} be an array of constants. Let {bn, n ≥ 1} be an increasing sequence of positive integers
and {cn, n ≥ 1} be a sequence of positive real numbers. Assume that for any q ≥ 2, there exists
a positive constant Cq depending only on q such that

E

⎛
⎝ max

1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
q⎞⎠ ≤ Cq

⎡
⎣ bn∑

i=1

E|Yni|q +
(

bn∑
i=1

EY 2
ni

)q/2⎤⎦, (26)

where 1 ≤ i ≤ bn, n ≥ 1 and

Yni = −εb
1
t
n I
(
aniXni ≤ −εb

1
t
n

)
+ aniXniI

(
|aniXni| < εb

1
t
n

)
+ εb

1
t
n I
(
aniXni ≥ εb

1
t
n

)
.

If for some p ≥ 2, t > 0 and any ε > 0, the following conditions are fulfilled:

(a)
∞∑
n=1

cn
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
< ∞,

(b)
∞∑
n=1

cn

(
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)) p
2

< ∞,

(c)
∞∑
n=1

cnb
− p

t
n

bn∑
i=1

|ani|pE|Xni|pI
(
|aniXni| < εb

1
t
n

)
< ∞,

(d)

∞∑
n=1

cnb
− p

t
n

(
bn∑
i=1

a2niEX
2
niI
(
|aniXni| < εb

1
t
n

)) p
2

< ∞,

then for all ε > 0,

∞∑
n=1

cnP

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣ ≥ εb
1
t
n

}
< ∞. (27)

Proof. It is easily seen that,

P

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

[
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

)]∣∣∣∣∣ > εb
1
t
n

}

≤ P

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

[
aniXniI

(
|aniXni| < εb

1
t
n

)
− aniEXniI

(
|aniXni| < εb

1
t
n

)]∣∣∣∣∣ > εb
1
t
n

}

+P

(
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

aniXniI
(
|aniXni| ≥ εb

1
t
n

)∣∣∣∣∣ > 0

)

≤
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
+ P

(
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ >
1
2
εb

1
t
n

)

+P

(
max
1≤ j≤bn

|
j∑

i=1

εb
1
t
n

[
I
(
aniXni ≥ εb

1
t
n

)
− I

(
aniXni ≤ −εb

1
t
n

)
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−P
(
aniXni ≥ εb

1
t
n

)
+ P

(
aniXni ≤ −εb

1
t
n

)]
| >

1
2
εb

1
t
n

)

=
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
+ P

(
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ >
1
2
εb

1
t
n

)

+P

(
max
1≤ j≤bn

|
j∑

i=1

[
I
(
aniXni ≥ εb

1
t
n

)
− I

(
aniXni ≤ −εb

1
t
n

)

−P
(
aniXni ≥ εb

1
t
n

)
+ P

(
aniXni ≤ −εb

1
t
n

)]
| >

1
2

)

≤
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
+
(ε

2

)−p
b− p

t
n E

⎛
⎝ max

1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
p⎞⎠

+2E

{
max
1≤ j≤bn

( j∑
i=1

[
I
(
|aniXni| ≥ εb

1
t
n

)
+ P

(
|aniXni| ≥ εb

1
t
n

)])}

= 5
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
+
(ε

2

)−p
b− p

t
n E

⎛
⎝ max

1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
p⎞⎠. (28)

For p ≥ 2, we have byCr-inequality that

E|Yni|p ≤ C|ani|pE|Xni|pI
(
|aniXni| < εb

1
t
n

)
+Cb

p
t
n P
(
|aniXni| ≥ εb

1
t
n

)
. (29)

It follows by (26), (28), and (29) that

P

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

[
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

)]∣∣∣∣∣ > εb
1
t
n

}

≤ C
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)
+Cb− p

t
n

bn∑
i=1

|ani|pE|Xni|pI
(
|aniXni| < εb

1
t
n

)

+C

(
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)) p
2

+Cb− p
t

n

(
bn∑
i=1

a2niEX
2
niI
(
|aniXni| < εb

1
t
n

)) p
2

. (30)

The desired result (27) follows by (30) and conditions (a)–(d) immediately. This completes
the proof of the theorem. �
Remark 2.3. According to the proof of Theorem 2.4, we can see that if (26) holds for

Yni = aniXniI
(
|aniXni| < εb

1
t
n

)
, 1 ≤ i ≤ bn, n ≥ 1,

then we can still get (27) for all ε > 0 and the condition (b) in Theorem 2.4 is not needed.

Remark 2.4. We pointed out that Kuczmaszewska (2009) obtained Theorem 2.4 for arrays of
rowwise negatively associated random variables under the conditions (a), (c), and (d). We
checked the inequality (10) of Theorem2.1 inKuczmaszewska (2009) carefully and found that
the condition (b) should be added in Theorem 2.1 in Kuczmaszewska (2009). In addition,
the ranges p > 2 and 0 < t < 2 in Theorem 2.1 in Kuczmaszewska (2009) are extended to
p ≥ 2 and t > 0, respectively. So our results of Theorem 2.4 and Remark 2.3 generalize the
corresponding one of Theorem 2.1 in Kuczmaszewska (2009).
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If condition (a) in Theorem 2.4 is replaced by the following stronger condition (a′):

(a′)
∞∑
n=1

cnb
− 1

t
n

bn∑
i=1

E|aniXni|I
(
|aniXni| ≥ εb

1
t
n

)
< ∞,

then we can get the following result on complete moment convergence for weighted sums of
a class of random variables.

Theorem 2.5. Let the conditions of Theorem 2.4 hold and the condition (a) is replaced by (a′),
then for all ε > 0,

∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣− ε

}+

< ∞ (31)

and

∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣− ε

}+

< ∞. (32)

Proof. We use the same notations as those in Theorem 2.4. It is easily checked that

E |Yni − aniXni| = E
(
|aniXni| − εb

1
t
n

)
I
(
|aniXni| ≥ εb

1
t
n

)
≤ E|aniXni|I

(
|aniXni| ≥ εb

1
t
n

)
. (33)

Hence, we have by (26), (29), and (33) that for all ε > 0,

∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣− ε

}+

≤
∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣− ε

}+

+
∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni −Yni − E(aniXni −Yni)

+ aniEXniI
(
|aniXni| ≥ εb

1
t
n

))∣∣∣∣
}

≤
∞∑
n=1

cn
∫ ∞

0
P

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣ > x + ε

}
dx

+3
∞∑
n=1

cnb
− 1

t
n

bn∑
i=1

E|aniXni|I
(
|aniXni| ≥ εb

1
t
n

)

≤
∞∑
n=1

cnb
− p

t
n

∫ ∞

0

1
(x + ε)p

E

⎛
⎝ max

1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(Yni − EYni)

∣∣∣∣∣
p⎞⎠ dx

+3
∞∑
n=1

cnb
− 1

t
n

bn∑
i=1

E|aniXni|I
(
|aniXni| ≥ εb

1
t
n

)
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≤ C
∞∑
n=1

cnb
− p

t
n

bn∑
i=1

|ani|pE|Xni|pI
(
|aniXni| < εb

1
t
n

)

+C
∞∑
n=1

cnb
− 1

t
n

bn∑
i=1

E|aniXni|I
(
|aniXni| ≥ εb

1
t
n

)

+C
∞∑
n=1

cn

(
bn∑
i=1

P
(
|aniXni| ≥ εb

1
t
n

)) p
2

+C
∞∑
n=1

cnb
− p

t
n

(
bn∑
i=1

a2niEX
2
niI
(
|aniXni| < εb

1
t
n

)) p
2

.

The desired result (31) follows by the inequality above and the conditions (a′), (b), (c), and
(d) immediately.

Similar to the proof of (31), we can also get (32). This completes the proof of the
theorem. �
Remark 2.5. It is easily seen that

∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣− ε

}+

=
∞∑
n=1

cn
∫ ∞

0
P

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣− ε > t

}
dt

≥
∞∑
n=1

cn
∫ ε

0
P

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣− ε > t

}
dt

≥ ε

∞∑
n=1

cnP

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣ > 2εb
1
t
n

}

and

∞∑
n=1

cnE

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣− ε

}+

=
∞∑
n=1

cn
∫ ∞

0
P

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣− ε > t

}
dt

≥
∞∑
n=1

cn
∫ ε

0
P

{
max
1≤ j≤bn

b− 1
t

n

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣− ε > t

}
dt

≥ ε

∞∑
n=1

cnP

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣ > 2εb
1
t
n

}
.

By (31) and (32), we have that for any ε > 0

∞∑
n=1

cnP

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(
aniXni − aniEXniI

(
|aniXni| < εb

1
t
n

))∣∣∣∣∣ ≥ εb
1
t
n

}
< ∞ (34)
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and

∞∑
n=1

cnP

{
max
1≤ j≤bn

∣∣∣∣∣
j∑

i=1

(aniXni − aniEXni)

∣∣∣∣∣ ≥ εb
1
t
n

}
< ∞ (35)

respectively. Hence, the complete moment convergence implies the complete convergence.
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