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ABSTRACT

This paper investigates the order statistics based on the moment-generating function for the
Generalized Power Function Distribution for the two different forms of this distribution. In
this paper, we continue our investigation on the distribution of order statistics assuming that
.., Yp) of size n is taken from a population that follows the
Generalized Power Function Distribution. Two different forms of the Generalized Power
Function Distribution with its special cases are presented and some order statistics related to
these different forms are discussed. The main technique is the consideration of the moment-

the original sample Y = (Y7, Y, .

generating function.

1. Introduction

The Generalized Power Function Distribution (GPFD) is
one of the useful lifetime distribution models which
offers a good fit to various sets of failure data. This
paper investigates the moment generating function
and moments for the special cases of the order stat-
istics for the GPFD by the classical method of
moment generating functions [1].
The GPFD [2] is defined as

_p(y=06_ N\
f(y)—abp< p +a> ,

0—ao <y < 6+ (b— a)o, 0 otherwise,

where p > 1, and a and b are defined as:

2
(p+1)/’°: La=Jpp+2. @

It is well known that the GPFD is a special case of
Beta (p, g) when g = 1 distribution [2].

The following is the alternative parametrization of
the GPFD [3]:
p 1

m(y —a)P’,

b

fly) = p>la<y=<b. (3
In the following, we will always assume that parameter
p > 1, and we will not specify this anymore.

Figure 1 shows the probability density function for
the GPFD for the parametrization (3) for different
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values for the shape p, scale b and location a
parameters.

2. Parametrization (3)

Let Y = (Y, Y2, ... Ys) be a random sample of size n
from a population which follows the GPFD with the
probability density function (3). Al Mutairi [4] derived
the probability density function of the r-th order stat-
istic Y, 1<r<n, Y)n<Yp < ... <Yp =< ... <Y,
obtained from this random sample in the following
form:

n\ < /n—r (— 1)
— _ )\(n—kp-1
gy"’(y)_rp(r)k;( k )(b—a)‘”k)"(y >
a <y < b, 0 otherwise.
In addition, Al Mutairi [4] derived the moment gen-
erating function for the order statistic Y, 1 <r <nas
follows:

. a] - —aul” (n—kp
My, @)= Cie {Z vl (n—k)p+v}’

k=0 v=0
(4)

where

(=D (n\(n—r
)
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Figure 1. Probability density functions for the GPFD of the form (3).

Hence the m-th moment of the order statistic Yy, is

given as:
(n—k)p— 1( n— -I>
v=0

[b(nfk)P*Ver _

ZCk

E(Y(T)) = V( ﬁ(r+k

y (—a)¥
(n—Kp—v+m
(5)

In particular, the first moment of the order statistics
Y(») is obtained by setting m = 1 in Equation (5) and this
leads to

(_ a)V[b(n—k)p—v+1 _ a(n—k)p—v-H]

n—kp—v+1

The second non-central moment M(YZ(,)) is obtained by
setting m = 2 in Equation (5). The same as in Al Mutairi
[4], we obtain

n—r
Ck(n —k)p—
E(Yz)_kgi) k( )P(n§;§1 (n_k)p_-l
n/ — (b_a)(n—k)p = v
(— a)V[b(n—k)p—v+2 _ a(n—k)P—v+2]
X

n—kp—v+2

2.1. Special case

Let a =0and b = 1 in Equation (3) to get one of the
most important special cases which is known as a
standard Power Function distribution that has
many applications. For example, see ref. [3] where
data representing the failure time in minutes of an
electrical insulation device are considered and have
been modelled as a standard Power Function
distribution.

a(n—k)pvarm] )

To derive some properties for this special case, we
consider the moment generating function of the
order statistic Y,) (Equation (4)) as follows:

— )" (n—k)p
-5 f]

k=
Z [ — k)pu
= )p + 11!

(n — k)pu? }

Tn—kp+a2 T (©)

Then, by differentiating Equation (6) and setting
u =0, the first moment (mean) w, of the order stat-
istic Yy for the GPFD with a = 0 and b = 1 is obtained
as

2(n —k)pu
_MY kZ [n kp+1+((n—k)p+z)2!+“}

d n—r (n—kp
/‘LYU) = %MY(,) (u) |u=0 = kz Ck [m] .
=0

In the same way, the second non-central moment
,u%’) for the order statistic for the Standard Power Func-
tion Distribution is computed as

n—r (n _ k)p
2 _ _
al ,(Z; C"[(n —kp + 2]

The variance o%,m of the order statistic Y, for the GPFD
with a = 0 and b = 1 can be obtained as follows:

Yo _:“g/z) (/“LY(,))Z
2
:ick 4( =k } {2 ”
= kKp+2 p p+1
(n — k)plin — k)p + 177
:;Ck —zckn— 2p2((n — K)p + 2]
[(n— K)p + 2][(n — k)p + 11




3. Alternative parametrization (1)

A special case of the alternative parametrization of the
GPFD can be obtained by setting # =0 and o= 1in
Equation (1). Then we obtain

f(y)zb—i(era)p", —a<y<b-a (7
where p is the shape parameter, b is the scale par-
ameter and a is the location parameter [3]. Moreover,
a special case of Equation (7) can be obtained by
setting a=0 and b =1 which leads to the same
formula of Standard GPFD that is discussed in
Section 2.1.

The probability density function of the r-th order
statistic Y, is given [4] as follows:

n\ <\/n—r 1
gy(”(y)zrp(r>z< t >(bn r))p(y+a)” v
t=0

—a<y<b-a 8)

See refs. [5] and [6].
With preliminaries accounted for, we can now for-
mulate and prove the following theorem.

Theorem 1: If Y, is the r-th order statistic for a sample
from the population with GPFD of the form (7), then:

(i) The moment generating function My, (u) of the order
statistic Y, Is given as:

 ~ —aulxlbul” (n—1t)p
u=>» Ge ““{ } )
; ; v (h—thp+v
(i) The first moment(mean) My, second non-central

moment ,u and the variance 0'2(” of the order stat-
istic Y,y are g/ven in [7] as

B - (n—tbp
=2 Cr(m - C’) (10)

t=0
n=t 2aln—tbp  (n—b*p
— 2 —
”LYw_;C’( (n—tp+1 (n—t)p+2>

(amn

(n—1°p? [(b —a)’

t=0
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(i) The m-th moment E(Y(’}}) of the order statistic Yy is

n—r

thn_t)p(n t)p—1

n—tp—1
=2 2 (1)
a—”
x (n—thp—v+m
X [(b — a)"= P — (— @)= OPmEm] (13)

Proof: (i) The moment generating function of the
order statistic Y, can be obtained by the considering
the probability density function

vy v —a’1 el
IV = =t (b—aP “—ar
b _
X(b—a)p(y' a)f~’, asy,<b-a. (14)
This leads to
b—a n—r
My, () = E(e”) = j e Y Cifly,) dys,
—a t=0

where f(y,) is given by

(n— k)P(Yr _ a)(nfk)pﬂ
(b _ a)(nfk)P .

f(yr) -
Then using the following substitution:
¥, = bx — a hence dy, = bdx.

The limits of integration become as follows:

yy=—a=x=0y,=b—a=x=1.

—"fc,(b—a)z] +(n—t)2p2[(b2 —4ab+3ad?) +(b—a)? +2‘§Cta(b—a) —2nfct(b—a)2]
t=0 t=0

n—r
0’,2((” = Zcr
k=0

(n—t)pl2a+ (b* —4ab+3a?)

[(n—tp+21ln—t)p+ 112

—r
ZQG +4ZCtab a)]+20 _ZZCra

t=0 (12)

[(n —l‘)P+2][(n—t)P+1]
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Thus, the previous equation becomes

— t)p[bx]"~0P~!
My, (u) = Z G j foux—au Ll "
n—r 1
= Ci(n — t)pe—auj Xy (n—0p=1 4o
t=0 0
n—r 1
= Ci(n — t)pe “j (n—t)p—1
t=0 0
bux b? J
o LR TRl e TR R o2
n—r 1 bu
= C, (n _ l') eau{ +
; t PE ln—op T —0p+ 1

b?u?
T —op+22! +}

= o-au (n — t)bpu

=2 Ce %*m—m+m!

(n — t)b?pu? }
((n—tp+22"

[bul” (n—1tp } (16)

_ZC’ _au{z vl (n—tp+v|

v=0

This formula proves Equation (9) in Theorem 1,
which provides the moment generating function
My, (u) of the order statistic Y.

(ii) The first moment (mean) Ky, for the order stat-
istic Yy is calculated by differentiating Equation (9)
with respect to u and setting u = 0:

Then, by setting u = 0, we obtain

d
/’LY(,) d MY(r ( )|Ll 0
— n—tb
=L Slmmwrie)
— (n—tp+1
which represents the first moment (mean) ., for the
order statistic Y{.

The second non-central moment M(ij)
statistics is calculated as:

of the order

d? d*My,, (u) 2g-au (n —t)bup
du? ZCT{ [ ((n—0p+1)

(n — b%u?p }
2An—tp+2)

—ae“’“[ (n—t)bp (n — t)b2up }
(h—tp+1) (h—tp+2)

—a] (n—10b%p
e Lm—m+m“'

Then, by setting u = 0, we obtain

@ _ n—t)bp
"'LY(r |u O_ZCT{ |:n—t)p+'|

(n—1tbp (n —1b’p
n—tp+1 (n—t)p+2
— { » 2aln—tbp  (n— t)b*p }
= C[ a ’
o (n—tp+1 (h—tp+2

which represents the second non-central moment ,u(z)
of the order statistic Y.

In addition, the variance af,m of the order statistic Yy,
can be calculated as follows:which represents the var-
iance oﬁm for the order statistic Y.

a7, = my — (uy,)?
o (n—13p3lb ZQ — a1+ (n— P[> —4ab+3a) +(b—aP +2 3 Galb—a)—2 Y Ci(b —
— C t=0 t=0
k; ’ [(n— Op + 21l(n — p + 1

+(n — t)p[2a + (b> — 4ab + 3a?)

n—r n—r n—r
- Y Ga*>+4Y CGalb—a)l+2a* -2 CGa?
t=0 t=0

t=0

[(n—Dp+2)ln — t)p + 112

dM \(
du

n—r
Z Cr{—ae
t=0

L(u) =

au (n — t)bpu
1
[ R

(n — Hb*pu?
n—op+ 1!

((n—1p +2)2!

2(n — t)b?pu ] }
(n—tp+220 ]

_au| (h—10bp
* [((n —0p+ 1!

(iii) Finally, the m-th moment E(Y{]) for the order

statistic is

b—a

n—r
E(Y) = j Y S Gty dy,
t=0

—a

b—a n—r (n
[ wXa
—a t=0

tply, +a)"~""!
bin—tp

dy,.



Using the binomial expansion, we obtain the follow-
ing:

ZCrn—t

a (" OP=T (n — t)p — 1
=
E(YR) = WJG ¥ Z(; ( ’ )

% avyﬁn—t)p—v—1 dyr

n—r
- gcr(n — 0P (n—tp—1 (n—tp—1
- pln—tp Zo

— 1%
v=

b—a
% q” j yﬁnft)pfvf1 +mdyr

—a

n—r
B [:Z()Ct(n — t)p (n_r)p_] (n o t)p . _I
- bln—tp Zo v

aV
X—
(n—thp—v+m

x[(b — G)(n_t)p_]H'm — (= a)(n—f)p—lH—m]'

This result proves Equation (13) in Theorem 1, which
represents the m-th moment E(Y{7) of the order statistic
Y-

Now we consider first two moments for (7). We can
obtain the first moment (mean) My, of the order stat-
istic Yy by setting m = 1 in Equation (13) as follows:

Z Ce(n (n—t)p—1 n— t -1
E (Y(r ) = ( )
b(n tp —~

-
(n—tp—v+1
x [(b— a)(nft)pfv+1 — (- a)(nft)p7v+1]_

Similarly, by setting m = 2 in Equation (13), we get:

2 t=0
E (Y(r)) pn—tip v

ZQ P (—tp—1 (n—tp—1
Fww 5 (V)
o

n—tp—v+2
x [(b — a)(n—r)p—v+2 (= a)(n—t)p—v+2]. 17)

This gives the second non-central moment ;L(Z) for
GPFD.
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4, Conclusion

In this paper, two different forms of the GPFD with its
special cases are presented and some order statistics
related to these different forms are discussed. The
main technique is the consideration of the moment
generating function.
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