Taylor & Francis
Stochastics .
Stochastics

An International Journal of Probability and Stochastic Reports

ISSN: 1744-2508 (Print) 1744-2516 (Online) Journal homepage: http://www.tandfonline.com/loi/gssr20

Complete moment convergence for arrays of
rowwise NSD random variables

Aiting Shen, Mingxiang Xue & Andrei Volodin

To cite this article: Aiting Shen, Mingxiang Xue & Andrei Volodin (2016) Complete moment
convergence for arrays of rowwise NSD random variables, Stochastics, 88:4, 606-621, DOI:
10.1080/17442508.2015.1110153

To link to this article: http://dx.doi.org/10.1080/17442508.2015.1110153

@ Published online: 27 Nov 2015.

N
C;/ Submit your article to this journal &

||I| Article views: 33

A
& View related articles '

oy

(&) View Crossmark data &'

CrossMark

Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalinformation?journalCode=gssr20

(Download by: [Universita di Pisa] Date: 13 December 2016, At: 01 :21)



http://www.tandfonline.com/action/journalInformation?journalCode=gssr20
http://www.tandfonline.com/loi/gssr20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/17442508.2015.1110153
http://dx.doi.org/10.1080/17442508.2015.1110153
http://www.tandfonline.com/action/authorSubmission?journalCode=gssr20&show=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=gssr20&show=instructions
http://www.tandfonline.com/doi/mlt/10.1080/17442508.2015.1110153
http://www.tandfonline.com/doi/mlt/10.1080/17442508.2015.1110153
http://crossmark.crossref.org/dialog/?doi=10.1080/17442508.2015.1110153&domain=pdf&date_stamp=2015-11-27
http://crossmark.crossref.org/dialog/?doi=10.1080/17442508.2015.1110153&domain=pdf&date_stamp=2015-11-27

STOCHASTICS AN INTERNATIONAL JOURNAL OF PROBABILITY AND STOCHASTIC PROCESSES, 2016 T I & F .
VOL. 88, NO. 4, 606-621 Ta|y ;.:r o rancis
http://dx.doi.org/10.1080/17442508.2015.1110153 aylor &Francis Group

Complete moment convergence for arrays of rowwise NSD
random variables

Aiting Shen?, Mingxiang Xue? and Andrei Volodin®

aSchool of Mathematical Science, Anhui University, Hefei, P.R. China; bDepartment of Mathematics and
Statistics, University of Regina, Regina, Saskatchewan, Canada

ABSTRACT ARTICLE HISTORY

In this paper, the complete convergence and complete moment Received 29 June 2014
convergence for arrays of rowwise negatively superadditive Accepted 15 October 2015
dependent (NSD, in short) random variables are investigated. Some KEYWORDS

sufficient conditions to prove the complete convergence and the Negatively superadditive

complete moment convergence are presented. The results obtained dependent random

in the paper generalize and improve some corresponding ones for variables; complete

independent random variables and negatively associated random convergence; complete

Variables. moment convergence
MSC SUBJECT
CLASSIFICATION
60F15

1. Introduction

Firstly, let us recall some definitions of the negative dependence. The first one is the concept
of negatively associated (NA) random variables, which was introduced by Alam and Saxena
[1] and carefully studied by Joag-Dev and Proschan [10].

Definition 1.1: A finite collection of random variables X;, X5, . . ., X}, is said to be NA if
for every pair of disjoint subsets A1, A of {1,2,...,n},

Covi{f (X :i € A1), g(Xj:je Ay} <0,

whenever f and g are coordinatewise nondecreasing such that this covariance exists. An
infinite sequence {X,,, n > 1} of random variables is NA if every finite subcollection is NA.
An array {X,;,i > 1,n > 1} of random variables is said to be rowwise NA if for all
n>1,{X,,i> 1} is NA.
The next one is the concept of negatively superadditive dependence, which is based on
the superadditive function introduced by Kemperman [11] as follows.

Definition 1.2: (cf. [11]) A function ¢ : R” — R is called superadditive if ¢ (x V'y) +

P AY) > d(x) + ¢(y) forall x,y € R, where V is for componentwise maximum and A
is for componentwise minimum.

CONTACT Aiting Shen @ shenaiting1114@126.com
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Definition 1.3: (cf. [9]) A random vector X = (X1, X, ...,X,) is said to be negatively
superadditive dependent (NSD, in short) if

E¢p(X1, X2, ..., X)) < EQ(X],X5,.... X)), (1.1)

where X}, X7, ..., X, are independent such that X** and X; have the same distribution for
each i and ¢ is a superadditive function such that the expectations in (1.1) exist.

A sequence {X,,n > 1} of random variables is said to be NSD if for every n > 1,
(X1, Xa, . . ., X) is NSD.

An array {Xp;,i > 1,n > 1} of random variables is said to be rowwise NSD if for all
n>1,{X,i,i> 1} is NSD.

The concept of NSD random variables, which was introduced by Hu [9], was based on
the class of superadditive functions. Hu [9] gave an example illustrating that NSD does not
imply negative association (NA, in short, see [10]), and posed an open problem whether NA
implies NSD. In addition, Hu provided some basic properties and three structural theorems
for NSD random variables. Christofides and Vaggelatou [5] solved this open problem
and indicated that NA implies NSD. Negatively superadditive dependent structure is an
extension of negatively associated structure and sometimes more useful than it and can
be used to get many important probability inequalities and moment inequalities. Eghbal
et al. [6] derived two maximal inequalities and strong law of large numbers of quadratic
forms of NSD random variables under the assumption that {X;,i > 1} is a sequence
of nonnegative NSD random variables with EX] < oo for all i > 1 and some r > 1.
[13] established the strong limit theorems for NSD random variables. Wang et al. [15]
obtained the complete convergence for arrays of rowwise NSD random variables and gave
its applications to nonparametric regression models. Shen et al. [14] gave some applications
of the Rosenthal-type inequality for negatively superadditive dependent random variables,
and so forth. For more details about the probability limiting behavior, one can refer to Wu
[21-23], Wu and Jiang [24], Wang et al. [16,17], and so forth. The main purpose of the
paper is to further study the complete convergence and complete moment convergence
for arrays of rowwise NSD random variables.

Throughout the paper, let {X,x,1 < k < ky,n > 1} be an array of random variables
defined on a probability space (2,.%, P), {k,,n > 1} be a sequence of positive integers
such that lim,—, o k;, = 00, and {c,,n > 1} be a sequence of positive constants. Let C
be a positive constant not depending on 7, which may be different in various places. I(A)
denotes the indicator function of set A. Denote X, = XI(X > 0).

The following concept of slowly varying function will be used in this work.

Definition 1.4: A real-valued function I(x), positive and measurable on (0, 00), is said to
be slowly varying if

I(\x) B

im =1 foreachA >0.
X—>00 l(x)

The concept of complete convergence was introduced by Hsu and Robbins [8] as follows:
a sequence of random variables {U,, n > 1} is said to converge completely to a constant C
it Y > P(|U, — C| >¢) < oo foralle > 0.
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In view of the Borel-Cantelli lemma, this implies that U, — C almost surely (a.s.). The
converse is true if the {U,,,n > 1} are independent. Hsu and Robbins [8] proved that the
sequence of arithmetic means of independent and identically distributed (i.i.d.) random
variables converges completely to the expected value if the variance of the summands is
finite. Erdos [7] proved the converse. The result of Hsu-Robbins—Erdos is a fundamental
theorem in probability theory and has been generalized and extended in several directions
by many authors. Recently, Chen et al. [3] established the following complete convergence
result for arrays of rowwise NA random variables.

Theorem 1.1:  Let {X,;,1 < i < ky,n > 1} be an array of rowwise NA random variables
and {c,, n > 1} be a sequence of positive constants. Suppose that the following conditions
are satisfied:
(i) foreverye >0,
o0 n
D) P(Xuil > 6) <0, (12)

n=1 i=1
(ii) for some§ > 0, there exists ] > 1 such that

J
00 kn
D e | Y] VarXul (1Xnl < 8)) | < oo. (1.3)

n=1 i=1

Then for any & > 0,

o0

E c,P| max
1<m=<ky,

n=1

Chow [4] generalized the concept of complete convergence and introduced the concept
of complete moment convergence, which is more general than complete convergence. Let
{Zn,n > 1} be a sequence of random variables and a,, > 0, b, > 0,q > 0. If

D i — EXpil (1Xi] < 8)| > e) < o0, (1.4)
i=1

oo
> anE(b, | Zal — £} <00 foralle >0,
n=1

then the above result was called the complete moment convergence.

Chow [4] obtained the following complete moment convergence result for i.i.d. random
variables.
Theorem 1.2:  Suppose that {X,,n > 1} is a sequence of i.i.d. random variables with
EX; = 0,a >1/2,p > land ap > 1. IfE[|X;|P + |X1]1log (1 4 |X1|)] < o0, then for all
e >0,

1<j<n

o j
Z n®P=27*F ! max ZXk —en*} < oo. (1.5)
n=1 k=1 +
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Wang and Zhao [19] extended the result of Theorem 1.2 for i.i.d. random variables to
the case of NA random variables, and obtained the following result.
Theorem 1.3: Let {Xy,k > 1} be a sequence of NA random variables with EX; = 0.
Suppose that there exists a constant C > 0 such that supy..; P(|Xi| > x) < CP(|X| > x) for
all x > 0. Let I(x) > 0 be a slowly varying function as x — oo. If fora > 1/2, ap > 1 and
1 < q<p, EIXIPI(IX|"%) < oo, then

- q
00 ]
ZnaP—Z—aql(n)E max ZXk —en®} <oo foralle > 0. (1.6)
n
n=1 k=1

I5j<
+
Wu [25] improved the result of Theorem 1.3 under weaker conditions. Inspired by

Chen et al. [3], Wang and Zhao [19] and Wu [25], we will extend and improve the results
of Theorem 1.3 for NA random variables to the case of NSD random variables.

2. Preliminaries

To prove the main results of the paper, we need the following important lemmas. The first
one is a basic property for slowly varying function, which was established by Bai and Su
(2].

Lemma 2.1:  Ifl(x) > 0 is a slowly varying function as x — oo, then

(i) limy_ oo l(f(;“)”) for each u > 0;

(i) limg—s oo SUPk<pcpk+1 ll((z—xk)) =1

(i) limyo oo X2 1(x) = 00, limy—s 00 x °1(x) = 0 for each § > 0;

(iv) c12F1(e2k) < Z]]le V(&) < 2K 1(e2%) for every r > 0,& > 0, positive integer k,
and some constants c; > 0,cy > 0;

(v) 32k 1(e2k) < Zfik ey < C42k’l(£2k)for every r < 0,& > 0, positive integer k,
and some constants c3 > 0,¢c4 > 0.

The following one was presented by Hu [9].
Lemma 2.2: Let (X;,X5,...,X,) be NSD.

i) (—Xi1,—Xp,...,—X,) is also NSD.
(i) Ifg1,£,--.,gn are all nondecreasing functions, then (g1(X1),£2(X2), . ..,gn(Xy)) is
NSD.

Remark 2.1: Let (X;,X>,...,X,) be NSD. Together with (i) and (ii) in Lemma 2.2, we
can see that if g1,%, . ..,gy are all nondecreasing (or all nonincreasing) functions, then

(81(X1), £2(X2), . . ., gn(Xy)) are NSD.
The next one is the Kolmogorov exponential type inequality for NSD random variables,

which was established by Wang et al. [15].

Lemma 2.3: Let {X,,n > 1} be a sequence of NSD random variables with zero mean and
finite second moments. Denote S, = Y i, X; and B, = Y EX? for each n > 1. Then
forallx >0,y >0andn>1

2B, x/12y
P(maxISkIZx)§2P(max|Xk|>y)—|—8( > .
I<k<n I<k<n 3xy
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With Lemma 2.3 accounted for, we can get the following complete convergence for
arrays of rowwise NSD random variables, which is a generalization of Theorem 1.1. The
proof is similar to that of Theorem 1.1 or Lemma 3.1 of Shen [12]. So we omit the details.

Lemma 2.4: Let {X,;,1 < i < ky,n > 1} be an array of rowwise NSD random variables
and {c,,n > 1} be a sequence of positive constants. Suppose that the following conditions
are satisfied:

(i) foreverye >0,

00 ki
> en Y P(IXul > ) < 00, 2.1)
n=1 i=1

(ii) for some§ > 0, there exists ] > 1 such that

J
00 kn
Doan | Do Varul (Xl < 8) | < oo. (22)

n=1 i=1

Then for any & > 0,

o0

E c,P| max
1<m<ky,

n=1

m
> i — EXuil (1Xi| < 8))
i=1

> e) < Q. (2.3)

The following concept of stochastic domination will be used in this work.

Definition 2.1: A sequence {X,,,n > 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a positive constant C such that

P(|Xn| > x) = CP(IX] > x)

forallx > 0and n > 1.

By the definition of stochastic domination and integration by parts, we can get the
following property for stochastic domination. For the details of the proof, one can refer to
Wu [20] or Wang et al. [18].

Lemma 2.5: Let {X,,n > 1} be a sequence of random variables which is stochastically

dominated by a random variable X. For any a > 0 and b > 0, the following two statements
hold:

E|Xu|*I (1Xa| < b) < Cy [EIX|*I (IX] < b) +b*P (IX] > b)], (2.4)
E|Xa|*I (1Xn| > b) < GEIX|*I (1X| > b), (2.5)

where Cy and C, are positive constants. Consequently, E|X,|* < CE|X|%, where C is a
positive constant.
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3. Main results and their proofs

Our main results are as follows.

Theorem 3.1: Letq > 1, {Xk, 1 < k < kn,n > 1} be an array of rowwise NSD random
variables, and {c,,n > 1} be a sequence of positive constants. Suppose that the following
conditions are satisfied:

for every e > 0,

kn

(0.¢]
> e Y EIXukl (| Xkl > €) < o0, (3.1)
n=1 k=1

(ii) for some§ > 0, there exists n > q such that

n

ch ZEX2k1(|X,,k| <8 | <o, (3.2)
n=1
and
kn s
> EIXullI (|Xnk| > ) — 0, asn— 0o. (3.3)
Pt 128n

Then forall e > 0,

m q
3 Kok — EX I (X k| < a))‘ - e} < 0. (3.4)
=1 +

o0
Z cyE { max
n=1

1<m<ky,

Proof: For fixed n > 1, denote S, = Z,T:l Xk — EXull(| Xkl < 6)) for m =
1,2,...,k,. For any fixed ¢ > 0, without loss of generality, we may assume that 0 < & < 4.
It is easily seen that

q > 00
ch { max |S;, |—e} =chf P(max |Sm|—8>t1/q)dt
1<m=<ky, + 0 1<m=<ky,

n=1

81 0
|:/ ( max |Sm|>8+t1/q>dt+/ P( max |Sm|>8+tl/q)dt:|
— 1<m<kn 89 1<m<ky

S 00
q 1/q
(SZC,, (irrlnag( |S|>8)+ch/q P(max [Sim| >t )dt

1<m=<k
n=1 8 =

—-f{1+-fb. (3.5)

Mg

In order to prove (3.4), we only need to show that H; < oo and H, < oo. Noting that (3.1)
implies (2.1) and (3.2) implies (2.2), we have H; < oo by Lemma 2.4. In the following, we
will show that H, < oo.
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For t > 89, denote for 1 < k < k,, and n > 1 that

Yok = —tY91(Xop < —tY9) + XL (1 Xi| < £19) + Y90 (X > £1/9),
Zk = =t X < —19) + £/ (X > £1/9).

It is easily seen that
P( max |Sp| > tl/q) =P< max S| > tY9, | X,k > t/9 forsomel <k < kn>
1<m=<k, 1<m=<ky,

+P( max |Sy| > tY9, |X,x| < tY/9 foralll <k <k,

l<m=ky

kn m
<Y P Xl > £1/9) +P(1$1a<xk D I (1 Xk] < £19)
k=1 T k=1

> tl/q>,

— EXpI (1 Xk| < 8))

which implies that

o0 kn 00
H; = ZC"Z/ P (1 Xkl > t"/4) dt

n=1 =1 51

o o0
Yay — 1/q
+;cn/6q P<1£}31a<x Z(X J( Xkl < YD) — EX i I (1 Xk < 8)| >t )d
= H3 H4

It follows by (3.1) that

00 kn
Hsy <Y cn Y EXul (1 Xkl > 8) < 0.
k=1

n=1

To prove H, < 0o, it suffices to show Hy < co. For t > 89, we have

> tl/q)

Z (Yok — EYuk — Zuk + EZuk + EXpI (8 < [ X| < £179))

Z Kk (Xe| < £179) = EXp I (|Xpk| < 8))

P| max
1<m<ky,

<l<m<kn
(l<m<kn

+ max
1<m<k,

Z (Yuk — EYnk — Zuk + EZyk)

ZEXnkua < Xkl < £19)

(3.6)
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It follows by (3.3) that

max ¢~ '/9 max ZEXnkI(5 < Xl < tY9)

t>684 1<m<ky, -
kn
< —1/q 1/q
< max ™17y TE|XulI(3 < Xl < £'/%)
- k=1
o Xl
<max } EZRUs < Xl < £1/9)
t>54
k=1
kn
<871 EXulUI(1 Xl >8) — 0, as n— oo,
k=1

which yields that for all n large enough,

t1/4
max < - forall t > §gq.

1<m=<k,

ZEXnkI@ < Xl < £1/9)

Combining (3.6) and (3.7), we can get that for all n large enough and t > §gq,

Z(Ynk EY,) — Z(an—Eznw >t1/‘1/2)
k=1

t1/4
>— ] +P| max
4 1<m=<k, P

t1/a
>— dt
tl/q
>—>dt
4

Z Xk (Xk| < £179) = EXpi I (1 Xk| < 8))

P max
1<m<

< P| max
1<m<k,

< P| max
1<m<kn

Therefore,

Z (Yok — EYy)
k=1

Y Zuk — EZur)

k=1

S o0
Hy <C c Pl ma
‘= ; n./(;q (lfmkan
0 00
+ c;cn fs P (&f‘i‘kn kX_‘:(Ynk — EY )

= CHs + CHe.

It follows by Markov’s inequality and (3.1) that

Hs < CZCnZ/ t~V9E| Zp|dt < czan/ P(1X| > tY/9)dt
n=1 n=1

Z ZE|Xnk|‘11(|Xnk| > §) < oo.

n=1 k=1

Z (Zuk — EZyp)

(3.7)

tl/q)
> —1.
4

(3.8)



614 A.SHEN ET AL,

Next, we will prove Hg < oo. Denote B, = Zi”zl E(Y,x — EY,0)2. It is easily seen that
for fixed n > 1, {Yx — EYyk, 1 < k < ky} are still NSD random variables by Lemma 2.2.
Applying Lemma 2.3 with x = t'/9/4 and y = t'/4/(48n), we have

Hg < Cch/ < max |V, — EY,i| > tl/q/(48n)>

1<k<ky,
oS [ (B
C
= s \#2/
= CH; + CHj.

By (3.3), we can see that for all n large enough,

fn 8 o 5 1
P | Xkl > — E| Xl [ X k| > < —,
; (| k| > ) Z | Xk | <| wkl > ) 5T

which implies that for all n large enough,

max max ¢t V9EY,| <max max ¢ V9E|Y .l

>89 1<k<ky, >89 1<k<k,
< max max [t_l/qE|Xnk|I(|Xnk| < 8/128n)
>89 1<k<ky,

+ t VB X, [ 1(8/1281 < |Xuk| < tY/7) + P(|Xpi| > tV/9)]

max max [t1/98/128n + P(|Xu| > 8/128n) + P(1 Xkl > tY/9)]
1>69 1<k<k,

k

1 $ .
E P 1Xul > Y P(IXukl > 8
1280 + (I nkl > o )+H (1Xnk| > 8)

<! +2ZP|X|> L
= 1287 "7 1280 ) S ean

Hence, we can get that for all n large enough,

IA

IA

t1/4 g
max E|Y,; | < —, t> 4% 3.9
1<k;§ Yokl 64n - (39)

Noting that |Y,x| < |X,«|, we have by (3.9) and (3.1) that

H; < Cch/ P< max | X,x| > @>dt

—1 54 1<k<k,

oo kn 00 tl/q
<C c X > —— | dt
<cy nZ/M (| il > )

n=1 k=1

kn

9]
)
<CY en) EXul'l (|Xnk| > 92n> < 00,

n=1 k=1
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Since n > g > 1, it follows by the C,-inequality that

n

00 00 0 ) kn
HozcY o [ @myar=cy e [ |y e a
n=1 v n=1 v k=1

B kn kn 7
2N EXHI( Xl < tV9) + Y P (1Xg| > £1/9) | dt
k=1 k=1

- . .
21N EXEI( Xl <6) | dt
k=1

B k
o0 n
Y EXpd (8 < (Xl < £1/9) | dt
n=1 k=1

00 oo | kn g

+CY e [ 3Pl > ) | ar
n=1 a1 | k=1

= CHg; + CHg; + CHgs.

Noting 1 > g, we have by (3.2) that

k n

o0 n [e.¢]
Hs1 = C) on | Y EXpI(Xuk| <9) fM £ 2/adt

n=1 k=1
k n

o0 n
<CY o | DOEXZI(Xul <8) | < oo
n=1 k=1

Noting that

k k

D EXuklI( Xkl > 8) < 871> E[Xui |1 (1 X > 8)
k=1 k=1
k

Z 1)
< 8" CE|Xu il (|Xnk| > —)

k=1 1281

— 0, as n— oo,

which together with (3.3) yields that for all n large enough,

k

> EXuklI(1Xpi| > 8) < 1. (3.10)
k=1



616 A.SHEN ET AL,

Hence, we have by n > g > 1, (3.10) and (3.1) that

3 n
OO
Hs, = CZC” _l/qZE|Xnk|I (8 < 1Xul < t"9) | dt

3

n

o0
ZEIXnk|I<|Xnk|>a) / R
81

Mg i Mg i
M»/—\

IA
@)

E Xk [I(1Xpk| > 8)

3
Il
—
~
5 Il
—

|Xnk|q1(|Xnk| > §) < oo.
k=1

A
o
M8

3
Il
—

For t > §4, it follows by (3.10) that for all # large enough,

n le n
D P(Xukl > V) <Y T P(Xkl > 8) < Y EXuklI(1 Xkl >8) < 1. (3.11)
k=1 k=1 k=1

By (3.1) again and (3.11), we have

00 oo kn
Hg < C :cn/ > P(Xul > tV/)dt
84
n=1 k=1

00 ky,
<CY en ) EIXulI(Xul > 8) < 0o.
k=1

n=1
This completes the proof of the theorem. O
Remark 3.1: For fixed n > 1, denote S,,, = ka:1 Xk — EXop I (1 Xk < 6)) form =
1,2,...,k,. Under the conditions of Theorem 3.1, we have for any ¢ > 0,

ch ( max |S | >8> Q. (3.12)
1<m<k
This can be obtained by the following inequality:
q o 00
ZCHE{ max |Sm|—s} =ch/ P( max |Sm|>s+t1/q>dt
1<m<k, + 0 1<m<k,
oS &l
> P Sl > e+ t11) dt
_chfo <1$1akanlml + )

o0
> g c,P| max |S,] >2¢].
> 61 ¢y <1§m§kn| - )
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Hence, we can see that the complete moment convergence (3.4) is stronger than complete
convergence (3.12).
With Theorem 3.1 accounted for, we can get the following important corollaries.

Corollary 3.1: Let g > 1, {Xp, 1 < k < ky,n > 1} be an array of rowwise NSD random
variables with mean zero, and {c,, n > 1} be a sequence of positive constants. Suppose that
foralle >0 andsome§ >0, n > g, conditions (3.1), (3.2) and (3.3) hold. Then for all ¢ > 0,

00 m q
chE {12na<xkn ZXnk - e} < 00, (3.13)
n=1 k=1 +
and
o0 m
chP (élzgkn ank > e) < 0. (3.14)
n=1 k=1
Proof: 1t follows by EX,x = 0, (3.1) and (3.3) that
max ZEXnkam =8| = max ZExnkanu >3)
ky
< > EIXulI(Xk] > 6)
k=1
kn
< 8171 ElXuk (1 Xuk| > 6). (3.15)
k=1

Note that for any real numbers a, b, ¢, the following inequality holds:
(la+ bl = leh™ < (lal = [eh™ + |b].

The desired result (3.13) follows by the inequality above, C,-inequality, (3.15), (3.1), (3.3)
and (3.4) immediately.
Noting that

o0 m

E c,E{ max E X,
1 " {lfmfkn n nk

n= k=

>8+t1/q) dt

1 + n=1
00 &l
> C p max X >e+ Y1) dr
=3 [ (e S o
n=1 k=1
o0
> g c max Xkl > 2¢e
2;” (1<m<knz " )
n=

which together with (3.13) yields (3.14). This completes the proof of the corollary. O
By using Corollary 3.1, we can get the following corollary for sequences of NSD random
variables.
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Corollary 3.2: Letoa >0, ap >0, q > 1 and {Xi, k > 1} be a sequence of NSD random
variables with mean zero. Let [(x) > 0 be a slowly varying function as x — oo. Suppose that
the following conditions are satisfied:

(i) foreverye >0,

o0 n
> " n®P72(n) Y E|Xy|U(|Xk| > en*) < oo, (3.16)
n=1 k=1

(ii) for some § > 0, there exists n > q such that

[e¢) n n
DNl () (Z EXPI(|Xk| < W)) < 00, (3.17)
n=1 k=1
and
n
n~*1Y " E|Xi91(1Xk| > n%8/128n) — 0, as n — oo. (3.18)
k=1

Then for all e > 0,

00 m q
Z n*P=2=%4](n)E { max ZXk - sno‘} < 00, (3.19)
1<m<n
n=1 k=1 +
and

[e.e] m
Z n*P~2l(n)P | max ZXk >en® | < co. (3.20)
n=1 1=m=n k=1

Proof: Taking ¢, = n*?=21(n), k, = n, and replacing X,k by Xix/n* for 1 < k < n
and n > 1, we can get (3.19) and (3.20) by (3.13) and (3.14), respectively. The proof is
completed. O

By using Corollary 3.2, we can get the following result for sequences of NSD random
variables which are stochastically dominated by a random variable X.

Corollary 3.3:  Let {Xy, k > 1}be a sequence of NSD random variables with mean zero,
which is stochastically dominated by a random variable X. Let I(x) > 0 be a slowly varying
function as x — oo. Iffora > 1/2,ap > land 1 < q < p, E|X|P1(|X|"/*) < oo, then for all
g >0, (3.19) and (3.20) hold.
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Proof: Wewill show that the conditions of Corollary 3.2 are satisfied. Take n > max{g, gg :}}.

Firstly, we will show that (3.16) holds for any & > 0. It follows by Lemma 2.1, Lemma
2.5and E|[X|PI(|X|'/*) < oo that

o0 n
D P2l (m) Y " EIXi [T (1Xk| > en®)

n=1 k=1

o0
< CY n*P~ 1 Um)E|X|U(|X| > en®)

n=1

< CY @)PUREIX|U(X] > £(29)%)

s=1

o0 m
<C Z E|X|9I(e2™ < |X| < e2(m+De)y Z (2°)4P~4](2%)

m=1 s=1

o0
< C Z (zm)ap—aq1(2m)E|X|ql(82ma < |X| < 82(m+1)a)

m=1

o0
<C Z IQ™E|XPI(e2™ < |X| < 20Dy
m=1

< CEIX[P1(1X]"*) < oo,

which implies (3.16).
Next, we will prove (3.17). It follows by Lemma 2.5 again and C,-inequality that

[e%e] n n
Z neP—2=200] (1) (Z EXZI(|1X;| < Sn“))
n=1

k=1

< CY n*PTERm ) [EXPI(X| < 8n%)]"

n=1

+C Y n P UmIP(X] > 1))
n=1

= CJ1 + CJ,. (3.21)
If 1 < p <2, wehave
[EX?I(IX] < 8n*)]" < Cn>P*1(E|X|P)",

and thus,

I < CZ n~ 1= @P=DO=D 1) (E1XP)" < . (3.22)

n=1
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If p > 2, then [EX2I(|X] < én%)]" < oo. Noting that ap — 2 — 2 — 1)1 < —1, we have

Ji=Y P2 n) [EXPT(1X| < 8n*)]" < oo. (3.23)

n=1

It follows by Markov’s inequality that
(o.¢]
Jo < C Y n* P72 (n) (E|X|P)"
n=1
o0
=C Y n 17 DO=D 1) (E|X|P)" < oo, (3.24)
n=1

By (3.21)-(3.24), we can see that (3.17) holds.
Finally, we will prove that (3.18) holds. Noting that g < p,ap > 1 and E|X|P < oo, we
have by Lemma 2.5 that

n
n~ 1Y " E|Xi91(|Xx| > n%8/128n) < Cn'"“UE|X|9I(1X| > n*8/1281)
k=1
<Cn'"EIXIP > 0, as n— oo,

which implies (3.18). The desired result follows by Corollary 3.2 immediately. This com-
pletes the proof of the corollary. 0

Remark 3.2: We point out that the conditions of Corollary 3.2 are much weaker than
those in Corollary 3.3. Hence, the results of Corollaries 3.1 and 3.2 generalize and improve
the corresponding one of Theorem 1.3.
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