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1. Introduction

Probability limit theorems are crucial for making advances in mathematical statistics and its applications.

Un

In the current work, we establish degenerate mean convergence theorems for weighted sums > ap(Xpr —
k=u,

EX,k),n € N arising from an array {X,x : u, < k < wv,,n € N} of Banach space valued random elements

and an array {ang : un, < k < wv,,n € N} of real numbers where N is the set of positive integers.

The concept of uniform integrability plays an important role in the area of probability limit theorems.
For example, it is important for relaxing the condition of identical distribution in the case of weak laws of
large numbers. In such area, this condition operates as an additional condition to yield the most important
modes of convergence. Thus, it is well known that convergence almost surely (a.s.) (strong convergence) or
convergence in probability (weak convergence) do not imply mean convergence; but convergence in proba-
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bility with the additional condition of uniform integrability implies mean convergence. Thus, convergence
a.s. when combined with uniform integrability implies mean convergence. Moreover, in summability theory
there are various applications of uniform integrability [7,14].

A sequence {X}, : k € N} of random variables is said to be uniformly integrable (see, e.g., [4]) if

Jlim zggEle\f{\ch} =0

where E is the expectation operator and I is the indicator function. In [10], this concept was generalized to
the concept of {ayn }-uniform integrability: Let {a,i : n,k € N} be an array of real constants such that

sup Z |ank| < oo. (1.1)
nEN peN

A sequence of random variables { X}, : k € N} is said to be {an }-uniformly integrable if

lim sup Z |ank\E|Xk\I{\Xkl>c} =0.

Cc— 00
neN L oN

In the particular case of the Cesaro array

l, k<n
n =~
Upk =

0 , otherwise

{ank }-uniform integrability reduces to Cesdro uniform integrability [2].
2. Preliminaries

Throughout this paper, all random elements are defined on a fixed but otherwise arbitrary probability
space (2,G, P) and take values in a real separable Banach space (), ||-||). We consider that ) is equipped
with the Borel sigma algebra o(Y) of the norm topology. A random element X in Y is a G-measurable
function from € to the measurable space (Y, 0())). The expected value or mean of a random element X,
denoted by EX, is defined to be the Pettis integral provided it exists.

A sequence {X}, : k € N} of random elements is said to be compactly uniformly integrable [5,6] if for any
€ > 0 there exists a compact subset K of ) such that

sup E || Xg]| Iix.¢xy <e.
keN

Similar to the extension of uniform integrability to {a, }-uniform integrability, the concept of compact
uniform integrability has been generalized to {a,j }-compact uniform integrability: Let {a,r : n,k € N} be
an array of real constants such that (1.1) holds. A sequence { X} : k € N} of random elements is said to be
{ang }-compactly uniformly integrable [11] if for any & > 0 there exists a compact subset K of ) such that

sup > |ank| E || X5 Iix, ¢xy < &
neN EeN

All of the above definitions can be extended to an array of random variables or random elements
{Xnk : up <k <w,,n € N} where u,, v, are integers with v, > u, for any n and v,, — u,, — 00 as n — oo
(see, [13], [12]). A new type of uniform integrability which generalizes {a,}-compact uniform integrabil-
ity and which is weaker than Cesaro uniform integrability was defined as follows: Let {h(n) : n € N}
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be an increasing sequence of positive constants with lim h(n) = oo. The array of random variables
n—oo
{Xnk : up <k <w,,n €N} is said to be h-integrable with respect to the array {a,} [13] if

Un

(i) sup Z ‘ank“E ‘Xnk‘ < 00

neN k=u,

Un,

(i) lim > |ane] E [ Xkl Ijx,uishmy = 0.

k=un
Note that, in a metric space any compact set is totally bounded. Therefore, if K is a compact subset in

a metric space, then for any € > 0, K can be covered with finite number of open balls with radius of ¢.
Throughout this study, without loss of generality we assume that the center of each open ball belongs to
the compact set itself and we denote by N(K,e) the minimal number of open balls with radius of & with
centers from K needed to cover K. In the literature, this number is called the e-covering number (see, e.g.,
).

In this paper, we introduce a new type of uniform integrability for arrays of random elements taking
values in real separable Banach spaces which is a generalization of the notion of the concept of h-uniform
integrability. We give some degenerate mean convergence results via this new type of uniform integrability
in real separable Banach spaces. Moreover, we study some degenerate mean convergence results in real
separable Hilbert spaces. Let Z denote the set of integers (not necessarily positive). Throughout this study,

we assume Uy, v, € ZU{—00, 00} with v,, > u,, for any n € N and v,, —u,, — 00 as n — o00. In Theorems 1-3,
Un

if u,, = —o0 or v, = 0o, for any n € N, we assume that the series Z ank(Xnk — EX,k) converges a.s.

k=u,
We will point out how our results relate to various uniform integrability results in the literature and how

some of them (or special cases of some of them) follow from our results.

Definition 1. Let {K,, : n € N} be a sequence of compact subsets of Y and let {ant : up, <k <wv,,n € N}
be an array of real numbers such that

vy
sup Z lank| = M < oc. (2.1)
neN k=,

Then an array {X,i : up < k <wv,,n € N} of random elements taking values in Y is said to be {K,}-
compactly uniformly integrable with respect to {ai} if

Un
(i) sup Z |ank| E || Xnk|] < oo

neN k=,

Un

(ii) nh_{{.lo Z |ank‘ E HXnkH I{XnkééKn} =0.

k=un,

Remark 1. In Definition 1, the sequence of compact sets {K,, : n € N} can be considered as non-decreasing,
because the finite union of compact sets is compact. Hence, in this paper, we assume that {K,, : n € N} is
a non-decreasing sequence of compact subsets of ).

The following remark shows that h-integrability with respect to {a,x} is a particular case of {K,}-
compact uniform integrability with respect to {anx}-

Remark 2. If an array of random variables { X, : u, < k < v,,n € N} is h-integrable with respect to the ar-
ray {ank }, then it is { K, }-compactly uniformly integrable with respect to {a,x} where K,, = {¢ : |t| < h(n)}
for any n € N. Therefore, h-integrability is a special case of { K, }-compact uniform integrability with re-
spect to {ank}.
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Note here that, since h(n)  co we have that §(K,,) / co as n — oo where ¢ denotes the diameter of a set
in the Banach space (), ||-||). However, we do not need this condition in general in the current study.

The following lemma is used in the proofs of our theorems.

Lemma 1. Let {K,} be a sequence of compact subsets of Y and let { X, : up < k < wvp,n € N} be an ar-
ray of random elements such that X, takes values in K, for each n € N and for each u, < k < v,.

Then for any € > 0 and n € N there exist {xgn) 1< < N(Kn,e)} C K, and a disjoint family

{A;n) 1< < N(Kn,e)} of Borel subsets of Y such that for any n € N and any u, < k < v,

| Xnk(w) — Znk(w)|| < &, for any w € Q

where for any n € N and any u, <k < v,,

N(Kp,e)

_ (n)
an— ; :L‘j I{Xnk€A§"’)}'

Proof. Let £ > 0 and n € N. As K, is totally bounded there exists {J;g") 1< < N(K,L,s)} C K,, such
that

N(Kp,e)
K, C U B(x§-n),€).
j=1

If we set
A =K, n B(m;-n), €)
A;n) =K,N {B(x;n),s)\]DllB(xg"),e)} ,2<j < N(Ky,e)
i=
then it is easy to see for any n € N and any u,, < k < v, that
| X nk(w) — Znk(w)|| < e, for any w € Q. O
3. Degenerate mean convergence in Banach spaces

In this section, we establish some degenerate mean convergence theorems for weighted sums from arrays
of random elements with the help of {K,}-compact uniform integrability with respect to {anx}. In the
following degenerate mean convergence theorem, the array is comprised of rowwise pairwise independent
random elements; that is, the random elements from the same row are pairwise independent but there are
no independence or dependence conditions imposed on the random elements from different rows.

Theorem 1. Let {ani : up <k <wv,,n € N} be an array of real numbers such that (2.1) holds and let
{Xnk i un <k <wvp,n €N} be an array of rowwise pairwise independent integrable random elements. If
(i) {Xnr} is {Kn}-compactly uniformly integrable with respect to {ani},

(ii) for any e >0

Un
lim N2(K,,e)h*(n) > al =0,
k=u,
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then
lim E k_z n(Xnk — EXpi)|| =0

and, a fortiori,

Un

Z ank(Xnk — IEXnk) E) O

k=u,
where h(n) := sup ||z|| for any n € N.

zeK,
Proof. Let £ > 0. By (i) there exists n; € N such that
D ekl BN Xkl Iix, g,y < /6 (3.1)

k=u,

whenever n > ni. On the other hand as XnkI{XnkeKn} takes values in K, U {0}, by Lemma 1 there exists
an array of pairwise independent Y-valued random elements

N(Kp,e)
_ (n)
Znk = Z Zj I{XnkeA§’L)}
j=1
such that
sup  sup ||XnkI{XnkeKn} — anH <e/6M. (3.2)

neN u, <k<v,
Now, by (3.1) we have for any n > n; that
Un

Z ank (Xnklix, ¢ x0) — EXnklix, ¢ K01)

k=un

E

Un

< Z lank| E HXnkI{anéKn} - EX”kI{Xnk¢Kn}H

k=uy,

<23 Jank| B[ Xkl Iix, g,
k=u,

<e/3. (3.3)

By (ii) there exists no € N such that

whenever n > ns. Thus, we have for any n > no that
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Un

E

k=un

Z ank(an - ]Ean)

N(Kn ’6) Un,

=E Z Z ankw§-n) (I{X"keA_ﬁ»”)} _EI{XnkeA_g”)}) H

1 k=un,

Jj=

N(Ky,e)

I
j=1

k;n Qnk (I{X,LkeAﬁ-")} —]EI{XMGA;_”)}> H

(by the Cauchy-Schwarz inequality)

N(Ky,e)

S
j=1

(E (,ﬁ: ank <I{X”ke,4§n>} _EI{Xn,keA;M}))z) 12

=Up

(by pairwise independence)

N(Kp,e)

< 3 [
=1

S
=1

j=

o o\ 1/2
(kz aikE ([{XnkeAg-")} _EI{XnkeAg")}) )

=Unp

Un 1/2
(&)

k=un,

Vn 1/2
< N(Ky,e)h(n) ( > aik>

(by 3.4)
< /3.

k=up,

Finally, using (3.2), (3.3), and (3.5) we obtain for any n > max{ni,ns} that

E

Y ank(Xake —EXat) | =E || Y anr (Xanlix,ngin) — EXarl(x,¢x.3)
k=u, k=u,

=" an(Zok —EZuk) + Y ank(Znk — EZnk)

k=u, k=un,
< E Z Ank (XnkI{Xnk¢Kn} - EX"kI{XnkgKn})
k=un,

+E

+E

+E

+ Z ank (Xnelix, ey — EXnrl(x, eK,})

k=un,

Un,

Un

Z Ank (Xnk:I{XnkEKn} - an)

k=un,

Un

Z ank(EXnrlix, ex,y — EZnk)

k=un

Un,

Z ank(an - Ean)

k=u,
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oM 4 E
<3+ 6M+3

=&

completing the proof. O

Remark 3. Let a € (0,00). A sequence {X}} of random variables is said to be Cesaro a-integrable [3] if

(i) sup ZE|Xk|<oo
neN T

(il) hm Z]E |Xk|I{|Xk|>k“} = 0.

Now, let {Xk} be a sequence of pairwise independent random variables that is Cesaro a-integrable for
a € (0,1/4). If we define

Xk s k S n

Xnk: = (3.6)
0 , otherwise

and K,, = [-n%,n®] for any n € N, then we have

1 1
5ZE | Xkl Iix g,y = EEE | Xkl {1, >0y
k=1 k=1

1 n
gZE ROIFIARES!

IN

for any n € N. Thus, {X,,x} is { K, }-compactly uniformly integrable with respect to the Cesaro array. So,
(i) of Theorem 1 holds. Moreover, we get for any ¢ > 0 and sufficiently large n € N that

0<N2(K 5)h2(n)zn:i< 57140‘
" n? = &2n
k=1
which yields
lim N2(K,,<)h%(n) . L
e ns 7’L2 .
k=1
So, (ii) of Theorem 1 holds. Hence, we have
li ]ElnX EXy)| = 1 ElnX EX
S B2 (X~ EX)| = lim Bo) | (Xow = BXo)
k=1 k=1
=0.

Thus, for a € (0,1/4), Theorem 2.2 (a) of [3] is a consequence of Theorem 1. Note here that Theorem 2.2
(a) of [3] holds for « € (0,1/2).

The following example, which was inspired by Example 6 of [1], shows that in Theorem 1 the condition

Un
Jim > ank | B[ Xkl Ix,ogx,y =0

k=u,
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cannot be replaced by the condition: for arbitrary e > 0, there exists a sequence of compact sets {K,, : n € N}
such that

Un,

lim sup Z lank| P(Xnk ¢ Ky) <

n—oo
k=u,

Example 1. Consider the real separable Banach space [; of absolutely summable real sequences v = {v; : i €

N} with the norm ||| = 3. |v;|. Let v*) denote the member of I; having 1 in its kth position and 0 elsewhere,

1=1
k € N. Let u, = 1, v, = n, nENandletank:l 1<k<n,neN. Deﬁneasequence{Xk k e N} of
random elements in {; by requlrlng the {X}, : k € N} to be independent with P(X; = VEkv®) = P(X} =
—VEv®) = 2\@, P(X,=0) = \/E’ k € N. Consider the array {X,; : 1 < k < n,n € N} of random

elements defined by X, = Xy, 1 S k <n,n € N. Note that

sup Z |ank| =1

neN k=1
and so (2.1) holds. Next, note that
sup Z |ank| E ”XnkH =1
neN ;T

since E || X,x|| =1,1 <k <n,n e N.
Let € > 0 be arbitrary. Let J. € N be such that

1 < ¢ and set
VI T
Ko = {0,000, o, VB, VB, T, — Tt}

Let K, = K.,n € N. Then {K,, : n € N} is a sequence of compact subsets of I. Since

1 1
P(| Xkl = VE) = ﬁ,P(HxMH =0)=1- ﬁ,l <k<n,neN,

it follows that whenever n > k > J.,
EN Xkl Iix gy = BN Xkl Ix, gy = E 1 Xk = 1.
Thus for n > J;,

f EIX = 1 n—J,
I
|ank E | nk\|I{Xnk¢Kn} > E — = o —1
k=1 k=J.+1 !

and so
nh_{T;O; |@nk| E [ Xkl Lix,,¢x,3 =0
=1

fails.
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Now for n > J;,

( ¢ K.) { 0<e J1<k<J.
P X ¢ K.) = L |
ﬁ<\/.]75*5’ k>J5

and so the sequence of compact sets {K,, : n € N} satisfies

hmsupZ\anHP nkgéK)—hmsupZ|ank|P Xnk ¢ K.)

Next, note that
h(n) = sup [lz]| = sup [z]| = /Jo < oo
zeK, reK.
and for arbitrary ¢ > 0,

N?*(Kp,e0) = N*(K.,e0) < (2J. + 1)

Thus
. - : ~ 1
nh_}rrgo N2(K.,e0)h*(n) E aZ, < nh_{r;Q(ZJE +1)%J. E s
k=1 k=1

. 2, 1

= lim (2J. + 1)°J.—

n— oo n

=0.

All of the conditions of Theorem 1 are satisfied except for condition (ii) of Definition 1.
We now verify that the conclusion of Theorem 1 fails. By the structure of the I; norm and Kolmogorov’s

theorem (see [9], p. 250) applied to the sequence of random variables {\/EI {” Xill= \/E} ke N}, it follows

that
n 2 anc
Zank(Xnk - EXnk:) = %
k=1
Z
_le=1 |l
n
Z VM ix-vi)
= - — 1 a.s.

and so the conclusion of Theorem 1 cannot hold.
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The following result establishes degenerate mean convergence for weighted sums from a { K, }-compactly
uniformly integrable array with respect to {a,i} of conditionally mean zero random elements. Note that
condition (ii) of Theorem 2 is stronger than condition (ii) of Theorem 1.

Theorem 2. Let {K,,} be a non-decreasing sequence of compact subsets of Y, let {ank : un < k <wv,,n € N}
be an array of real numbers such that (2.1) holds, let {Fnk : un <k <wvp,m € N} be an array of non-
decreasing subsigma algebras and let { X1 : up < k < wvp,n € N} be an array of integrable random elements
such that E (Xpk | Fnk—1) =0 for anyn € N and k. If

(i) {Xnr} is {Kp}-compactly uniformly integrable with respect to {ank},

(ii) for any e >0

Un

lim N (K, e)h(n) kZ jank| =0,
=Up,

then
Un
Lim E || Y anXok|| =0
k=u,

and, a fortiori,

Z anank E) 0

k=un,
where h(n) := sup ||z|| for any n € N.

zeK,
Proof. Let £ > 0. By (i) there exists n; € N such that
D ekl B[ Xkl Ix,gx,) < /6 (3.7)

k=uy,

whenever n > ny. As in the proof of Theorem 1, by Lemma 1, there exists an array of )-valued random

elements
N(Kp,e)
_ (n)
Znk = Z L I{Xw,keAg»n)}

=1

such that (3.2) holds. Now, from (3.7) and the tower rule we can write for any n > ny that

E

> ank (XonTix, ¢k, — B (Xnkl(x,02k,) |fn,k1))H

k=un,

<Y ankl B || (Kb x, g,y — B (XorT(x,¢x,3 | Frno1)) |

k=u,

k=u,
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=23 lank| E || XnrI (x50 |

k=uy

<e¢/3. (3.8)

Moreover, using the tower rule and (3.2) we have that for any n € N

> ankE (XorI(x,.ex,y — Znk | Fog-1)

k=u,

< Z |ank|E HXnkI{XnkGK } = nk” |Fn,k71))
k=u,

Un,

= > lamkl B[ Xord(x, e,y — Zok |

k=u,
<e/6. (3.9)
On the other hand, by (ii) there exists ny € N such that
N(Kn,e)h(n) Y lank] < /6

k=un,

whenever n > ns. Thus, using the tower rule we have for n > no that

E

Z ank(an -E (an | fn,k—l))H
k=uy,
k=un

N(K,,

<2 Z H (n)

Z |a”k|EI Xn eA(")}

k=u,

= 2N (K, e)h(n) i |k
k=un,
. (3.10)

Finally, using (3.2), (3.8), (3.9), (3.10), and the fact that E (X | F,k—1) = 0 we have for every positive
integer n > max{ny,ny} that

VUn
E ank:Xnk

k=un

Z Anjk (Xnk —E <Xnk | ]:n,kl))H
k=un,

<

Z Ank (XnkI{Xnk¢K"} —-E (XnkI{XnkQKn} | ]:n,k—l)) ||

k=un,

Un,

> ank (XnkIix, e,y — B (Xnkd(x,er,) | Fno1))

k=u,

+
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— Z ank(Znk — E (Znk | Frk—1))

k=unp
Un
+ Z ank(an —-E (an | Fn,kl))”
k=u,
which implies

Un

Z anank

k=u,

<

Un
Z ank (XnkI{xper,r — B (Xnkl{x,,er,} | Frk—-1)) H

k=un,

Un,

+ Z ank (XnkI{x ek, — Znk)

k=u,,

+ Z ankE (Xnklix,ern} — Znk | Fok—1)

k=u,

+ Z ank(an —E (an | fn,kl))”

k=u,
_f4c4 e
36 6 3
=€

whenever n > max{ni,ns}. Hence the proof is completed. O

Remark 4. Let { X} be a sequence of pairwise independent random variables which is Cesaro a-integrable
for o € (0,1/2). If we consider the array {X,x} in (3.6), then by taking K, = [-n®,n?] for any n € N we
have {X,x} is { K}, }-compactly uniformly integrable with respect to the Cesaro array. So, (i) of Theorem 2
holds. Furthermore, we get for any € > 0 and sufficiently large n € N that

which implies

k=1

So, (ii) of Theorem 2 holds. Hence, Theorem 3.1 of [3] is a consequence of Theorem 2. Note here that in
Theorem 3.1 of [3], « € (0,1/2) as well.

4. Degenerate mean convergence in Hilbert spaces

In this section, we provide a result on degenerate mean convergence in real separable Hilbert spaces.
Throughout this section H denotes a real separable Hilbert space.

By considering the Riesz representation theorem, we obtain the following equivalent definition of the
expected value or mean in Hilbert spaces:
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Definition 2. Let X be a random element taking values in H. If there exists z € H such that
(z,h) = E (X, h)

for each h € H then X is said to be integrable and the vector z is said to be the expected value or mean of
X. In this case we write EX := z.

Definition 3. Let {K,} be a sequence of compact subsets of H. An array {X,; : u, <j <v,,n € N} of
integrable random elements in # is said to be {K, }-non-negative if for any j, k,n

E (Xnj, Xnk) = E(XnjIix,,cx,3 Xnkl{x ek} ) -

Remark 5. Note that in the case of where H is the space of all real numbers, we have that if X,,; > 0 for
all j,n € N, then

(Xnjs Xok) 2 (XnjI(x, ek} Xnk (X 0ek,)) -
Thus, the condition of Definition 3 holds. This explains the terminology “non-negative”.

Definition 4. An array {X,; : u, < j < wv,,n € N} of integrable random elements in  is said to be nega-
tively correlated if for any j # k, and n € N,

E (Xpj, Xok) — (EXpj, EXpi) < 0.

Theorem 3. Let {ank : up < k < wvp,n € N} be an array of non-negative real numbers such that (2.1) holds
and let { X : un <k <wvp,n €N} be an array of {K,}-non-negative and negatively correlated integrable
random elements in H. If
(1) {Xnr} is { Ky }-compactly uniformly integrable with respect to {ank},
(ii) lim h(n) sup  ang | =0,

nroo Un Sk<vn
then

Un

Z ank(Xnk - IE)(nk)

k=u,

lim E

n—oo

=0

and, a fortiori,

Un

Z ank(Xnk — EXnk) £> 0

k=unp
where h(n) := sup ||z|| for any n € N.
rzeK,
Proof. We have for any n € N that
E Y ankXnk = EXpp)|| =E || Y ank(Xnk — XorI(x,cx,)
k=u, k=un

Un
+ Z ke (Xnelix,erny — EXnrl(x,nek,})

k=u,
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Un

+ Z ank (EXnrlix, ex,y — EXnk)

k=u,

Un

<2 Z ankE ([ Xkl I1x, ¢ K0}

k=u,
+E Z ank (Xnklix, et — EXunel(x,exny)]| - (4.1)
k=un,
Denote Yy1. := Xprl(x,,cKk,}- For any n € N we obtain
Un 2
0<E Z Ank (Ynk - ]EYnk)
k=u,
=K lz {a2 Yok — EYpk, Yor — EVpy)
k=u,
+ 3 an; (Yo —EYyj) ,ank (Yo — EYp))}
J#k
= 3 {a2i (E1Yarl® = 2E (Yo, EYoi) + [EYoi )
k=u,
+ 3 anjank (B (Yo, Yor) — E (V) EYop)
ik
~E (EY,;, Yng) + E (EY,;, EY,i))}
- 2 2
= 3 {a2 (E Vil = IEYoel)
k=un
+ ) anjank (E (Yog, Yor) — (Y5, EVir))}
ik
. 2
<> {alE [V
k=u,
+ Y anjank (B (Yoj, Yar) — (EYnj, EVyi))}- (4.2)
#k

We have from (i) and (ii) that

Un

0< D ank Vel

k=uy

Un
< h(n) ( sup ank> Z kB || Yok |

Up <k<vg, k—u,,

< h(n) < sup am) Z ankE || Xk

Un <k<vp, k=un,

Up <k<vp neN

< h(n) ( sup ank> <sup z”: aniE ||Xnk|> — 0. (4.3)

k=u,
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Now, we have for any n € N that

SN njank (B (Ynj, Yar) — (EY,;, EVyi))
k=u, j#k
(by {K, }-non-negativity)

Un,

<D anjank (B (Xnj, Xnk) = (EYnj, EVa))
k=un, j#k
(by negative correlation)

Un

<0 anjank (EXpj, EXni) — (EYn;, EYor))
k=u, j#k

< Z Anjank (<]Eana]EXnk'> - <EYnj7EYnk>)
Jk=un

= Z QnjQnk (<]Ean - EYnj;]EXnk> + <]EXnk - EYnka]EYnj»
Jk=un

= Y anjan ((EXnjlix, gm0, EXn) + (EXnel{x,0¢K,)> EYnj)

Jrk=un

< Z anjank |[EXn;Ix, ¢ || IEXnkl

j7k:un
+ Z Ok HEXnkI{XnkgKn} ‘ IEY; |
Jryk=un
VUn Un
- 3 s lextons gl ( 35 melexa )
J=Un k=un
+ (Z n HEXnkI{XnkgKn}H> > [EYn;l
k=un, J=Un
<2 > anE Xl | | D2 aniB 1 Xns | I, 26,y
J=un J=Un
(by (i)
— o(1) (4.4)

Hence, from (4.2), (4.3), and (4.4) we obtain

Un 2
nh—>H;o]E kz Ank (Y;Lk - EYnk) =0
which yields
lim E kZ ank (Ynr — EY1)|| = 0, (4.5)
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since convergence in Lo implies convergence in L;. Finally, considering (i), (4.1), and (4.5) we get

Un

Z ank(Xnk - IEXnk)

k=u,

lim E

n—oo

=0

thereby completing the proof. O

Remark 6. Assume that conditions of Theorem 2 of [13] hold for the Cesaro array. Then, {X,x} is h-
integrable with respect to the Cesaro array and

"1 h2(n)
1 2 _——= 1 =
nh_)ngoh (n) Z 3 nh—>H;c - 0. (4.6)
k=1
Now, let K, = [—h(n),h(n)] for any n € N. Then {X,} is {K,}-compactly uniformly integrable with

respect to the Cesaro array. Therefore, (i) of Theorem 3 holds. Moreover, as h(n) — oo for n — oo (4.6)
yields that

lim h(n) sup 1 lim hin) =0.

n—oo 1<k<n n n—oo n

Thus, (ii) of Theorem 3 holds. Hence, for the Cesaro array, Theorem 2 of [13] is a consequence of Theorem 3.

Moreover, assume that {Xj} is a sequence of pairwise independent random variables which is Cesaro
a-integrable for a € (0,1). If we consider the array {X,,x} in (3.6), then by taking K, = [n~%,n®] for any
n € N we have that {X,x} is {K,,}-compactly uniformly integrable with respect to the Cesaro array. So,
(i) of Theorem 3 holds. Moreover, from Remark 5, { K, }-non-negativity holds. Finally, we have

lim n*— =0

1
n—00 n

which yields (ii) of Theorem 3. Thus, for a € (0,1), Theorem 2.1 (a) of [3] is a consequence of Theorem 3.
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