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Abstract

For the nonsymmetric algebraic Riccati equation for which the four coefficient
matrices form an M-matrix, the solution of practical interest is often the minimal
nonnegative solution. In this note we prove that the minimal nonnegative solution
is positive when the M-matrix is irreducible.
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1 Introduction

In this note we consider the nonsymmetric algebraic Riccati equation (ARE)

XCX —XD—AX +B =0, (1)

where A, B, C, D are real matrices of sizes m X m,m X n,n X m,n X n, respec-
tively, and

D —C
K= (2
B A

~—

is a nonsingular M-matrix or an irreducible singular M-matrix. The relevant
definitions are as follows.
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Definition 1 [1] A square matriz A is called an M -matriz if A = sI — B with
B >0 (elementwise order) and s > p(B), where p(-) is the spectral radius. It
is called a singular M -matriz if s = p(B); it is called a nonsingular M -matrix

if s > p(B).

Definition 2 [8] Forn > 2, an n X n matriz A is reducible if there exists an
n X n permutation matriz P such that

B C
0D

PAPT =

where B and D are square matrices. Otherwise, A is irreducible.

Nonsymmetric AREs of this type appear in transport theory (see [3-5]) and
Wiener—Hopf factorization of Markov chains (see [6,7]). The solution of prac-
tical interest in these applications is the minimal nonnegative solution.

The following general result about the minimal nonnegative solution of (1)
has been established in [2].

Theorem 3 If K is a nonsingular M -matriz, then (1) has a minimal nonneg-
atie solution S and D —C'S is a nonsingular M -matriz. If K is an irreducible
singular M -matriz, then (1) has a minimal nonnegative solution S and D—C'S
1s an M-matrix.

For the nonsymmetric ARE studied in [4,5], the matrix K has no zero elements
and the minimal nonnegative solution S is actually positive. For the nonsym-
metric ARE arising in the Wiener—Hopf factorization of Markov chains, how-
ever, a reasonable assumption would be the irreducibility of the matrix K. In
this note we prove that S > 0 whenever K is an irreducible M-matrix.
When K is an irreducible M-matrix, so is the matrix

A —B

—-C D

Thus, we also have S > 0, where S is the minimal nonnegative solution of

XBX - XA-DX+C=0,

the dual equation of (1).



The assumption that S, > 0 is needed in several main results in [2]. With
the result in this note, we see that the assumption is always satisfied when K
is an irreducible M-matrix.

2 The result

Since the matrix K in (2) is a nonsingular M-matrix or an irreducible singular
M-matrix, the matrices A and D are both nonsingular M-matrices (see [2]).
In particular, the diagonal elements of A and D are positive. Let A = A; —
Ay, D = Dy — Dy, where A; = diag(A) and D; = diag(D). We then have the
fixed-point iteration for (1)

X1 = LY XC Xy + XDy + Ay Xy + B), (3)

where the linear operator £ is given by £(X) = A, X + X D;.

Lemma 4 [2] For (3) with Xo =0, we have Xo < X7 < -+, limg_oo X = 5,
the minimal nonnegative solution of (1).

Theorem 5 If K is an irreducible M-matriz, then S > 0.

PROOF. For the iteration (3) with X, = 0, we claim that for each k£ > 0,
X1 has at least one more positive element than X does, unless X} is already
a positive matrix. Once this claim is proved, we have S > X,,,, > 0 by
Lemma 4.

Since B # 0 by the irreducibility of K, the claim is true if X; = 0. So, we
let G be a nontrivial subset of {1,2,...,m} x {1,2,...,n} and assume that
(Xk)ij > 0 for all (4,5) € G and (Xj);; = 0 for all (4,5) ¢ G (In the proof we
denote by Y;; the (i, j) element of a matrix Y.) We will show by contradiction
that X1 has at least one more positive element than X} does.

Suppose that (Xj41);; = 0 for all (4, 7) ¢ G. Then, by iteration (3),
Bij = O, (AQXk)Z] = O, (XkDQ)Z] = O, (XkCXk)” =0 (4)

for all (7,7) ¢ G. Note that

AQXk Z AQ zq Xk qga XkDQ Z Xk; zp D2 p]v
g=1 p=1



m n

(XeCXi)ijg = D > (Xp)ipCrq(Xi)gs-

g=1p=1

It follows from (4) that the following four assertions hold:
If (7,7) ¢ G, then B;; = 0.
If (4,5) ¢ G and (¢, j) € G, then (Az);, = 0.
If (1,7) ¢ G and (7,p) € G, then (D3),; = 0.
(4,5)

If (i,j) ¢ G, (i,p) € G and (¢, j) € G, then C,, = 0.

Now we define the sets
G ={r|1<r<m,(r,l)eG}, [1=12,... n.
If G, is empty for some [, we suppose that G; is empty for | = l1,15,.. .,

only. Then, for each p ¢ {ly,ls,...,ls} we can find i such that (i, p) € G. Since
(i,7) ¢ G for each j € {ly,ls,...,1}, it follows form (7) that (Ds),; = 0. Thus,

all elements in the columns lq, [, ..., [ of the matrix
Dy C
(9)
B A,
are zero except those in the rows Iy, ls, ..., . It follows from Definition 2 that

the matrix (9) is reducible. Thus, the matrix K is also reducible.

We can then assume that none of the sets G is empty. Let 1 <} <lp < --- <
ls < n be such that

Gll :G12 = :Gls :{7“1,7'2,...,7’,5}

(where 1 <ry <ry<---<r;<m)andforl € {1,2,....,n}\ {l1,l, ..., s},

|Gl’ > ‘Gll‘ and Gl 7& Gll-

Since G is a proper subset of {1,2,...,m} x {1,2,...,n}, we necessarily have
t < m. Now, by (5) we have that B;; = 0 if i ¢ {ry,ry,...,r} and j €
{l1,1s,...,1ls}. For the matrix A,, it follows from (6) with 7 = [; that (As);;, =0
ifi ¢ {ry,re,...,ri} and ¢ € {ry,79,...,r:}. For the matrix Dy, we claim that
(D2)p; = 0ifp ¢ {li,la,...,1;} and 7 € {l1,ls,...,ls}. In fact, for each



p & {l,ls,...,1ls}, we can find i & {ry,79,...,7r4} such that (i,p) € G since
otherwise we would have |G,| < |G| or G, = G|,. Since (i,7) ¢ G for this
i, (D2)p; = 0 by (7). Finally, we claim that Cp, = 0if p & {l1,12,...,l;} and
q € {r1,re,...,r:}. In fact, for each p ¢ {ly,1ls,...,ls} we can find, as before,
i ¢ {ri,re,...,r} such that (i,p) € G. For this i and each q € {ry,rq,..., 1},
(i,7) ¢ G and (q,7) € G for j = ly. Thus, Cp, = 0 by (8).

Therefore, for the matrix (9) all elements in the columns Iy, Iy, . . ., ls, n+ry, n+
ro,...,n—+r; are zero except those in the rows lq,lo, ..., [, n+ri,n+re,...,n+
r.. It follows as before that the matrix K is reducible. The contradiction shows
that X, has at least one more positive element than X does. O
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