Math 527 - Homotopy Theory
Homotopy pullbacks

Martin Frankland
March 8, 2013*

The notion of homotopy pullback is meant as a homotopy invariant approximation of strict
pullbacks, which are not homotopy invariant.

1 Definitions

Definition 1.1. Consider a diagram
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@

X —
f

in Top. The homotopy pullback of the diagram is
XxLY =X xz2"x5Y
={(z,7,y) € X x Z' x Y| 7(0) = f(x),7(1) = g(y)}

together with the projection maps making the diagram
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X X

pxl
X

N
L.<
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<)

f

commute up to homotopy. In fact, the diagram ([1.2)) commutes up to a canonical homotopy
H: X x%Y — Z from fpx to gpy given by H(z,v,y,t) = v(t).

*Updated May 8, 2017. I thank David Carchedi for discussions that helped clarify the proof of Proposi-

tion



FExample 1.3. The homotopy pullback of the diagram

$ — Y
Yo

is the homotopy fiber of f over the basepoint y, € Y

«xy X = {(y,2) € Y x X | 7(0) = yo,7(1) = f(2)} = F(f).

A map p: W — X x% Y consists of the data of maps px: W — X and ¢y: W — Y, given
by vx = pxy and py = pyy, along with a homotopy from fpx to gpy, as illustrated in the
diagram:

W

Yx Px j
X

In particular, the strictly commutative diagram

Py

XxzY — Y

S

X A

yields a canonical map
XxzV 52 X xby

from the strict pullback to the homotopy pullback, which generalizes the inclusion of the
strict fiber into the homotopy fiber.
More generally, any strictly commutative diagram

Py
R

w Y
@XL Lg
X Z

f
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yields a canonical map
W — X xby (1.4)

via the stationary homotopy of fox = gy, so that the map (|1.4)) is the composite

W= XxzY = XxLY

Another description of the homotopy pullback is the strict pullback of the path space con-
structions on f and g, as illustrated in the diagram:

1

In other words, the homotopy pullback is obtained by replacing the two maps by fibrations
and then taking the strict pullback. We will see shortly that it suffices to replace only one
of the maps by a fibration.



2 Basic properties

In order to prove Proposition [2.3 we make a short excursion into 2-categories.

Lemma 2.1. Let C be a (strict) 2-category, f: X =Y an equivalence in C, g: Y — X a
1-morphism, and n: 1x = gf a 2-isomorphism. Then there exists a unique 2-isomorphism
€: fg = 1y making (f,g,n,€) into an adjoint equivalence.

Likewise with the roles of n and € reversed.

Proof. See [4, §3] or |2, Exercise 2.2]. O

We will apply this lemma in the following 2-category.

Ezample 2.2. Consider the track category (i.e. groupoid-enriched category) of topological
spaces. Objects are topological spaces X, 1-morphisms are continuous maps f: X — Y, and
2-morphisms [H]: f = g are tracks, i.e., homotopy classes of homotopies H: X x [ — Y
from f to g rel X x OI.

Proposition 2.3. The pullback of a homotopy equivalence along a fibration is again a ho-
motopy equivalence.

Proof. Consider the (strict) pullback diagram

f/
XXBE:P E
~7?
/] |
f
X B
¥\ = //

where p: E — B is a fibration and f: X = B is a homotopy equivalence. We want to show
that f’: P — E is a homotopy equivalence. The proof will proceed in two steps:

1. Produce a map ¢': E — P satisfying f'¢' ~ 1.

2. Show that ¢’ also satisfies ¢'f’ ~ 1p, and thus ¢’ is homotopy inverse to f’.

Step 1. Let g: B — X be a homotopy inverse of f: X = B. Choose a homotopy F: B x
I — B from 1p to fg; we denote this by F': 15 = fg. Precomposing by p yields the
homotopy Fp: E x I — B from p to fgp, that is, Fp: p = fgp. Note that at time 0, the
map (F'p)o =p: F — B lifts to E to the map Fo = 1p: £ — E.

Since p is a fibration, we can lift the homotopy Fp to a homotopy F:Ex I — E with
prescribed lift at time 0, o = 1g. At time 1, we obtain a map F;: £ — E which lifts

pFL = (Fp), = fgp: E — B.



Hence, the maps gp: £ — X and .7?1: E — F together define a map ¢': E — P to the

pullback in the diagram
F1
E ,’\
AN

P —— F
gp ) l 7 l
p p
X — B.
f
By construction, the map ¢’': E — P satisfies f'¢g' = Fi~Fo=1p.

Step 2. By Lemma[2.1] there exists a homotopy G: 1x = ¢f making (f, g, G, F™""¢) into
an adjoint homotopy equivalence, i.e., an adjoint equivalence in the track category of spaces,
as in Example One of the triangle equations, the equality of tracks

[fGl=I[Ff]: f= faf,

says that there is a map A: X x I? — B whose restriction to the boundary X x 9I2 is as
illustrated in this diagram:

faf Lygs faf

fG A Ff

f 1y [

Consider the map fp’ = pf’: P — B and the homotopy fGp': fp' = fgfp’. Let G: P x
I — E be a lift of the homotopy fGp': P x I — B beginning with the prescribed lift
g() = f’i P — FE. N

Consider the map Ap’: P x I? — B, and let A: P x I? — E be a lift of Ap’ with prescribed
lift as follows. Let A C I? denote the left, bottom, and right sides of the square I?, and
consider the prescribed lift P x A — FE as illustrated in this diagram:

G Fuf!

v

Fof = f.



At the top of the square I x {1} C I?, the map pﬂ = Ap' restricts to the stationary homotopy
Lygsp = f(145y). Hence, we obtain a map into the pullback

(ypp, Alixqy): PXx T — X xg E=P
which provides a homotopy between

(gfp/,jo,l) = (gfp/,@)
and

(9f7, Avr) = (gpf', Fif') = (gp, F) f' = g'f".

On the left side of the square, we obtain a homotopy (Gp',G): P x I — P between
(Glp/7 gl) - (gfp/7 gvl)

and B

(GOpl7g0) = (plu f/) = 1P7
which proves ¢'f' ~ 1p. O
Remark 2.4. The statement of Proposition can be found in [1, Corollary 1.4]. Also, the
proposition says that the Hurewicz model structure on topological spaces is right proper,

which follows from the fact that every object is fibrant, i.e., for every space X, the map to a
point X — x* is a fibration. More details can be found in [3, Theorem 17.1.1].

Lemma 2.5. The pullback of a weak homotopy equivalence along a Serre fibration is again
a weak homotopy equivalence.

Proof. Consider the (strict) pullback diagram

f/

X xpE=P E
~7?

/| |
!

X B

where p: E — B is a Serre fibration and f: X = B is a weak homotopy equivalence. We
want to show that f': P — FE is a weak homotopy equivalence.

The map p': P — X is a Serre fibration, being the pullback of a Serre fibration. Since the
diagram is a strict pullback, the strict fibers (vertically) are isomorphic:

F r— F
f/
P FE
14 P
X B.

-
f
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By the long exact sequence in homotopy of a Serre fibration, along with the (improved)
5-lemma, f’ is a weak homotopy equivalence.

m
Proposition 2.6. 1. The natural maps P(f)xzY = X x2Y and X xz P(9) = X xLY
are homotopy equivalences.

2. If either f or g is a fibration, then the inclusion of the strict pullback into the homotopy
pullback X x 7Y — X x%Y is a homotopy equivalence.

Proof. Consider the following diagram where each square is a strict pullback:

XxzY — = P(f)xzY ——= Y

| NJ B
X xz P(g) —— XX%Y —— P(g) g
1 - |
X P(f) Z
f

and fibrations are indicated by a double arrowhead. We used the fact that the pullback of a
fibration is always a fibration, and the pullback of a homotopy equivalence along a fibration
is a homotopy equivalence, by Proposition This proves (1).

If g: Y — Z is a fibration, then X x; Y = P(f) xz Y is a homotopy equivalence. If
f: X — Zis a fibration, then X xzY = X x; P(g) is a homotopy equivalence. This proves
(2). m

Therefore, it suffices to replace only one of the two maps by a fibration in order to build the
homotopy pullback.

Proposition 2.7. If either f or g is a Serre fibration, then the inclusion of the strict pullback
into the homotopy pullback X xzY — X x%Y is a weak homotopy equivalence.

Proof. Same proof as Proposition (2), but using the fact that the pullback of a weak
homotopy equivalence along a Serre fibration is a weak homotopy equivalence, Lemma
O



3 Homotopy pullback squares

Definition 3.1. A homotopy commutative diagram

Py
W —Y
(¢ L L g

X — 7

f
is called a homotopy pullback is there exists a homotopy equivalence p: W = X xhy
satisfying pox = px and @y = pyy, as illustrated in the diagram:

ey

w

X
N
~

.

In other words, we allow a more flexible definition of homotopy pullback than the specific
construction X x% Y introduced in Definition [L.1]

Remark 3.2. A strict pullback diagram

Py

XxzY — Y

T

X A

f

is also called a Cartesian square, because it generalizes the Cartesian product, which is just
the pullback over the terminal object:

py

XxY — Y

i

X — =
In light of this, a homotopy pullback square is also called a homotopy Cartesian square.

8



FExample 3.3. By definition, the diagram

is a homotopy pullback.
FExample 3.4. If either f or g is a fibration, then the strict pullback diagram

is also a homotopy pullback, by Proposition [2.6]

Ezxample 3.5. For any map f: X — Y and basepoint y, € Y, the (homotopy commutative)
diagram

P(f) — X
| =
ho f
¢ — > Y
Yo
is a homotopy pullback.
In particular, the diagram
QX —— %

is a homotopy pullback.

Ezercise 3.6 (Pasting lemma for homotopy pullbacks). Consider a homotopy commutative
diagram

RN

and show the following statements.



1. If both inner squares are homotopy pullbacks, then so is the outer rectangle.

2. If the right-hand square and the outer rectangle are homotopy pullbacks, then so is the
left-hand square.

Proposition 3.7. In a homotopy pullback square of pointed spaces

f/
P —Y
,l—'
g ho
X

— 7
!

g

the vertical homotopy fibers are homotopy equivalent: F(g') ~ F(g).
By symmetry, the horizontal homotopy fibers are also homotopy equivalent: F(f') ~ F(f).

Proof. Consider the inclusion of the basepoints of X and Z respectively, which makes the
bottom triangle commute:

f/

P Y
|- |
g ho g

X A

— Y

|
ho g
* Z.

20

By commutativity zo = f o x¢, this is equivalent to the same homotopy pullback obtained in
two steps:

Flg) — P —= ¥
| o] ]
ho ¢’ ho g
X Z
xo f
which proves the homotopy equivalence F'(¢g') ~ F(g). O
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Remark 3.8. Strict fibers in a strict pullback are isomorphic; homotopy fibers in a homotopy
pullback are homotopy equivalent. Mixing the two notions does not work.

Strict fibers in a homotopy pullback are not equivalent in general, for example:

QX *
QX ——
_I
ho

* — X.

Homotopy fibers in a strict pullback are not equivalent in general, for example:

* %z OX

i
|

o
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4 Homotopy invariance

Proposition 4.1. A homotopy pullback of a homotopy equivalence is a homotopy equivalence.

Proof. Consider a homotopy pullback diagram

fl

P —Y
N?Lgho:lg
X .

E
f

where ¢ is a homotopy equivalence. We want to show that ¢’: P — X is a homotopy
equivalence. By definition of homotopy pullback, and since homotopy equivalences satisfy
the 2-out-of-3 property, we may assume P is any of the explicit constructions of X x2 Y so
we assume P = P(f) Xz Y. In the diagram

X —— P(f) Z.
f

the projection map py: P(f) xz Y = P(f) is a homotopy equivalence, being the pullback
of the homotopy equivalence ¢ along the fibration ev,. By 2-out-of-3, ¢’ is a homotopy
equivalence. n

Corollary 4.2. Any homotopy commutative square

PY
—_—

w Y
SOXjN glN
X Z.

!

with vertical homotopy equivalences is a homotopy pullback.
By symmetry, the same statement holds for horizontal homotopy equivalences.



Proof. Since the diagram is homotopy commutative, there is a map p: W — X x2 Y satis-
fying pxp = ¢x and pyp = @y in the following diagram:

py
— Y

ho g ~

Z

f

By Proposition [4.1], the projection px is a homotopy equivalence. By 2-out-of-3, ¢ is a
homotopy equivalence, so that the original square was a homotopy pullback. O]

Proposition 4.3 (Homotopy invariance of homotopy pullbacks). Let ¢ be a map of diagrams
as illustrated here:

Y
/
X Z ~ | ¢y
~ | ex ~ | ¢z Y’
/
X’ A

and assume that ¢ is an objectwise homotopy equivalence. That is, ¢x, py, and @z are
homotopy equivalences. Then the map induced on homotopy pullbacks pp: X x%Y — X' xh,
Y’ is a homotopy equivalence, as illustrated here:

P Y
/ _ /
ho
X Z ~ | ¢v
jad PP
jad Yz
~ | ex P’ Y’
/ _I /
ho
X'’ 7'
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Proof. By Corollary [.2] the right-hand face of the cube is a homotopy pullback. By the
“pasting lemma” [3.6] the top face followed by the right-hand face

Py
P Y Y’
|- |
ho
Yz
X Z A4

form a homotopy pullback. By commutativity of the cube, this “rectangle” is equal to the
left-hand face followed by the bottom face

P P’ Y’
| - |

ho

ox
X — X — 7

Since the bottom face
P — Y
|
ho
X — 7

is a homotopy pullback, then so is the left-hand face
P — X
|
PP ho PX
P/ I X/
by the pasting lemma[3.6] Since ¢x is a homotopy equivalence, so is ¢p by Proposition
m
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5 Weak homotopy invariance

Proposition 5.1. For any choice of basepoint zg € Z, the homotopy pullback X x% Y is
naturally the total space of a fibration:

(pxpY)

V7 —= XxbY — X xY.
Proof. The homotopy pullback can be expressed as
XY =Xxz2"xzY 2 (X XY) X(zx2) 2"
which is the strict pullback of the diagram

X xby Z1

(px.pY) { J (evo,evi)

XxY — Zx Z.
(f,9)

Since (evg, evy) is a fibration, then so is its pullback (px,py) and their fibers are equivalent.
Said fiber is the loop space {y € Z' | 7(0) = (1) = 2z} = QZ. O

Corollary 5.2. There is a Mayer-Vietoris sequence for the homotopy of a homotopy pullback:

PX+DY * fr—0x
o T(Z) — T (X XLY) — m (X))o (Y) — m(Z) — ...

Proof. Consider the long exact sequence in homotopy of the fibration from Proposition [5.1
One readily checks that the maps are as claimed. O

Proposition 5.3 (Weak homotopy invariance of homotopy pullbacks). Let ¢ be a map of
diagrams as illustrated here:

Y

/

Z ~ | ey

~ | ex ~ | ¢z Y’

/

X' A4

15



and assume that ¢ is an objectwise weak homotopy equivalence. That is, x, py, and pz are
weak homotopy equivalences. Then the map induced on homotopy pullbacks op: X x%Y —
X' x", V" is a weak homotopy equivalence, as illustrated here:

P Y
/ _ /
ho
X Z ~ Py
~ | ep
~ | ¢z
~ | ex P’ Y’
/ _ /
ho
X' 7'

Proof. The induced maps px X ¢y: X x Y = X' x Y and Qupz: QZ = QZ' are weak
homotopy equivalences. The induced map of fibrations

(pxpy)

OV —— XxbY ——= XxVY

~ l Qpz l PP ~ l PxXpy

(pX’va’)

07— X'xhY —= X'xY’

exhibits ¢p as a weak homotopy equivalence. O

References
[1] R. Brown and P. R. Heath, Coglueing homotopy equivalences, Math. Z. 113 (1970), 313-325, DOI
10.1007/BF01110331. MR0266213

[2] S. Lack, A 2-categories companion, Towards higher categories, IMA Vol. Math. Appl., vol. 152, Springer,
New York, 2010, pp. 105-191. MR2664622

[3] J. P. May and K. Ponto, More concise algebraic topology, Chicago Lectures in Mathematics, University
of Chicago Press, Chicago, IL, 2012. Localization, completion, and model categories. MR2884233

[4] M. Shulman, nLab: adjoint equivalence (2010), available at http://ncatlab.org/nlab/show/adjoint+
equivalence.

16


http://ncatlab.org/nlab/show/adjoint+equivalence
http://ncatlab.org/nlab/show/adjoint+equivalence

	Definitions
	Basic properties
	Homotopy pullback squares
	Homotopy invariance
	Weak homotopy invariance

