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1 Introduction

Let (B, ||-]|) be a real separable Banach space with topological dual B* and let {X, X,,;; n > 1}
be a sequence of independent and identically distributed (i.i.d.) B-valued random variables. As
usual, let S, = >"" | X;, n > 1 denote their partial sums. If 0 < p < 2 and X is a real-valued
random variable, then the following two statements, related to the Kolmogorov—Marcinkiewicz—
Zygmund strong law of large numbers, are known to be equivalent:

[eS) 1 .
E —P(|51’|25)<ooforalls>0 (1.1)
n=1 n n /e
and
E|X|P < o0, where EX =0 whenever p> 1. (1.2)

One can label this remarkable result as the Baum—Katz—Spitzer complete convergence theorem.
By using a combinatorial lemma, Spitzer [1] established this result for the particularly important
case of p = 1. The equivalence of (1.1) and (1.2) in the general case, 0 < p < 2, is due to Baum
and Katz [2].

Versions of the Baum—Katz—Spitzer complete convergence theorem in a Banach space setting
were obtained by Jain [3] for the case of p = 1, Azlarov and Volodin [4] for the case of 1 < p < 2
under an appropriate geometric condition, and Yang and Wang [5] for the general case of
0 < p < 2 without any geometric conditions. In fact, by using de Acosta’s [6] inequality, Yang
and Wang [5] proved that the following three statements are equivalent:

o 1 .
ZP<|“?|25><ooforau e>0,
n n/l?

n=1

. n _
nh_)nolo = 0 almost surely (a.s.),

S
7 = 0. (1.3)

Let {a,; n > 1} be a sequence of positive constants such that

E|X|P < oo and

an, 1 and 1 < liminf 42n < lim sup d2n < 0. (1.4)
n—oo  Ap n—oo 0n

Since the condition (1.3) is, of course, equivalent to

> P(IX| = n'/?) < 00 and Sn_ —p 0,

1 nl/P
n—
it is natural to ask whether the following three statements are equivalent:
o0 1 .
> -op <|S| > 5> < oo for all &> 0, (1.5)
—n G
Sn
lim — =0 as., (1.6)
n—oo (y,
00 Sn
> P(IX] > an) <ooand =% —p 0. (1.7)
(27

n=1
The answer to this question turns out to be negative if {X, X,,; n > 1} is a sequence of real-
valued random variables with EX = 0 and EX? = 1, and we choose a,, = vV2nLLn,n >
1, where Lz = logmax{e,z},z > 0. Then (1.6) fails by the classical Hartman-Wintner—
Strassen law of the iterated logarithm, but (1.7) holds by EX? < co and Chebyshev’s inequality.
However, it is clear that (1.6) always implies (1.7). Recently, Li, Zhang, and Rosalsky [7] have
shown that (1.5) and (1.6) are equivalent.
The main purpose of the present paper is to exhibit the relationship between the Baum-—
Katz—Spitzer complete convergence theorem and the law of the iterated logarithm.
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Theorem 1  Let {X, X,; n > 1} be a sequence of i.i.d. B-valued random variables and let
{an; n > 1} be a sequence of positive constants such that (1.4) holds. Then

I1Sall

lim sup —— a.s., (1.8)

n—oo  On

if and only if there exists a constant 0 < A\ < oo such that

Z ('S H ) < oo forall e > A\ (1.9)
—n ap,

Combining Theorem 1 above and Theorem 1 of Li, Zhang, and Rosalsky [7], we obtain the
following result:

Theorem 2  Suppose that all conditions for Theorem 1 are satisfied. Then we have
(i) lim,—oo f—" =0 a.s., if and only if

Z <|S ” ><oo for all € > 0;
n a

n=1 n
(i) There exists a constant 0 < A\ < oo such that

S.
lim sup 151l =)\ a.s.,
n—oo

if and only if there exists a constant 0 < Ay < 0o such that

Zip(w Z){ <00, if €3
1n an

. =00, if 0<e< Ag;
[ISx

Qn

(iii) limsup,,_, =00 a.s., if and only if

=1
Z— ('S H ):oo for all € > 0.
n

We conjecture that, in general, \; = Ay in Part (ii). In fact, our conjecture is true under
some mild additional conditions according to the next theorem.

Theorem 3  Let {X, X,; n > 1} be a sequence of i.i.d. B-valued random variables. Let
{an; n > 1} be a sequence of positive constants satisfying

lim lim sup Hpnl _ . (1.10)

1 n—oo Qn

If
hnrglgfp<” nH > >0 foralle >0, (1.11)
then for all constants 0 < A < oo,
hrIzILbolip Ha:H =X as., (1.12)
if and only if
E%P('f;’” . ) { iz: }‘ iiif (1.13)

Although in the formulation of the statement of Theorem 3 we used the phrase “for all con-
stants 0 < A < o0”, it should be noted that there cannot be more than one value of A satisfying
(1.12) and (1.13). As an application of Theorem 3, under (1.10) and (1.11), theoretically one
can find the value of A in (1.12). In fact

cofezo SAp(Is ) o)
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A similar observation pertains to Theorem 4 below.

In the case of real-valued random variables, it is natural to ask about the relationship
between the one-sided Baum-Katz—Spitzer complete convergence theorem and the one-sided
law of the iterated logarithm. The following theorem answers this question:

Theorem 4  Let {X, X,; n > 1} be a sequence of i.i.d. real-valued random variables and let
{an; n > 1} be a sequence of positive constants such that (1.10) holds. If

n—oo n

liminf P (Sn > €> >0 foralle >0, (1.14)
then for all constants 0 < A < oo,

. Sn
limsup — =\ a.s.
n—oo 0n

le(&zg) < oo, if €> A,
n G, =00, if e <A

Clearly, condition (1.11) (resp., condition (1.14)) is satisfied if

Sn oo (1.15)
Ganp

The condition (1.16) of the first corollary is the analytic condition that X lies outside of
the domain of partial attraction of the normal law.

if and only if

Corollary 1 Let {X, X,; n > 1} be a sequence of i.i.d. real-valued symmetric random
variables and let {a,; n > 1} be a sequence of positive constants such that (1.4) holds. If

lim inf 2P(|X| > z)
n—oo B (X2I(|X]| < x))

>0, (1.16)
then either

n—oo Gy, an

th——O a.s. and Z <|S>><oo for alle >0

nl
or

< s)oo for all e > 0.

:M—‘

limsup& =00 a.s. and Z

n—oo a/n

Proof According to the work of Rogozin [8] and Heyde [9], it follows from (1.16) that there
does not exist a constant 0 < A < oo such that

. n
limsup— = A\ a.s.
n—oo Qn

Thus, since {X,,; n > 1} are symmetric, either

lim —* =0 a.s. or limsup& =00 a.s.,
n—00 Gy n—oo Qn
and the conclusion follows from Theorem 2.
Corollary 2 Let {X, X,,; n > 1} be a sequence of i.i.d. B-valued random variables. Let
h(:) : [0,00) — (0,00) be continuous, nondecreasing, and slowly varying at infinity. Set a, =
nh(n), n > 1. Then we have
(i) The relations (1.8) and (1.9) are equivalent;
(ii) If Sn/an —p 0, then for all constants 0 < X\ < oo, the relations (1.12) and (1.13) are
equivalent.

Under the conditions of Corollary 1, if any of (1.8) or (1.9) holds, then

E(X)=0 and ZP(HXH > cy/nh(n)) < oo for some 0 < ¢ < oo

n=1
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or, equivalently,

E(X)=0 and E (¥ '(]|X])) < oo, (1.17)

where W1(¢) is the inverse function of W(t) = /th(t). We leave it to the reader to verify that
in type 2 Banach spaces, (1.17) implies (1.15). Hence Theorems 1 and 2 yield the following
corollary:

Corollary 3  Let {X, X,; n > 1} be a sequence of i.i.d. random wvariables taking values
in a Banach space B of type 2. Let h(-) : [0,00) — (0,00) be continuous, nondecreasing, and
slowly varying at infinity and suppose that (1.17) holds. Set a,, = y/nh(n), n > 1. Then, for
all constants 0 < X < oo, the relations (1.12) and (1.13) are equivalent.

Let {X, X,; n > 1} be a sequence of i.i.d. real-valued random variables. Let p > 1.
Einmahl and Li ([10, Corollary 1]) proved that, for all constants 0 < A < oo,

|5

hm Sup [ S R — )\ a.s. (118)
n—00 2n(10g 1Og n)p
if and only if
X2
E(X)=0, E (W) =0
(1.19)
and limsupmﬂoo(logIng)l_pE (XQI(\X| < 3;')) = )2,

Combining our Corollary 3 and Corollary 1 of Einmahl and Li [10], one can see that, for all
constants 0 < A < oo, (1.18) and (1.19) are each equivalent to

o0

if
le<¢>s>{ <o, i e> A, (1.20)
n

— 2n(loglogn)P =o00, if e <A

Clearly, for the particularly important case of p = 1, which is related to the Hartman—Wintner—
Strassen law of the iterated logarithm, for all constants 0 < A < oo, the following three
statements are equivalent:

<1 1S, <oo, if e>A
— P ———— > ¢ ’ ’ 1.21
Z n <\/2nloglogn - ) =o00, if e <A ( )

n=3

lim sup ~ Sl =\ as, (1.22)
n—oo V2nloglogn

E(X)=0 and E(X?) =\ (1.23)

Hartman and Wintner [11] proved that (1.23) implies (1.22) and the converse is due to Strassen
[12]. The implication “(1.23) = (1.21)” should be due to Davis ([13], Theorem 4) which was
remedied by Li, Wang, and Rao ([14], Corollary 2.3). For the implication “(1.21) = (1.23)”,
see Gut ([15], Theorem 6.2).

Substantially simpler proofs of Strassen’s [12] converse were discovered by Feller [16], Heyde
[17], and Steiger and Zaremba [18]. Martikainen [19], Rosalsky [20], and Pruitt [21] simultane-
ously and independently obtained a “one-sided” converse to the Hartman—-Wintner [11] law of
the iterated logarithm. Specifically, they proved that, if

0 < lim L:)\<oo a.s.,

n—oo /2nloglogn
then (1.23) holds.
Let v > 0. Einmahl and Li ([10, Corollary 2]) proved that, for all constants 0 < \ < oo,

lim su [Sn ‘
P

———— =) as, (1.24)
n—oo /2n(logn)v
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if and only if
X2
E(X)=0, E(—) < o0,
( (ox(e XD (1.25)
0g ngE (XQI(‘X| < l‘)) — 9U)\2,

(log z)”
Combining our Corollary 3 and Corollary 2 of Einmahl and Li [10], one can see that for all
constants 0 < A < oo, (1.24) and (1.25) are each equivalent to

—n 2n(logn)v =00, if e <A,

A version of the equivalence between (1.21) and (1.22) in a Banach space setting was

obtained by Li [22] who proved that there exists a constant 0 < A < oo such that

and limsup,_,.

il %>5 <oo forall e > A
=n v2nloglogn —
if and only if
lim sup _ ISl <00 as. (1.26)

n—oo +/2nloglogn
Ledoux and Talagrand ([23, Theorem 1.1]) showed that (1.26) holds if and only if
X112 )
EX)=0, E(— 20 )«
0 =0 (s e
E (¢*(X)) < oo forall ¢ € B,
Sn . . .
and {W; n > 3} is bounded in probability.
Sh 0
_—
v2nloglogn P

then, from our Corollary 3 and Theorem 5.1 of Ledoux and Talagrand [24], for all constants
0 < X\ < o0, the following three statements are equivalent:

If

il < 1Szl >€> < oo, if > A,
n v2nloglogn — =00, if € <A\

n=3
lim % =\ as;
n—oo /2nloglogn
E(X)=0, E (—||X|2 > < 00,
loglog(3 + [ X1|)

and sup {E (¢2(X)) ; p€BY o] < 1} =A%

2 Proof of Theorem 1
The following lemmas will be used to prove Theorem 1:

Lemma 1 Let {U,; n > 1} be a sequence of B-valued random wvariables, let {U}; n >
1} be an independent copy of {Un; n > 1}. If there exists a constant b > 0 such that
liminf,, o P (||U,|| <b) > 0, then we have

(i) limsup, o [|Unll < 00 a.s. if and only if limsup,,_, . ||Un — Ul < 0 a.s.;

(ii) There exists a constant 0 < by < co such that

— 1
ZEP(HU”H >¢e)<oo forall €>b
n=1
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if and only if there exists a constant 0 < by < 0o such that

oo

1
> ~P (U~ Ul >¢e) <oo forall e> by.
n=1

Proof Part (i) is just a special case of Theorem 3 of Li [25]. To prove Part (ii), let ¢ > 0 be
such that P(||U,|| < b) > ¢ for all large n. Then since

{IUnll <& U0 z 26} C{llUn = Upll 2 €}, >0, n2>1,
we have, for all large n and € > b, that
P(||Un]| = 26) < (1/q)P (IUn = Upll Z €) < (2/0)P (|Unl 2 €/2) .
Part (ii) follows immediately from this.

The following lemma is one of Lévy’s inequalities in a Banach space setting; see, e.g., Araujo
and Giné ([26, p. 102]) or Ledoux and Talagrand ([27, p. 47]).

Lemma 2 Let {V;; 1 < i < n} be a finite sequence of independent symmetric B-valued
random variables, and set T; =V +---+V;, j=1,...,n. Then
P ( max [T} > t) <2P(||Tn]| > t), t > 0.

1<j<n
The following lemma is due to Li, Zhang, and Rosalsky [7].

Lemma 3  Let {k,; n > 1} be a sequence of integers such that 2l <k, <2 n>1.
Then, for every integer n > 1 and each integer 0 < m < kypy1, there exist n numbers w; €
{0,1,2,3}, i =1,2,...,n depending only on m such that

m = wik1 + waka + -+ + wyky.

Proof of Theorem 1 Set I(n) = {i; 2"7! < i < 2"}, n > 1. Let {X',X/; n > 1} be
an independent copy of {X,X,; n > 1} and let T,, = Vi +--- + V,,, n > 1 where V,, =
X,— X, n> 1.

We first prove that (1.8) implies (1.9). Note that the Kolmogorov zero-one law (see, e.g.,
Chow and Teicher ([28, Theorem 3.3]), (1.4), and (1.8) imply that there exists a constant
0 < by < oo such that

|Zemv
limsup ———

n— 00 Qagn

=by a.s.

Hence, by the Borel-Cantelli lemma and identical distributions, we have that
oo T n
E P <M > €> < oo for all € > bg. (2.1)
a,2n
n=1

By (1.4), there exists a constant 1 < 7 < oo such that
agn < TAp, N> 1. (2.2)
Now by (2.2) and Lemma 2, for £ > 0,

T, T;
P(II k||>€> < p( max 155,
a 1<5<27 Qgn—1
Ton
< op (12l o,
Aon—1
Tyn
< 2P ”2”26/7'), ke I(n).

a2n
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Let A = 7by. Then 0 < X < oo and, on account of (2 1),

Bir(5e) - Lrin(a)

n=1 keln

2ZP(%H 1)

agn

IN

< oo foralle> A\

Thus, by Lemma 1 (ii), (1.
We now show that (1.9

o 1 IES HSH
= =nl >
Sip(Blsl) o sy b (2
n=1kel,
1 I gH
> Z
> 5> wip (12

n=1 aj

) follows.
implies (1.8). Note that, for all € > A,

\./@

vV

Hence, for fixed ¢ > A, (1.9) implies that there exists a sequence {k,; n > 1} of integers
depending only on ¢ > X and the distribution of X such that 2"~! <k, < 2", n > 1 and

Z P (M > 5) < 00. (2.3)
n=1 Qe

It is easy to see that (1.4) implies
n+1

c2 sup 92" < . (2.4)
n>1 QAgn

k=0
For fixed integers n > 1 and m with 2"~! < m < 2"(< k,y1), by Lemma 3, there exist n
numbers w; € {0,1,2,3}, i = 1,2,...,n, depending only on m such that m = Y . w;k;.
Write

li = wnkp, lo =wpk, +wp_1kn_1,..., Iy = wyky +wp_1kp_1 + ... Fwik; =m
Then i} <lp <---<l,and l; — ;-1 = wp—jr1kn—it+1, © =1,2,...,n, where [j = 0. Then

Sm = Z}/za
i=1

where

Vi= Y X, i=12..n

li—1<g<l;
Note that
\Smll nzno IIY || [por——y |
Um
= (2.5)
TLZO Aon—i+1 ||Y;H + || Z?:n—no-i-l }/;H
- Aon—1 Oy _i 41 QAon—1 ’

where 1 < ng < n. Since
n

Z Wy —ir1kn—it1 < 6 x 270,

i=n—ng+1

and Y; and S,
we get

vn—is1kn_ir: Dave the same distribution, i = 1,2,...,n, in view of (2.5) and (2.4),

"R n—1i Yl nf — }/7,
606) < P( 3 (“2 “) 1] > 3(:5) +P<H Lizn-ng+1 Vil > 3c€)
A (7,271,—1 a . (7,271,—1

i—1 kn—it1

T
-
%)
3

\Y
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n—no
Y; S;
< Z P i >3)+ max P 1911 > 3ce
ag 1<5<6x2m0

P n—it1 Aon—1

- S 1155l
<3 E P( ki 26>+ max P(Jz?;ce).

) a, 1<j<6x2m0 QAgn—1

1=no+1 v
Hence
S - S S
max P(l m|>6cs><3 E P<| ki >5>—|— max P(” jH >306>.
n=1<m<2n Ay, i a; 1<5<6x270 Qgn—1

Thus, recalling (2.3), we conclude that

Sm = Sk,
limsup max P (u > 6czs)§ 3 Z P ('—k > 5)
n—oo 2"~ 1<m<2m Ay ag

i=ng+1 g

(2.6)
— 0 as ng— oo forall e > A\

Let S/, =7, X/, n>1. Then {S};; n > 1} is an independent copy of {S,; n > 1}. Clearly,
(1.9) implies that

an

(oo} 1 _ /
> ~P (M > 5) < oo forall &> 2\ (2.7)

n=1

By applying Lemma 2, for all £ > 272\ and for all k € I(n + 1), n > 1, we have
155 = Sill /
P| max ——— >¢ < P{ max [[S; — Sj| > eagn-—
Jj€I(n) a; j€I(n)

< — S| > eagn-
_P<1r£?§k”53 Sill > eay 1)

< 2P (|Sk — S}l > £azr)
< 2P (||Sk = Sill = (¢/7)ar)  (by (2.2)),
and this, together with (2.7), ensures that

S =Sl

ZP<maX Hi _s> < oo forall > 272\
— \jeltn) a4
Hence, by the Borel-Cantelli lemma,

: 15 — Sull

lim sup < oo as. (2.8)

n—00 Gnp

Thus, in view of Lemma 1 (i), (1.8) follows from (2.8) and (2.6). The proof of Theorem 1 is
therefore complete.
3 Proofs of Theorems 3 and 4

For the proofs of Theorems 3 and 4 we need the following three lemmas. The first lemma, i.e.,
Lemma 4, is due to Petrov [29] (see Petrov ([30, Theorem 2.3]).

Lemma 4 Let {V;; 1 < i < n} be a finite sequence of independent real-valued random
variables, and set T; =V +---+V;, 5=1,...,n. If
i T, > —b) >
1§5‘n§1271P(T" Lz-bzg
for some constants b > 0 and q > 0, then

P <1I£1a<x T; > t) <(1/q)P (T, >t—">) for all real t. (3.1)
<j<n

The following lemma is a version of Lemma 4 in a Banach space setting.
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Lemma5 Let{V;; 1 <i<n} bea finite sequence of independent B-valued random variables,
and set Ty =Vi+---+V;, 5=1,...,n. If

i - T < > .
Lmin P(IT =T <) 2 (32)
for some constants b > 0 and q > 0, then
P (lréla<x 751 > t> < (1/q)P(|Tu|| >t —b) for all t > 0. (3.3)
J

Proof Our proof of (3.3) is a modification of Petrov’s [29] proof of (3.1). Let x,(Y) denote a
quantile of order ¢, 0 < g < 1, for a real-valued random variable Y. We first show that

P(lglax T = koI Te — T31)) )<<1/q>P<||Tn||>t> forall >0, (3.4)

We write
My = max (1T = w17 = Tul)s 5= 1.2,0.0m,

Dy = {||Th]| — kq( T — T1]) > t},

Dj ={M;j_1 <t,|T;|| — 5q(| T = T5l)) = t}, j=2,...,n

By ={ITn, = Tl — 5q(|I T = T5[)) <0}, j=1,2,....n
Then we have

P (M, >t)=Y P(D;) (3.5)
j=1
since
{M, >t} =|JD; and P(DyND;)=0 for k+# j
j=1
Furthermore
P(E;)>q, j=1,...,n (3.6)
Note that .
J (00 E) c{iml = 0
=1
and

P(|Tul > t) > P( U (D;j ﬂEJ‘)): ZP(DJ NE;)= ZP(Dj)P(Ej)v

since the events D; and E; are independent. Taking into account (3.5) and (3.6) we conclude
that

P(|Tull = t) 2 a) P(Dj) =qP (M, 2 1),
j=1
thus proving (3.4). By (3.2), there exists a set of quantiles kq (|15, — Tj]|), 1 < j <n—1, such
that
kg (T = T5l) <6, G=1,...,n—1

and hence, for every ¢t > 0,
m I > m Il — I, —T; >t — .
{1<;§<n| il t} {1§aX (1751 = mq(ll i) >t b}

Thus, from (3.4), (3.3) follows. The lemma is proved.

The following lemma, which is an extension of the divergence half of the Borel-Cantelli
lemma, is due to Baum, Katz, and Stratton [31]. The formulation presented here is that of
Petrov ([30, Lemma 7.5]).
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Lemma 6 Let {B,; n > 1} be a sequence of events such that P(B,) > « for all large n,
where a is a positive constant. If the following pairs of events are independent for everyn: A,
and By, A, and B, NA,_1NB,_1, A, and B,NA,_1NB,_1NA,_2NB,_a,..., (here A
is the complement of A) and if 3.~ ; P(A,) = oo, then P (A, N B, i.0.) > a.

Proof of Theorem 3  Obviously, we need to show only that, for an arbitrary constant 0 < A <
m’

lim sup LS“” <A\

8. 3.7
msup = a.s., (3.7)
if and only if
1 Sy,
Z—P(' H >5> < oo forall € > A (3.8)
n an,
n=1

We first prove that (3.8) implies (3.7). To see this, let € > A > 0 and 1 > 0 be arbitrary. By
(1.10), there exists a constant Gy > 1 such that, for every 8 € (1, 5o),

agn) < (1 +n)ay, for all sufficiently large n. (3.9)
Hence, for all large n,

Sm S,
P ( max [Smll > (1 +377)25> <P < max [ > (1 +377)5> .
ﬁn—1<m§gn am ﬁn—1<mgﬁn a[ﬁn]

Note that (1.11) ensures that there exists a constant ¢; > 0 depending on ne such that, for all
sufficiently large n,

S, =8 . S
min P (u Sns) = min P (” dl < 776) > qi;
an,

0<k<n 1<k<n an
here and below Sy = 0. It then follows from Lemma 5 that, for all sufficiently large n,

P (Bn_ﬁéjfgﬁn % > (14 317)25) < (1/q)P (” o] ol > (14 2n)5> : (3.10)

Again recalling (1.11), for all large n and m € [[8"], [3" "] — 1], another application of Lemma 5

yields
Sign
P(I el > (1+2n)6>
a[ﬁn]

<P max Mz(l—l—Qn)e
[Br]<i<m Q[gn)

< (Jqyp (15~ +n>e) (3.11)

< (/)P W+ n)lSul

a[ﬁn+1

< (1/q)P (”i’;' > g) .

Since [ 1] — [3"] ~ (ﬁ""'l —1), it follows from (3.10) and (3.11) that, for all large n,

> (1)) (b (39)

P( max 15w m” > (14 3n)%

i<men
B el (L
“ it s
L 28 Xmep P(lol > <)
T ai(B-1) (B -1

[BH-1

2 L ([15]
SFG-D 2 Ep(am 2“‘“)'

m=(5"]

IN
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Then, by (3.8) and the Borel-Cantelli lemma,
P < max 15wl > (14 3n)%e i.o.) =0

pr-l<m<pn  Qpy
whence

I n“

limsup —— < (14 3n)% as.

n—oo

Letting n | 0 and € | A, (3.7) follows.

We now prove that (3.7) implies (3.8). The authors take great pleasure in acknowledging
that the proof of this implication was inspired by Petrov ([30, Theorem 7.5]). Let 0 < A < oo
and suppose that (3.7) holds. Then

(”S H > =0 foralle > A (3.12)

an
Let € > X be arbitrary and let &1 € (A, ¢). For an arbitrary nondecreasing sequence of positive
integers k, — oo and arbitrary n > 0, consider the events
Sk, — S S
p Sy ) g ISl )y
ag,, Q.
where ko = 0. Obviously, by (3.12),

n

P(A,NB, io)<P ('S”” >e i.o.) =0.
an

Therefore, by (1.11) and Lemma 6, we conclude that
Zp(lknkm”251+n> — 3 P(4n) <0
n=1 Qe n=1

Thus, for every 3 > 1 and every integer r > 1, putting k,, = [3™ ], n > 1fori=0,1,...,r—1,
we have, for all i = 0,1,...,7 — 1, that

STTL? S’V‘nl’!‘
I (. L F P

n—1 a[grn+i]
and hence
> Sign—(pn-r
ZP<” -18 ]|>€1+77>
n=1 a[ﬁn]
s Stgn) — Sign—r
ZP<| 1~ — Sig— >€1+77)
oyt ajgn) (3.13)
r—1 oo
S rn+i —S rnti—r
_ ZP(| [grrti] — Sjgro+ 1||251+n)
=0 n=1 a[’BTHJri]

We first choose 7 > 0 such that &1 + 21 < /(1 + 2n). By (1.10), secondly we choose 3y > 1
such that (3.9) holds for every 8 € (1, 8y). We then choose a 5 € (1, 8y) and a positive integer
r such that 8/ (1 — 87") < By. Let j, = [B"] — [8" "], n > r. Note that

lim (8] __ B

N— 00 [Bn 1] [671—1—7"] 1— ﬁ—r
It then follows from (3.9) that, for all large n and every m € (jn—1, jnl,

P(|sm| ZE> o p (IISmI . _) <p (M >e +2n) .
am apr) — 1+2n ajgn]

Now it is easy to see that (1.11) and Lemma 5 ensure that there exists a constant ga > 0
depending on 7 such that, for all large n and every m € (jn 1, Jnl

[5”]

a[ﬁn
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Thus, for all large n and every m € (jn_1,jnl;

P(M 25> < (1/g2)P (M zsl+n>. (3.14)

m aipn]
Since limy, o0 Jn/jn—1 = B, it follows from (3.14) and (3.13) that, for some sufficiently large
no,

i %P(lf—zuzs> S(l/fh)i Jz: %P<M261+77)

: - a
m:]no—1+1 n=ng m=jn_1+1 [ﬁn]

- 1155,
< n
<(Blw) Y P ( el > eyt
n=no
< o0.
Since € > A is arbitrary, (3.8) follows. This completes the proof of Theorem 3.

Proof of Theorem 4  Using Lemma 4 and the same argument as in the proof of Theorem 3
with some obvious modifications, for example, replacing

Sk, — 8 S
An{—” n ~ St | Z€1+n}, Bn{in LSL Sn}, n=>1

ag,, Ak,

by

Sk, — 95 S
A, = {716" Fn 1 >e1 +77}, B, = {—k"’_l > —77}, n>1,
ag ag

n n

the conclusion of Theorem 4 follows.
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