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The notion of homotopy pullback is meant as a homotopy invariant approximation of strict
pullbacks, which are not homotopy invariant.

1 Definitions

Definition 1.1. Consider a diagram
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in Top. The homotopy pullback of the diagram is
XY =X xz2"x5Y
={(z.7,y) € X x Z" x Y | 4(0) = f(2),7(1) = g(y)}

together with the projection maps making the diagram
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commute up to homotopy. In fact, the diagram commutes up to a canonical homotopy
H: X xbY — Z from fpx to gpy given by H(z,v,y,t) = v(t).



Example 1.2. The homotopy pullback of the diagram

| 1

¥ — Y
Yo

is the homotopy fiber of f over the basepoint y, € Y:
#xy X 2 {(v,2) € Y x X [(0) = y0.7(1) = f(2)} = F(f).

A map ¢: W — X x2Y consists of the data of maps px: W — X and ¢y: W — Y, given
by ¢x = pxp and ¢y = pyp, along with a homotopy from fpx to gpy, as illustrated in the
diagram:

w

In particular, the strictly commutative diagram

Py

XxzY — Y

T

X Z

yields a canonical map
XxzY = XLy

from the strict pullback to the homotopy pullback, which generalizes the inclusion of the strict
fiber into the homotopy fiber.

More generally, any strictly commutative diagram
Py
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w Y
@XL Lg
X Z

f
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yields a canonical map
W= Xxby (2)

via the stationary homotopy of fox = gpy, so that the map is the composite

W—=XxzY 5 Xxby

Another description of the homotopy pullback is the strict pullback of the path space construc-
tions on f and g, as illustrated in the diagram:

X

R

In other words, the homotopy pullback is obtained by replacing the two maps by fibrations and
then taking the strict pullback. We will see shortly that it suffices to replace only one of the
maps by a fibration.



2 Basic properties

Lemma 2.1. The pullback of a homotopy equivalence along a fibration is again a homotopy
equivalence.

Proof. Consider the (strict) pullback diagram

fl
XxgpbE=P E
~7?
/| |
f
X B
‘\ = //

where p: E — B is a fibration and f: X = B is a homotopy equivalence. We want to show
that f': P — E is a homotopy equivalence.

Let g: B — X be a homotopy inverse of f: X = B. Choose a homotopy H: E x I — B from
p=poidg: F — Bto gfp: E — B and note that Hy = p: F — B lifts to E' to the map
Hy=idg: E — E.

Since p is a fibration, we can lift the homotopy H to a homotopy H: ExI — E. At time 1, we
obtain a map H;: F — FE which lifts pH, = H; = gfp: E — B. Thus the maps gp: F — X
and Hy: E — E together define a map ¢’': £ — P to the pullback in the diagram

O\

g

P — F

gp /l f l
p p

X — - B.

!

One readily checks that ¢’ is homotopy inverse to f’. ]

Lemma 2.2. The pullback of a weak homotopy equivalence along a Serre fibration is again a
weak homotopy equivalence.

Proof. Consider the (strict) pullback diagram

f/

XXxplE =P E
~7

d |-
f

X B




where p: E — B is a Serre fibration and f: X = B is a weak homotopy equivalence. We want
to show that f': P — FE is a weak homotopy equivalence.

The map p': P — X is a Serre fibration, being the pullback of a Serre fibration. Since the
diagram is a strict pullback, the strict fibers (vertically) are isomorphic:

F=F
f/

P —— F

-

P P
f

X —— B.

By the long exact sequence in homotopy of a Serre fibration, along with the (improved) 5-lemma,
f" is a weak homotopy equivalence. O

Proposition 2.3. 1. The natural maps P(f) xzY = X x%Y and X xz P(g) = X xLY
are homotopy equivalences.

2. If either f or g is a fibration, then the inclusion of the strict pullback into the homotopy
pullback X xz Y — X x&Y is a homotopy equivalence.

Proof. Consider the following diagram where each square is a strict pullback:

XxzY — = P(f)yxzY ——= Y

_| = B
X xz P(lg) —— X xbY —== P(g) g
1 _
X P(f) z
f

and fibrations are indicated by a double arrowhead. We used the fact that the pullback of a
fibration is always a fibration, and the pullback of a homotopy equivalence along a fibration is
a homotopy equivalence This proves (1).

If g: Y — Z is a fibration, then X xzY = P(f) xzY is a homotopy equivalence. If f: X — Z
is a fibration, then X x,Y = X x; P(g) is a homotopy equivalence. This proves (2). O

Therefore, it suffices to replace only one of the two maps by a fibration in order to build the
homotopy pullback.



Proposition 2.4. If either f or g is a Serre fibration, then the inclusion of the strict pullback
into the homotopy pullback X xzY — X x%Y is a weak homotopy equivalence.

Proof. Same proof as (2), but using the fact that the pullback of a weak homotopy
equivalence along a Serre fibration is a weak homotopy equivalence . O



3 Homotopy pullback squares

Definition 3.1. A homotopy commutative diagram

Py
W —Y
px L L g

X — 7

f
is called a homotopy pullback is there exists a homotopy equivalence ¢: W = X xhy
satisfying px = px and ¢y = pyy, as illustrated in the diagram:

Y

w

X
N

h<

>~<
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In other words, we allow a more flexible definition of homotopy pullback than the specific
construction X x% Y introduced in .

Remark 3.2. A strict pullback diagram

Py

XxzY — Y

T

X A

f

is also called a Cartesian square, because it generalizes the Cartesian product, which is just
the pullback over the terminal object:

py

XxY — Y

-

X —— .

In light of this, a homotopy pullback square is also called a homotopy Cartesian square.



Example 3.3. By definition, the diagram

by
XxhY —— Y
| T ]
pPx ho g
X Z
f

is a homotopy pullback.
Example 3.4. If either f or g is a fibration, then the strict pullback diagram

py

XxzY — Y
I
pPx ho g
X 7
f

is also a homotopy pullback, by [2.3]
Ezample 3.5. For any map f: X — Y and basepoint yg € Y, the (homotopy commutative)

diagram
| =
ho f
x —— Y
Yo
is a homotopy pullback.
In particular, the diagram
QX —— x
| =]
ho o

is a homotopy pullback.
Ezercise 3.6 (Pasting lemma for homotopy pullbacks). Consider a homotopy commutative di-

agram

and show the following statements.



1. If both inner squares are homotopy pullbacks, then so is the outer rectangle.

2. If the right-hand square and the outer rectangle are homotopy pullbacks, then so is the
left-hand square.

Proposition 3.7. In a homotopy pullback square of pointed spaces

f/
P —Y
l_l
g’ ho
X

- 7
f

g

the vertical homotopy fibers are homotopy equivalent: F(g') ~ F(g).
By symmetry, the horizontal homotopy fibers are also homotopy equivalent: F(f") ~ F(f).

Proof. Consider the inclusion of the basepoints of X and Z respectively, which makes the
bottom triangle commute:

f/

P Y
|- |
g’ ho g
X A

i

Z.

By commutativity zy = f o xg, this is equivalent to the same homotopy pullback obtained in
two steps:

Flg) — P —= ¥
| e e ]
ho ¢’ ho g
* X A
xo f
which proves the homotopy equivalence F'(¢") ~ F(g). H



Remark 3.8. Strict fibers in a strict pullback are isomorphic; homotopy fibers in a homotopy
pullback are homotopy equivalent. Mixing the two notions does not work.

Strict fibers in a homotopy pullback are not equivalent in general, for example:

QX # *
QX —— «
_|
ho

Homotopy fibers in a strict pullback are not equivalent in general, for example:

* z OX

i
|
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4 Homotopy invariance

Proposition 4.1. A homotopy pullback of a homotopy equivalence is a homotopy equivalence.

Proof. Consider a homotopy pullback diagram

fl

P —Y
N?lghozlg
X )

 ——
f

where ¢ is a homotopy equivalence. We want to show that ¢': P — X is a homotopy equivalence.
By definition of homotopy pullback, and since homotopy equivalences satisfy the 2-out-of-3
property, we may assume P is any of the explicit constructions of X x% Y, so we assume
P = P(f) xzY. In the diagram

X ——— P(f) Z.
f

the projection map p;: P(f)xzY = P(f) is a homotopy equivalence, being the pullback of the
homotopy equivalence g along the fibration evy. By 2-out-of-3, ¢’ is a homotopy equivalence. [J

Corollary 4.2. Any homotopy commutative square

Py
—_—

W Y
Yx l ~ g l =~
X — Z
!
with vertical homotopy equivalences is a homotopy pullback.

By symmetry, the same statement holds for horizontal homotopy equivalences.

Proof. Since the diagram is homotopy commutative, there is a map ¢: W — X x2Y satisfying



pxe = @x and pyy = @y in the following diagram:

Py

Py
XY —= Y
_
ho g o~
Z.
f

By [4.1] the projection px is a homotopy equivalence. By 2-out-of-3, ¢ is a homotopy equiva-
lence, so that the original square was a homotopy pullback. O

Proposition 4.3 (Homotopy invariance of homotopy pullbacks). Let ¢ be a map of diagrams
as illustrated here:

Y

A ~ | ey

~ | ex ~ | ¢z Y’

X/

and assume that ¢ is an objectwise homotopy equivalence. That is, px, @y, and @z are homo-
topy equivalences. Then the map induced on homotopy pullbacks pp: X xbY — X' x1, V" is
a homotopy equivalence, as illustrated here:

P Y
/ _ /
ho
X YA ~ 2%
~ | ep
~ Yz
~ | ex P’ Y’
/ _I /
ho
X' 7'
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Proof. By[4.2] the right-hand face of the cube is a homotopy pullback. By the “pasting lemma”
[3.6] the top face followed by the right-hand face

Py
P Y Y’
|- |
ho
Yz
X A Z'

form a homotopy pullback. By commutativity of the cube, this “rectangle” is equal to the
left-hand face followed by the bottom face

P P Y’
| - l
ho
Px
X — X — 7

Since the bottom face
P/ Y/

| e
X — 7

is a homotopy pullback, then so is the left-hand face

P — X
|
PP ho X
P — X
by Since px is a homotopy equivalence, so is ¢p by [4.1] O
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5 Weak homotopy invariance

Proposition 5.1. For any choice of basepoint 2y € Z, the homotopy pullback X x% Y is
naturally the total space of a fibration:

(px,pY)

V7 —= XxbLYy — X xY.

Proof. The homotopy pullback can be expressed as
XxhY=Xxz2"xzY 2 (X XY) X(zx2) 2’
which is the strict pullback of the diagram

X xby 71

(pxpY) % J (evo,evi)

XxY —s ZxZ.
(f.9)

Since (evg, evy) is a fibration, then so is its pullback (px,py) and their fibers are equivalent.
Said fiber is the loop space {y € Z! | v(0) = (1) = 20} = QZ. O

Corollary 5.2. There is a Mayer-Vietoris sequence for the homotopy of a homotopy pullback:

PX % FTPY f*fg*
o Tp1(Z) —— m (X X2Y) — m (X))o (Y) — m(Z) — ...

Proof. Consider the long exact sequence in homotopy of the fibration One readily checks
that the maps are as claimed. O

Proposition 5.3 (Weak homotopy invariance of homotopy pullbacks). Let ¢ be a map of
diagrams as illustrated here:

Y
e
X A ~ | ey
~ | ex ~ | vz Y’
/
X' 7z
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and assume that ¢ is an objectwise weak homotopy equivalence. That is, vx, @y, and @z are
weak homotopy equivalences. Then the map induced on homotopy pullbacks pp: X x%Y —
X' x%, Y is a weak homotopy equivalence, as illustrated here:

P Y
/ _ /
ho
X A ~ | ey
~ YprP
~ Yz
~ | ex P’ Y’
/ _I /
ho
X' 7'

Proof. The induced maps ¢x x ¢y : X xY = X'xY" and Qup,: QZ = QZ' are weak homotopy
equivalences. The induced map of fibrations

(px,pY)

QZ—>X><}ZLY—>X><Y

~ l Qoz l Yp ~ l PxXpy
)

(Px1:Py’

Q7 —— X'X%,Y’ — X'xY’

exhibits pp as a weak homotopy equivalence. O
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