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In this article, we study the complete convergence for weighted sums of extended
negatively dependent random variables and row sums of arrays of rowwise extended
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1. Introduction

The concept of complete convergence was introduced by Hsu and Robbins (1947) as
follows. A sequence of random variables {U,, n > 1} is said to converge completely
to a constant C if ) - P{|U, — C| > €} < oo for all € > 0. In view of the Borel-
Cantelli lemma, this implies that U, — C almost surely (a.s.). The converse is
true if the {U,, n > 1} are independent. Hsu and Robbins (1947) proved that the
sequence of arithmetic means of independent and identically distributed (i.i.d.)
random variables converges completely to the expected value if the variance of the
summands is finite. Since then many authors studied the complete convergence for
partial sums and weighted sums of random variables. The main purpose of the
present investigation is to provide the complete convergence results for weighted
sums of END random variables and arrays of rowwise END random variables.
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Our main tools are exponential bounds of sub-Gaussian type and a generalization
of the classical moment inequality.

To prove the main results, we need to introduce some notions and present some
lemmas.

The following dependence structure was introduced in Liu (2009).

Definition 1.1. We say that random variables {X,,n > 1} are extended negatively
dependent (END) if there exists a constant M > 0 such that both inequalities

P(X, >x, X, > x5,..., X, >x,) <M[][P(X; > x;) (1.1)
i=1
and
P(X, <x,X,<x5,....X,<x,) <M[]P(X; < x,). (1.2)
i=1
hold for each n > 1 and all real numbers x;, x,, ..., x,.

In the case M =1 the notion of END random variables reduces to the well-
known notion of so-called negatively dependent (ND) random variables which was
introduced by Lehmann (1966) (cf. also Joag-Dev and Proschan, 1983). Not looking
that the notion of END seems to be a straightforward generalization of the notion
of negative dependence, the extended negative dependence structure is substantially
more comprehensive. As is mentioned in Liu (2009), the END structure can reflect
not only a negative dependence structure but also a positive one (inequalities from
the definition of ND random variables hold both in reverse direction), to some
extend. We refer the interested reader to Example 4.1 in Liu (2009) where END
random variables can be taken as negatively or positively dependent. Also, Joag-Dev
and Proschan (1983) pointed out that negatively associated (NA) random variables
are ND and thus NA random variables are END.

Some interesting applications for END sequence have been found. For example,
for END random variables with heavy tails Liu (2009) obtained the precise large
deviations and Liu (2010) studied sufficient and necessary conditions for moderate
deviations. Since the assumption of END for a sequence of random variables is
much weaker than an independence, negative association, or negative dependence,
a study on a limiting behavior of END sequences is of interest.

2. Preliminaries

The following two lemmas provide us a few important properties of END random
variables. The statement of the first lemma we could found in Liu (2010).

Lemma 2.1. Let random variables X, X,, ..., X, be END.

) If fi» fos - .-, [, are all non decreasing (or non increasing) functions, then random
variables f,(X,), f»(X5), ..., f,(X,) are END.
(ii) For each n > 1, there exists a constant M > 0 such that

E (n x;) < M EX, @.1)
j=l

j=1
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Remark 2.1. Note that (2.1) holds only for positive part of random variables. The
main idea of its proof is the application of the following well known formula for
positive random variables:

E(XIXZ...X,,)=/0 fo /0 P(X, > x, X, > xy, ..., X, > x,)dx,dx, ...dx,.

We would like to note that inequality (2.1) does not hold for arbitrary (taking
positive and negative values) END random variables for n > 2 even for the case
M = 1. But for n = 2 it holds, that is, if X, and X, are two END random variables,
then

E(X, - X,) < ME(X,) - E(X;).

This follows from so-called Hoeffding identity and we refer the interested reader to
Lehmann (1966).
The next lemma is a simple corollary of the previous one.

Lemma 2.2. Let {X,,n > 1} be a sequence of END random variables, then for each
n>1andt e R there exists a constant M > 0 such that

E (H e’x') <MJ[]Ee™. (2.2)
i=1 i=1

As we already mentioned, in this article, we study limiting behavior for END
random variables through exponential inequalities of sub-Gaussian type.

Definition 2.2. Let 6 and 7 be two positive constants. A random variable X is said
to be (1, 6)-sub-Gaussian, if E exp{tX} < exp{tt*/2} for every t € (-9, J).

This is a slight modification of the well-known notion of sub-Gaussian random
variables, which are simply (z, d)-sub-Gaussian with 6 = co. For classical sub-
Gaussian random variables we refer for example to Hoffmann-Jgrgensen (1994,
Sec. 4.29), where this notion is made explicit and where it is substantiated with
several important examples.

Next lemma is a simple statement that a mean zero bounded random variable is
subgaussian. The proof may be found in the above-mentioned Hoffmann-Jgrgensen
(1994, Sec. 4.29), or in Serfling (1980, p. 200).

Lemma 2.3. Let X be a random variable with EX = u. If P(I < X < u) = 1, then for
every real number t,

2 (u—1)2

- _ 21
Ee'X"1M < ¢= 5 and moreover Ee' M < 2¢ 5

Hence, the random variable X — u is (t, 8)-sub-Gaussian with 1= (u —10)*/4 and
0 =o0.

We say that an array {X,;,,1 <i <n,n > 1} of random variables is rowwise
END if for each fixed n > 1 random variables are END and we assume that the
constant M from the definition of END is the same for each row.
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To prove the complete convergence for arrays of rowwise END random
variables, we need the following generalization of the classical moment inequality.

Lemma 2.4. Let {X,,n > 1} be a sequence of END random variables with EX;, = 0
and EX? < oo for each i > 1. Then there exists a positive constant C such that

2
<C)Y EX;. (2.3)

i=1

E

2. X
i=1

Proof. Denote S, =" X, and M,, =Y EX? for each n > 1. Let F; be the
distribution function of X;, i > 1. For any y > 0, denote Y, = min(X,,y), i=
1,2,...,nand T, =%", Y, n>1.

It is easy to check that for any x > 0,

{8, = x} C{T, # S,} U{T, = x},

which implies that for any positive number #,

P(S,>x)<P(T,#S,)+P(T,>x) <Y P(X;>y)+e™E".  (24)

i=1

Lemma 2.1(i) implies that Y, Y,, ..., Y, are still END random variables. It follows
from (2.4) and Lemma 2.2 that
P(S, > x) <Y P(X;>y) + Me ™[] Ee"", (2.5

i=1 i=1

where M is a positive constant.
Now we estimate Ee™i. It is easy to see that (e"™ — 1 — hu)/u? is non decreasing
on the real line. Therefore,

EeMi = /y e"dF,(u) + /oo e dF,(u)
o )

y o0
< VHREX + [ (M= 1= hu)dF(uw) + [ (¢ =1 = hy) dF,(w)
. :
y eh“ — 1 — hu )
~1 Y] ™ _ 1 — hy)dF,
tf e wdEw s [ (e y) dF (1)
e —1—hy (¥ , ©
< 1+T</_mu dE(u)+/y y dE(u))
W 1—h W1 —h
y y

which implies that

P(S, = x) <Y P(X; > y) + Me ™[] Ee""
i=1 i=1

. e —1—hy

<2 PX;zy) +Mexp | —————

i=1
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Replacing X; by —X,, we have

" e —1—hy
P(=S,>x) <) P(—X,>y)+Mexp|———5——M,, — hx¢.
i=1 y
Therefore,
" e —1—hy
P(IS,| = x) <> P(X;| = y) + 2M exp | —————M, , — hx . (2.6)
i=1 y
If we take h = ';log (1 + 50 ) then
PsI= 0 < D P0x = 0+ 2mexp |2 = 2iog (145 )] @)
i=1 y y M, ,

X

Taking y = = in (2.7), where r > 1, we have

n x . x2 —r
P(|Sn|ZX)SZP(|X,~|Z;)+2Me <1+ - ) .

i=1 r 2,n

which implies that

f 2xP (|S,| = x) dx < 22/ xP (r|X;| > x) dx
0 i=1"0

o x2 -r
4M’/ 1 dx.
wawe [Ta (14 )

That is to say (or see Lemma 2.4 of Petrov, 1995) for r > 1,

n 0 2 -r
X
ES? < PN EX? + AMe' / X <1 + ) dx
n — lgl: i 0 er,n
n 2 M r n
=Y EX2+ 25 S Ex?
i=1 i=1

r—1 <

2 M r n n
<r2 + el )ZEX? = CY EX?.
r= i=1 i=1
This completes the proof of the lemma.
In this article, we assume that {a,;,1 <i<n,n > 1} is an array of positive
numbers and C and M denote positive constants which may be different from place
to place.

3. Complete Convergence for Normed Weighted Sums of a Sequence
of END Random Variables

With the preliminaries accounted for, we could now present our first result.

Theorem 3.1. Let {X,,n > 1} be a sequence of (z,,d,)-sub-Gaussian END random
variables and {b,, n > 1} be a sequence of positive numbers. Denote B, = Y\ a>7;/2

ni‘i
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and ¢, = min,_;_, 6;/a,;, n > 1. If for any & > 0,

ni»

=] b282
_n , 3.1

gexp{ 4Bn}<oo 3.1
and

it b

D_exp {—d)”z”s} < o0, (3.2)

n=1
then

— Z a,; X; > 0 completely, as n — oo.

nI]

Proof. Foreachn>1,1<i<nand |t| < ¢,, we can write
Eeta,“X[ < et a”,r /2 (33)

By Lemma 2.1(i), we obtain that {a,X,,1 <i<n,n>1} and {—ag,X,,1 <i<
n,n > 1} are sequences of END random variables. Therefore, by Markov’s
inequality, Lemma 2.2 and the inequality above, we can get that for any x > 0 and

|t] < ¢,, there exists a constant M > 0 such that

( > x) =P (iale > x) +P <Z( a,X,) x)

e " E exp {Itl > a,,iX,-} + e ""Eexp {|f| Z(_“mxi)}

ni l

A

i=1 i=1

IA

e”‘Eexp{|t|Zam z}+e MECXP!|[|Z( ni l)}

i=1 i=1

”‘Eexp{tZam ,}+e‘”Eexp{t2( @y ,)}

i=1 i=1

IA

e "M (H Ee'i 4[] Ee” "’"'X'>

i=1 i=1

<2Mexp{—tx+B,}.

Hence,

ni l

(2

If 0 < x <2B,¢,, then

>x> <2Mm1nexp{—tx+tB}

lrl<¢

x x? x?
min exp {—tx+ ’B,} =exp{—=—=x+ -—B,t =expi—-—¢.
P 2B, 4B2 " 4B,
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If x > 2B,¢,, then note that ¢?B, < ¢,x/2 and

minexp 1+ 78, = oxp [0+ 928, o [~ 42°]
>x <2M(ex {_x_2}+ex {_anx})
- P 4B, p 2 )

<2M<iexp{ 4Bz}+iexP{ d)n n })<Oo'

n=1

That is, for any x > 0,

Taking x = &b, we obtain

n=1

ni l

l‘ll l

I‘lll

This completes the proof of the theorem.

Now we consider a few special cases that could help us to establish the
convergence of the series Y ., exp {—%} mentioned in Theorem 3.1. First of all,
note that this series obviously convergence in the case of classically sub-Gaussian
random variables, that is, , = oo for all n > 1. Thus, we can formulate the following
result.

Proposition 3.1. Let {X,, n > 1} be a sequence of (t,, 9,)-sub-Gaussian END random
variables with §,, = oo and {b,, n > 1} be a sequence of positive numbers. Denote B, =

Y att/2. Iffor any ¢ > 0,

Zexp{ bue 2} < o0, (3.4)
then

— Zam . — 0 completely, as n — oo.

nll

For the next case we consider the following assumption of Bernstein’s type
inequality. Let {X;,i > 1} be a sequence of random variables with EX; =0 and
EX? = 67 < oo and suppose that there exists a positive number H such that for any
positive integer m > 2,

!
EX)"| < SotH" (3.5)

Then the random variable X; is (t;, §;)-sub-Gaussian with 1, = 207, §;, =
Really, for any n > 1 and 1 <i < n the Bernstein’s type 1nequa11ty mentioned
above implies that

2

Ee™ i =1+ — EX;
e +2a,+6 +-
2
< 1+§af(l+H|t|+H2t2+--~).
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When [7] < 5, it follows that

t20'.2 ) 2
Ee™ <14 —L. — < 14g? <e =i/ 3.6
- 2 1—-H|t{ ~ " (36)
That is to say the random variable X; is (t;, §,)-subgaussian with 7, = 207, 5, = 5.

Thus, we can state the following result.
Proposition 3.2. Ler {X,, n> 1} be a sequence of END random variables with EX;=0
and EX? = > < o0 and {b,,n > 1} be a sequence of positive numbers. Denote B, =
Y, aket and ¢, =min,_;_, 1/a,, n > 1. Assume that there exists a positive number

H such that for any positive integer m > 2,

EX)" < Sz (37)
If for any € > 0,

Seol 2] <o
and

i exp{—¢,b,&} < o0, (3.9)

n=1
then

l n
o > a,X; — 0 completely, as n — oo.

n j=1
In the next proposition we consider the case of bounded random variables.

Proposition 3.3. Ler {X,,n > 1} be a sequence of END bounded random variables
with EX; = 0 and {b,,n > 1} be a sequence of positive numbers. Let {l,,n > 1} and
{u,, n > 1} be sequences of real numbers such that P(l, < X, < u,) = 1, n > 1. Denote
B, =Y a*(u; — 1,)*/8. If for any & > 0,

0 b282
—-= s 3.10
,12::1 exp{ 1B, } < 00 (3.10)

then

1 n
. > a,X;— 0 completely, as n — oc.

n j=1

Proof. The statement follows immediately from Proposition 3.1 and Lemma 2.3.

4. Complete Convergence for Row Weighted Sums of an Array
of Rowwise END Random Variables

The main tool that we use in this section is the generalization of the classical
moment inequality presented in Lemma 2.4.
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Theorem 4.1. Let {X,;,1 <i<n,n>1} be an array of rowwise END random
variables with EX,; =0 and EX? = ¢’ < oo for each 1 <i<n and n>1. Let
{b,, n > 1} be a sequence of positive numbers. If

Z bz Zamam < 00, (41)
= n =1
then
1 n

b > a,X, —> 0 completely, as n — oo.
n i1

Proof. Lemma 2.1(i) implies that {a,X,,l <i<n} are still END random
variables for fixed n > 1. By Lemma 2.4 we can see that

2
E <Z anani> < CZCZMEXZ - Czam m’
i=1

where C is a positive constant defined in Lemma 2.4. By the assumption, the
inequality above, and Markov’s inequality, we have that for any ¢ > 0,

i P ( (2’1: anani>

Z amam < 0.

1);=

Z am ni

Vltl

n=1

> )<Z

IA

ol 0
M8 :N

n

Hence, - Y, a,.X,; — 0 completely, as n — oo.

’ b, ni nz

Takmg b,=n*,a>0and a,,=1, 1 <i<n,n>1, we can get the following
corollary.

Corollary 4.1. Let {X,,,1 <i<n,n>1} be an array of rowwise END random
variables with EX,; = 0 and EX?; = 2, < oo for each 1 <i < n and n > 1. If for some
o> 0,

> 21Z<fn,<°°

nl

then

— > X, — 0 completely, as n — oo.
i=1

Proposition 4.1. Let {X,;,1 <i<n,n > 1} be an array of rowwise END random
variables with EX,; = 0 and EX? = 02, < oo for each 1 <i < n and n > 1. Suppose
that there exists a positive constant C such that aﬁiaﬁi < Cafioi%- foreach 1 <i<n and
n > 1. If for some o > 1/2,

o 2

2
allgll
o —a e < 00, (4.2)

i=1
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then

— Zam . — 0 completely, as n — .

Proof. Take b, = n”, then the assumption from Theorem 4.1 can be estimated as
follows:

Z_ZZ ni m—CZ 2,26111 i

i
1
= CZa” ll
n=i
o]
< u Oii
CZ 12,4 1

The conclusion follows from Theorem 4.1 immediately.
The last result of this article deals with arrays with uniformly bounded second
moments.

Proposition 4.2. Ler {X
variables satisfying

1 <i<n,n>1} be an array of rowwise END random

ni»

EX,, =0 and EX* <A 4.3)

for all 1 <i<n and n> 1, where A is a positive constant. Suppose that Y| a*, =

O(n°) for some & > 0. Then for all o > %

— Zam . — 0 completely, as n — oo.

Proof. Take b, = n”, then the assumption from Theorem 4.1 can be estimated as
follows.

> 1
Zb_z ni m—AZ_n _AZ 205() < 0.

nl

=

Remark 4.1. Hanson and Wright (1971) and Wright (1973) obtained a bound on
tail probabilities for quadratic forms in independent random variables using the
following condition. There exist C > 0 and y > 0 such that forall 1 <i<n,n>1
and all x > 0, we have
+o0 5

P(Xzx)=C [ ear (4.4)

Note that if (4.4) is true, then for all 1 <i <nand n > 1,
Xl
EX? = | X2dP = 2xdx]dP
/ / l[ fo xdx]

_ /Q[/O 20(1X,,| > x)xdx]dP:/Ooo[2x/QI(|Xm~| > x)dP]dx
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“+o00 o0 “+o00 )
- / 2xP(|X, | = x)dx < f 2x (c / o d,) dx
0 0 X

400 t 400 Cﬁ
_ —yt? _ 2 -1 _
_C/O e </02xdx>dt_C/0 Pedr = .

47372

Hence, Proposition 4.2 remains true under the condition (4.4) considered in Hanson
and Wright (1971) and Wright (1973). For more details about condition (4.4), one
can refer to Hanson (1967a,b).
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