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1. Introduction

Let M be an immersed submanifold of the Hilbert space V. Denote by
V(M) ={(x,v):x e M,vev(M),} the normal bundle and consider the end-point
map n: v(M) — V, n(x,v) = x + v. We say that M is proper Fredholm if it has a finite
codimension and

(1) the map 5 is Fredholm, i.e. its derivative at any point is a Fredholm linear map;
(ii) the restriction of 5 to any normal disk bundle of finite radius  is proper.

The notion was considered for the first time by C.-L. Terng in [13]. One of the main
ideas of her paper is that under the two hypotheses above the major problems which
occur when passing from the geometry of submanifolds in Euclidean spaces to that of
submanifolds in infinite-dimensional Hilbert space are dropped: we can manage the
spectrum of the shape operators and we can apply the classical Morse theory of
submanifolds. More precisely, if M is proper Fredholm, then the shape operator
A associated to any normal vector ¢ is compact and the squared distance function
fu: M — R, fi(x) = ||x — a|)?, satisfies the condition (C) of Palais and Smale.

A proper Fredholm submanifold M of V is called isoparametric if

(a) the normal bundle v(M) is flat with respect to the normal connection,
(b) for any parallel normal vector field £ and any p, ¢ € M, the shape operators A,
and Ag() are orthogonally conjugate.

The isoparametric submanifolds here will be always supposed as being connected
and complete.
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So far there exists only one class of examples of isoparametric submanifolds in
infinite-dimensional Hilbert space, namely the lifts of so-called equifocal submani-
folds of symmetric spaces to certain path spaces (we shall return to this in more
details in Section 5); for sake of simplicity we call them ‘lifts of equifocal
hypersurfaces’. Since the isoparametric hypersurfaces in a sphere are equifocal,
we can lift them and get an important subclass.

The main goal of our paper is to obtain descriptions of the cohomology ring of an
arbitrary isoparametric hypersurface in Hilbert space in terms of multiplicities and
characteristic classes (Euler, respectively Stiefel-Whitney) of the curvature dis-
tributions. More precisely, fix M as an isoparametric hypersurface in the infinite
dimensional Hilbert space V' and choose E_ and E, as the curvature distributions
whose corresponding curvature spheres S_, respectively S, , have the smallest radii
among all curvature spheres, m_ and m, their ranks. The antipodal maps of the
leaves S_ and S, give rise to the involutive automorphisms ¢_ and ¢_ of M.
The group W generated by them is what we call the Weyl group of M (it is really
an affine Weyl group of type 4;). The homology module of M can be easily obtained
by Morse theory applied to a nondegenerate distance function. Its critical set is a
W-orbit W.p, p € M and passing through the critical level corresponding to an arbi-
trary critical point x = w.p brings in homology a new one-dimensional direct
summand, generated by a cycle of the Bott—Samelson type. We modified the cycle
originally constructed by Hsiang, Palais and Terng in [5]; the advantage of our cycle
is that it makes use only of the spheres S_ and S,. More exactly, if

W=@,0; o @y, = (_1)1‘4-17
then our Bott-Samelson cycle at x = w.p is
F.=A(z,....,z.) e M*": 2y € S;,(p), z2 € S, (z1), . . ., zr € Si,(z,-1)},

together with u,: F, — M, u,(zy, ..., z;) = z, (it is the homology cycle u,.([F;]) which
has to be added as a generator in H,(M) after passing the critical level of x).
The map

e F— F_, mlz,...,z)=(21,...,2—1)
is a sphere bundle map and
seF_1 = Fe, sdz1, ..o, z0m1) = (21,005 Ze1, Zm1)

is a section of it. The space F, being an iterated sphere bundle, its homology module
and even cohomology ring are easily manageable. Through reasons related to the
orientability of F,, we shall take the coefficients ring R = Z if both m_ and m,
are greater than 1 and R = 7, if the contrary (of course, a simple modulo 2 reduction
will furnish the Z,- cohomology ring of M also in the first situation). In the first case,
we choose arbitrary orientations on £_ and E, and fix them. Because E. restricted to
S+ is the tangent bundle, in this way we get orientations on S..
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The following two numbers associated to M play an important role:

((Eyls ) eE_ls).  if R=Z,
(d, ) = { n(Exls ) w(E 15 ), if R = 7.

THEOREM 1.1. Put i = (—1)**'. We have

(@) H.(F)~H(S;(p)®...Q H.S;(Pp)).

(b) If&; € H™i(F,)is determined by £,([S;,]) = 0y (Kronecker delta), 1 < j, k <, then
H*(F,) is the graded commutative ring generated by &, ..., &, subject to the
relations (1 — d;;,)é% — Z;:ll di;i ;& = 0, where

s R=Z2 Ty, ifksjmo;z']Z ’

The inclusions of the chain F A F & F S A F, satisfy m o s = my,
1 <k <r, hence they make possible the definition of F = J, . | Fx and

u = limuy.
k

Through the reasons sketched above, u,: H.(F) — H,(M) is surjective, hence
u*: H*(M) — H*(F) is injective.

THEOREM 1.2. (a) Regarded as a module, H*(F) is the set of all formal homo-
geneous series Y ;o joyfiniee 17Cs, Where ny € R and Cp=¢j ... ¢, for any
J={1 <...<ji} CN\A{0}. The structure of H*(F) as graded commutative ring
is completely determined by the expression of f,zc given by Theorem 1.1 (b).

(b) Associate to any J = {j; < ... <ji} C N\ {0} the element g(J) = P Py of
W, whose length [(g(J)) is at most k. Then the ring H*(M,R) is the subring of
H*(F,R) which is freely generated as R-module by all formal series of the form

<

JCN\{0},g())=w, Card(J)=I(w)
with w € W. Consequently, H*(M, R) is uniquely determined by m_, my, d and d..
In order to obtain more concrete expressions of H*(M,R) we look, for given

m_, my, d, and d», for prototypes which are easy to manage. These will be always
lifts of equifocal hypersurfaces. In this way, we get

THEOREM 1.3. (a) If m_ # my or m_ = my > 1 is an odd number, then

H*(M, R) ~ H*(SnL x S+ x Qsm,+n1++l’ R)
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(b) If m_ =my =1, then

H*(S' x QS?, 7,), if (di,d>) =(0,0),
H*(M, 7,) ~ | H(B/T x QS°, Lo)s, if (di,dr) =(1,0),
H*(4o)T x QST, 7o), if (d1, ds) = (1, 1),

where Ay, By denote the simply connected simple Lie groups of these types, T the
corresponding maximal torus and the subscript % means that we divide by 2 the
dimensions of all generators of the corresponding ring.

Regarding the remaining case, when m_ = m, is an even integer, it seems difficult
to obtain restrictions for the integers d; and d> and then concrete formulae for the
cohomology rings. But if we restrict ourselves to lifts of equifocal hypersurfaces,
this task can be almost completely achieved:

THEOREM 1.4. Let M be the lift of an equifocal hypersurface, having multiplicities
m_ = m, even and let d and d, be the integers given by Theorem 1.1. Then

(@) It holds that d\d; € {0,1,2,3,4}.

(b) If di =dy =0, then H*(M,7) ~ H*(S" x S" x Q¥+ 7).
© Ifdy=dy =22 then H*(M,7) ~ H*(S" x QS"+ 7).

(b) If did; € {0,4} and (d, dy) # (0, 0), then

H*(M, Q) ~ H*(S" x QS"*', Q).
(c) We have

H*(A2/T x QST L)u,  if didy =1,
H*(M,7)~ { H(B:/T x QS°, L)y, if dhdyr =2,
H*(Gz/TXQSB,Z)%, lfdldz =3,

where Ay, By, Gy denote the simply connected simple Lie groups of these types, T the
corresponding maximal tori and the subscript m/2 means that we multiply the
dimensions of all generators of the corresponding ring by m/2.

We are not able to elucidate the situations d;d» = 0 and dyd> = 4. Does the first one
imply d; = d» = 0? Does the second one imply d| = d, = £2? We do not know the
answer.

Notice that such evaluations can be relevant for the following fundamental
questions:

(1) Does there exist isoparametric hypersurfaces in Hilbert space which are not
lifts of equifocal hypersurfaces?

(2) Does there exist a lift of an equifocal hypersurface in a certain symmetric space
which is not in the same time lift of an isoparametric hypersurface in a sphere?
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A positive answer to the first question could be given (Theorem 1.3) by an
isoparametric hypersurface in Hilbert space for which m_ =m, even and
dyd, > 4. As to the second question, we can easily see that the lift of an isoparametric
hypersurface in a sphere cannot lead to (di,d>) =(1,4) or to did, =0 and
(dy, dy) # (0,0) (see Proposition 5.4 (¢)). Hence it would be enough to find an
equifocal hypersurface in a symmetric space which furnishes these values of d;
and d. We couldn’t find examples able to illustrate either of these two situations
and the questions still remain open.

As a direct consequence of Theorem 1.3, we would like to notice the following
result, closely related to question 2:

COROLLARY 1.5. Let M be the lift of an equifocal hypersurface in a symmetric
space, having multiplicities m_ = m,. even. Then there exists M’ an isoparametric
hypersurface in a sphere, whose lift M’ satisfies:

H*(M,Q) ~ H*(M', Q).

Our calculations use the ideas initiated by Hsiang, Palais and Terng in [5] and
carried over by us in [7] which had as the main goal the cohomology of isoparametric
submanifolds in euclidean spaces. The proof of Theorem 1.4 involves estimations
obtained by Grove and Halperin in [4] about the rational homotopy fiber associated
to a double mapping cylinder. There are two basic facts which allow us to do that: if
M is an equifocal hypersurface in the simply connected Lie group G and M, M, are
its focal manifolds, then, by a result of [14], G is the double mapping cylinder DM
associated to the mappings M; < M — M,. Moreover, the lift of M to the Hilbert
space is homeomorphic to the homotopy fiber F of the inclusion M <> DM (for more
details, see Section 5). The basic tool of [4] is the classification of F up to the rational
homotopy type.

2. Homology of Isoparametric Hypersurfaces

Take V' to be an (always separable) infinite-dimensional Hilbert space and M C V an
isoparametric hypersurface. One of the main ingredients we need in studying the
topology of M is the so-called F-cycle associated to a critical point of a
nondegenerate distance function. The goal of this section is to describe this notion.

We begin with some basic facts of the theory of isoparametric submanifolds,
adapted to our particular case; for more details, the reader can consult [11]. Let
us denote by ¢ the unit normal vector field on M. The eigenspace decomposition
of TM, relative to the compact, selfadjoint operator A¢,), p € M arbitrary, furnishes
a countable family of distributions {E;};.;, where Ey(p) denotes the kernel of A,
and E;(p) =Ker(A4¢() — tid) is finite dimensional, for 7 # 0. The punctual spectrum
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{t;}ic7 1s obviously independent of p. We arrange the subscripts in such a way that

It turns out that every distribution E;, i # 0, is integrable and its leaf through p is the
full sphere S;(p) centered at p+ (1/#;)&(p), of radius 1/¢;, in the affine space
P+ Ei(p) ® v(M),. For a fix j # 0, the reflection ¢; of the affine line p + v(M), at
p + (1/1)&(p) leaves invariant the set {p 4+ (1/1;)E(p): i # 0} of the centers of all cur-
vature spheres through p. Consequently, the group generated by {¢;}; > | is an affine
Weyl group of rank 1 and the curvature radii can be expressed as

l_ o+ (@ — 1), if i >0,
G —B—G+D ifi<o0,

where a, f8, / are positive numbers, o + = /, [ being the distance between two focal
points on the line p + v(M),. Notice that the Weyl group W defined above acts
in a obvious way on M. The intersection of M with p + v(M), is just the W-orbit
of p. Also notice that W acts on the set of all curvature spheres in such a way that
the latter ones can be partitioned as the disjoint union W.S_;(p) U W.Sy(p). Hence,
if m; denotes dim(S;) =rank(E;), then

Mm_1 =My =m_3=Mg=M_5=:--=m_
and
my=m_p,=m3=m_e=ms5=....=My,.
Fix p a point of M and choose « arbitrarily in the interior of the Weyl chamber
1 1
p+—E@)p+—<p) |
1 3]
The distance function

fuM = R, fu(x) = |x —al?,

is then nondegenerate and its critical set is the intersection of p + v(M), with M, i.e.
the set W.p. Any critical point x of f, is of linking type: from the point of view
of the Morse theory, this means that the cell attached to the sublevel set after passing
the critical level fa_l(x) can be extended to a full cycle in the upper sublevel set;
consequently, the only change which occurs in the homology module is the addition
of a new one-dimensional direct summand, namely those generated by that cycle.
A beautiful geometric construction of Hsiang, Palais and Terng furnishes the linking
cycle we are referring to as a so-called cycle of Bott—Samelson type. More precisely,
this is of the form (N, ¢), where N is a closed manifold of a dimension equal to
the index of x and ¢: N — M is a smooth map such that f, o ¢ has a unique
maximum, which is nondegenerate, at the point ¢~!(x). The linking cycle will be
then ¢,([N]), where [N] is the fundamental homology cycle of N. Of course,
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homology can be considered with coefficients in the ring R = 7Z only if N is
orientable; otherwise, we shall always take R = Z,.

For more details concerning the topic from above, one can consult the original
paper of Hsiang, Palais and Terng [5]. We would like to sketch, in a few words their
construction, adapted to our particular situation. Counting from « to x, we consider
the focal points of M contained in the line segment [ax]: suppose they are of the form
x4+ (1/t)é(x), i=k,k—1,...,1. Then define

N ={(1, .- y6):y1 € Se(x), y2 € Si—1(1)s - -+, Yk € S1(i—1)}

and

wN — R, u(y1,..., ) = Y.

It is not difficult to see that d(u), _,, maps (TN) ., isomorphically onto the nega-
tive space of f, at x. Now, we can show that if (yy,..., ) € N, then f,(yr) < fu(x),
with equality only when (y1, ..., yx) = (x, ... x). Namely, we notice that the broken
polygonal line

[a,x+lé(x)} U [yl +Leonm +ié<yl>} U...U
t t Tk—1

[yk_1 +%5(yk_1),yk_1 +%é(yk_1>} U [yk +%5m),yk}

has the same length as [ax] and joins a to yi, hence the inequality from above is clear.
At the end of the construction we notice that N is an iterated sphere bundle whose
initial base space and fibers are spheres of dimensions m_ and m,, so N is orientable
if m_ and m are both greater than 1. This is the reason why the ring R of coefficients
will be Z in the latter situation and Z, otherwise. The module H,(M, R) is then free,
with a basis consisting of the cycles associated to all critical points of f,. We shall
usually identify H,(M, R) with the module freely generated by the elements of W.

The main goal of the section is to show how we can replace the homology cycles
considered by Hsiang, Palais and Terng in their paper by some others, which will
make our future computations possible. Fix once again x € M a critical point of
f. and take w € W determined by x = w.p. The reduced expression of w is in our
case, unique, say w = @; @; ... ¢, , with i; € {—1, 1}. We define the F-cycle associ-
ated to x as the pair (F, u) with

F={(z,....zr):z1 € S;,(p), 22 € Si,(z1), - . ., zk € Si (zk-1)}

andu: F — M, (z1, ..., zx) —z. For sake of simplicity, we shall usually denote F by
Si(@)Si, ... Si,.

PROPOSITION 2.1. The map ®:F — N,

@1z )= (0,05 - 71 @5 (ZK1)s Zk)
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is a diffeomorphism which satisfiesu o ® = u'. Consequently, (F,u') is another cycle of
the Bott—Samelson type of f at x, which induces in homology the cycle u[F] = u,[N].

Proof. Since @ is an automorphism of M, it is enough to show that ® maps F into
N and its inverse maps N into F. But these facts are obvious. O

3. The Action of W on Hj,,..(M)

In the previous section we describe the action of the Weyl group W =
(p_, ¢ l9> = 2 =1) on M (from now on, + means +1 and — means —1). For
reasons that will become clear later, we need a complete description of the represen-
tation induced by W on the R-module

Hy (M, R)® H,,, (M, R), if m_#m,,

Hiower(M, R): = { H,(M,R), if m_ = ny.

A basis of this module consists in the cycles b, =[Sy (p)], b— = [S_(p)] carried by the
two fundamental curvature spheres. What we need is ¢;,(b;) as a linear combination
of b_ and b, for i # j, having in mind that ¢, (b;) = (=1Y"*p, i =+, —. We shall
get that in terms of the Euler, respectively Stiefel-Whitney classes of the
distributions E_ and E,. As already specified in the introduction, in the case
R = 7 we fix arbitrary orientations on E_ and E,. The spheres S_ and S, are auto-
matically oriented.

PROPOSITION 3.1. It holds ¢ (b_) =b_ —d\by, ¢o_.(by) = by —dob_, where

0,0, if m_ #£my,
(di, dy) = { (e(Eyls.), e(E-|s,)), if m=my >1,
Wi(Exls ), wi(E-ls,)), ifm_=my =1

Proof. Consider F, = S_(p)S;, which is the total space of the S.-bundle
. Fy — S_(p), (21, z2)—z;. The bundle admits a section, namely s,: S_(p) — F3,
zi—(z, z). It is not difficult to see that

H.(F>, R) = Kerny, @ Imsy,, Kerny, = Rlaz] and  Imsy, = Rlay],
where we have denoted
a1 ={(z,2):z€ S_(p)} @ ={p,22)z2 € Si(p)}
The map

¢+:F2 — P, @_,,_(Z], z2) = (z1, (/7+(Z2))

is an involutive automorphism of degree (—1)"+*! of F, with the property that

o @, =m. It follows that mp, ¢, (a1) = mo.(a1), hence @, (a1) — a1 € Kermy,.
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Let d; € R be given by

@ (1) =a) — dias. (1)

Notice now that ¢, ous = u o ¢ . Since uz,(a;) = b_ and u,(a) = b, it follows
from (1) that

@yilb) =b_—diby. 2

It now remains to calculate d;. It it quite clear that d; = 0 when m_ # m_.. Suppose
from now on that m_ = m,. Consider the basis (¢, &) of H"'(F,, R) dual to
(a1, az). By the theorem of Leray-Hirsch, the set {1, ¢&;, &, &1&,} is a basis of
H*(F,,R). There exists a natural orientation of F, which leads to &,&[F>] =1
(of course, we are referring only to the case R = 7). In order to describe this
orientation, we notice first that the submanifolds @; and a, of F, have a unique
intersection at (p, p) and the tangent space at this point is

(TR)gp = (X, X + Y):X € E_(p), Y € Es(p)},
the direct sum of
(Tal)(p,p) ={(X,X):X e E_(p)} and (Taz)(p,p) ={(0,Y):Y € E.(p)}

The orientation we give to F, associates to the point (p, p) the direct sum orientation
(Tar), ) @ (Taz),,) (a1 and a; are already oriented). Take /€ Z given by
&1 &[F)] = (—1). Since & =0, it follows that [F5] N ¢ = (—1)'ay, hence (—1)'a, is
the Poincaré dual of £ in F,. The submanifolds @; and a, have the intersection
number +1. By using, for instance, [3], Prop. 31.7, we have (=1 &(ay) =
(—1)’"2 = (=1)", hence ! = m(mod 2). Finally, we obtain &¢[F] = 1.

If o denotes the Poincaré dual of &, in F, then from [F>] N & = a it follows
ané =1. But & =mnj5(¢_), where {_ is the generator of H”-(S_(p), R), hence
aNmy(E_)=1 and further my () NE_ =1, i.e. m (o) =[S_(p)]. In this way we
get o = a; + qay, for a certain g € R.

We have now to anticipate Lemma 4.5 and deduce £97 (¢5) = 0, which is by (1)
equivalent to (—1)’"5% = —d;&¢. If m > 11is odd, then clearly d; = 0. Suppose from
now on that m > 1 is even or m = 1. Return to the relation [F>;]N & = a; 4+ ga, and
deduce that

qg=5([RINE) =[RINE = —d[R]IN&E = —d,

hence « =9, (a1). Consequently, —d; =@, (a1)N &, that is the intersection
number of ¢, (a1) with itself. Denote by PD: H.(F>, R) — H*"—*(F,, R) the inverse
of the Poincaré duality operator. Since @ is a diffeomorphism of degree —1 over R,
we have @97 o PD = —PD o ¢ .. By also using the fact that ¢ is involutive, it follows



30 AUGUSTIN-LIVIU MARE
that &, = PD(¢ . (a1)) = =@ (PD(ay)), consequently

dy =3,.(a1) NG (PD(a1)) = P1..(@7, (1) N PD(ar))
=9, (a1 N PD(ar)) = a; N PD(a) = PD(a)(a1),

hence d; is the intersection number of a; with itself in F5.

On the other hand, the R-Poincaré dual of the submanifold «; is the Euler class
(respectively, the first Stiefel-Whitney class) of the normal bundle of a; in F;
(we have in mind that both the dimension and codimension in F, of @ are even
numbers). For any (z, z) € a1, we have (va1).., = {(0, Y): Y € E,(2)}. The mapping
(a1, v(a1)) = (S—(p), Exls_») given by ((z,2),(0,Y))—(z, Y) is an orientation
preserving vector bundle isomorphism, hence the Euler (respectively, Stiefel-
Whitney) numbers of v(ar) and E,|g (, coincide. We can conclude now that

di = PD(a))(a1) = e(vai)(a1) = e(Ei|s_,))([S-(P)]) = e(Ex|s ),

if m_=my >1
and similarly, dy = wi(Ey|s () if m_ =my = 1. OJ

Remark. If m_ = m, is odd and greater than 1, then we have again d; = d, = 0.

4. General Estimations

A complete description of the cohomology ring of an isoparametric hypersurface M
in the Hilbert space V in terms of multiplicities and the numbers d; and @, described
above will be obtained in this section.

Fix p a point in M. For any positive integer k, take

Fk - S+(p)S7S+ ey
. e’

k elements

together with wy: Fy — M, ui(z1, ..., zx) = z;. By convention, we take Fy = {p} and
up(p) =p. Denote by sp:F_1<—F;, the map given by (zi,...,2x1) —>
(z1, ..., Zk-1, zZk—1), which is obviously an imbedding and will play for us the role
of the inclusion map. It is obvious thatu; osy =u;_;. Consider now
F = Uy <o Fx, with the direct limit topology and also u: F — M,

u = lim Uj .
k

Then

H.(F, R) = lim H.(F, R)
k
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and

u, = limuye,: Ho(F) — H(M).
k

As an (infinite) iterated sphere bundle, F is very well manageable from the point of
view of the homology module and even cohomology ring. More precisely, the
map 7w Fy = Fr_1, (z1,...,zp)1—(21,...,25-1) is an S™- bundle (as usual
ir = (=1 and sp: Fr_; — Fy is a section of it. By a simple argument involving
the Gysin sequence, we can see that the module H,.(F, R) is free. More precisely,
associate to any J = {j; < ... <j,} € N\ {0} the space

ay = {(21722,,__) eF:z1 = S Zjo1l =P Zj = Zj—1 € Sijl(])),
Zjpy = Zjpm1 €85, (Z) ooz =0z €85 (25,5,), 2, = -+ €85,(5,))

It is itself an iterated sphere bundle, orientable if both multiplicities are greater then
1. The orientation of any a, (inclusively any F,) is obviously completely determined
once we have oriented S_ and S,. Namely, we consider recursively the bundle
n. F, —> F,_1, r = 1, and we orient F, by demanding that s,(F,_;) and the fiber have
intersection number +1 inside F,. The set {[a;]:J C N\ {0} finite subset} is a basis
of H.(F,R).

To any finite subset J C IN\{0} we associate the diffemorphism
g())= Py @i P which is in the same time an element of W. With respect
to the generators ¢, ¢_ of W, the length /(g(J)) of g(J) € W is at most equal
to the cardinality of J.

LEMMA 4.1. By identifying W with a basis of H.(M,R), the linear mapping
uy: Ho(F, R) —> H. (M, R) is completely determined by the relationship:

_ &), if g()) = Card(J),
us(as) = { 0, if contrary.

In particular, u, is surjective.

Proof. Suppose that g(J) is not reduced. This means that there exists
tefl,...,r—1} with i =i;,,. If F’ denotes the space

{(.yla e ,.Vr):yl € Si,’l(p)7y2 € Si/'z(.yl)a e )r € Si/r()/rfl)}
and u: F' — M, (1, ..., Y)Y, then ufa;] = u,[F']. We also consider
F// :{0’1, e 1yf711yf+l’ e 7)/:')3)/1 € Sl',‘] (p)’ “ee 7yt+l € Si,‘,(Vf*l)? ceey
yr € Si,,.(y;‘—l)}y

together with u”: F” — M, given by (y1,...,Vr1, Vi1, ...¥-)1—>y,. The map
Y-F' > F', O1,..., ) =01, Vi1, Vitl» - - -» ¥r) 18 well-defined and satisfies
u’ oW =u'. Hence, u,[F'] = u,VY.[F'] =0, since dimF’ >dim F”. O
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We are now interested in the cohomology of F and M and the relationship that u
induces between them. We start with a general viewpoint: suppose that the homology
module H,(X, R) of the space X is free and {0}, >  is a basis of it (R here can be Z or
Z5). If of denotes the homomorphism of H.(X,R) dual to o, then the module
H*(X,R) can be identified with the set of formal series of the form
© = k1M, nk €R.

Regarding the ring structure of H*(X,R), it is completely determined by the
coefficients of the decompositions

* * k %
u Yo = Z Cii%» (3)
k>1

i,j = 1, if the folowing assumptions are fullfilled:

ASSUMPTION 1. For all subscripts i, j, the sum given by (3) is finite.
ASSUMPTION 2. For any k > 1, there exist only finitely many pairs (i, j) with

(o7 U o)) £ 0.

Both conditions are satisfied by F, as we shall prove in the sequel. First of all, we
construct in a convenient manner the eclement of H*(F,R) dual to ay,
J € N\ {0} arbitrary finite subset. Namely, for any r > 1, we take the bundle
n:F.— F_1 and ¢, e H™ (F,) uniquely determined by ¢&.(a;y) =1 and
¢i(agy) =0 for any 1 <j <r—1 with m; =m, . The section s,: F,_; — F, satisfies
s¥(&,)=0. It follows from the theorem of Leray-Hirsch that n': H*(F._;) —
H*(F,) is injective and we have the decomposition:

H*(F,) = n; H*(F,—1) @ & H*(Fr_1).

Via the monomorphisms of the form nf,, we can regard the rings H*(F), 1 <k <7,
as subrings of H*(F,). In particular, any ; with I < j < risregarded as an element of
H*(F,).

We shall need in the sequel the following algebraic notion (R will be always Z or
715).

DEFINITION. Let 4* be a skew-commutative infinite-dimensional graduated
R-algebra (ie. xy=(—1)%0%E0yx for any two x, ye A*). For any
J={j1 <jp <...<ji} € N\ {0}, denote x;: = xj,x), ... x;,. We say that A* is simply
generated by its elements xj, x;, ... and denote that by A* = A(xy, x3,...) if,
regarded as an R-module, 4* is the set of all formal homogeneous series of the form
Y Jen huxy, with ny integer numbers.

Now take an algebra 4* which is simply generated by its elements x;, X, . ...
Suppose that we know how to express all squares of the type x]Z, j =1 as series
of the type D _; ¢ijXj Xj,, With ¢;;, € R. The structure of algebra of A* is then
completely determined if the following assumption is satisfied:
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ASSUMPTION 3. For any K C N\ {0}, there exist only finitely many pairs (1, J),
I,J C NN\ {0} with the property that xx occurs as summand with nonzero coefficient
in the homogeneous series corresponding to x;x;.

Let us return now to our previous considerations. Our next goal is to show that
H*(F,R) =A(, &, ...). The following two propositions are intended to present
the dual of a; in H*(F, R). Denote by Z, the set {1, 2, ..., r}, for r positive integer.

PROPOSITION 4.2. For any J C I,, we have &;(ay) = (=1)'"), where:

0, if J consists of only one element,
I(J) = . therwi
D i el ji<p My, otherwise.
Proof. It will be sufficient to prove that &7 ([F.]) = (=1)", where I, denotes 0 if
r =1, respectively } | . ; _;, <, mj,m),, otherwise. We shall do that by an inductive
argument. For r = 1, the relation is obvious.
We now show that if £ simply denote &7, then from &([F.—]) = (=1)"" it follows
¢ (K] = mi(&)E(F]D = (=1)". The homological cycle carried by

a:={(z1,22,....,z )€ Fizy=---=z_1=p,z, €8S}

generates the homology of the fiber for the bundle n,: F, — F,_;. Let ¢ denote the
Poincaré dual of a, in H*(F,). As already noticed at the beginning of the section,
the submanifold s,(F,_;) and a fiber can intersect at only one point, the intersection
number being +1. By using, for instance, [3], Prop. 31.7, we have

& (sl Frm]) = (=D, “4)
where ¢, =dima, dimF,_j = m; (3] m;).
On the other hand, n..([F;] N (&) =0, hence [F,] N (&) = ka,, with k e R. It
follows that

k= E(F1NTHE) = (RO UENF] = (-1),

for a certain integer / (we used in the last step the theorem of Leray—Hirsch). Con-
sequently, ¥ (&) = (=1)/¢ and by (4), [ = ¢, +1,_, i.e. [ =1,. O

PROPOSITION 4.3. For any I, J different subsets of Z, with dim a; = dimay, it holds
¢slar) =0.

Proof. Once again we shall use an inductive argument by r > 1. For r = 1, the
assertion is trivial. Let us suppose it true for all 1 < k < r and prove it for r.

Case 1: r¢ J. If r¢ I, then we can use the induction hypothesis. If r € I, then
m(ar) = 0, hence &;(ay) = n(Ey)(ar) = Ej(mpar) = 0.

Case 2: r € J. Take J of the form J = J' | J{r}, with J' € Z,_;. We have to prove
that ¢;(a;) = ££, U p(ar) = 0.

If J/ £ I, then notice that

Epar) = £&, U &y (ipay) = £(ip)* (&) U (i) (&) ar),
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where ij: aj— F, is the inclusion map. The idea is to show that the element (i;)*(&,) of
H*(ay) is zero. As long as the module H,(ay) is freely generated by the cycles ag, with
K C I, we only need to take a such K with dimax =dima; and to observe that
(i) (Ep)(ak) = Ep(ak) is zero, by using Case 1 (notice that it is impossible to have
K=J).

If /€I and r¢ I, then

(& Uép)ar) = (& Uéyp)(siar) = si(&) Usi(Ep)ar) =0,

since s¥(£,) = 0 (remember that &, has been chosen in such a way that it vanishes
every m; -dimensional element of Ims,.).

From J' C I and r € I would follow J Cc I and J # I, hence dima; <dimay,
impossible. O

We can resume the last two propositions by saying that, for J C NN, the monomial
&7 is, up to a sign, the dual of [a;] € H.(F, R). More precisely,

0, if 1#£J,
¢ilay) = {(_1)1(1)’ gpl i 7

Consequently, H*(F, R) = A(¢y, &, ...) in the sense of the definition above, with
degé=m;, j = 1.

As already mentioned, the ring structure of H*(F,R) will be completely deter-
mined after getting every 5,2,, r>=1, as a (actually finite) series of type
2 ji<j» €61 €j» With ¢, € R (we shall also check later Assumption 3).

Consider to this end the involutive automorphism @, of F,, which associates to an
arbitrary (z1,...,z;) € F, the element (z1,...,z_1,9,;(z)) of F.. Notice that
n. 0@, =m,. It follows that for any generator a; of the module Hjer(F)),
1 <j < r,itholds that 7,,9,,(¢)) = m.(@)), 1.€. ¢,.(a;) — a; belongs to Kern,|y, . (r,)-
But the latter one is Ra,, and in this way we obtain:

ar*(aj) =4 + Bjrar’

for any 1 <j <r, where f§;, are certain coefficients in R. It can be immediately seen
that ¢; ou, = u, o ®,. Hence from u,.(a;) = b; it follows ¢, .(b;) = b; + B;,b;.. By
comparing this relation to Proposition 3.1, we immediately identify the coefficients
B~ More precisely, if we denote as follows:

di, if k=—and/=+, o
dy = { b, ifk=+and/=— = {E(Egsk)’ ¥§ 2 _ %’ (5
L+ (=)™, if k=1 wilBils). i R= 2o,

then we have

Prl@)) = aj — dy,ay, (6)

for any 1 <j <r. Since the basis {{;:1 <j <r} of Hjpyer(F}) is dual to the basis
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{a;:1 <j < r} of Hipyer(Fy), a simple calculation leads to

r—1
PN = (1= dig)e — Y dyy & %)
j=1
The following technical result will be needed later:

LEMMA 4.4. Let n: E — S' be a circle bundle over the circle S' and s:S" — E a
section of it. Let @ denote the involutive automorphism of the total space E induced
by the antipodal maps of the fibers. Let &, be the element of H'(E, 75) uniquely deter-
mined by the fact that it generates, together with the unit, the cohomology of the fiber
and it vanishes s,H.(S", 7). Then it holds that &,¢*(&,) = 0.

Proof. One knows that there are only two bundles of the form described in the
enouncement, namely the trivial one and the bundle induced by the Klein bottle
(see for instance [12], §26).

In the first case, E = S' x S' and ¢ associates to any pair (z1, z) of S! x S' the
pair (z;, —z3), hence @ is obviously homotopic to the identity map. It follows that
Ep%(&y) = & = 0, since this time &, is simply the generator of H'(S").

Now let E be the Klein bottle regarded as a circle bundle over S'. Take s: S! — E
as a section of this bundle, a; = s,([S']) and a, the homology cycle in H,(E) carried
by the fiber. The same argument as in the proof of Proposition 3.1 shows that
?.(a1) = a; + da,, where d is the Stiefel-Whitney number of the line bundle obtained
by taking the tangent spaces to the fibers along s(S!). But this line bundle is obviously
nonorientable, hence d = 1, i.e.:

@ () = a1 + ay. ®)

Let {;, &) be the basis of H'(E, Z,) dual to {a;, a>}. A simple algebraic reasoning
shows that (8) implies

9 (&) =& + & )

By using the description of the ring H*(E, 7Z;) (see for instance [8], Example 2, p.
295), we easily see that f% = &, ¢, and the lemma is completely proved.
We come back now to the general context and prove the following lemma:

LEMMA 4.5. It holds that £, @7 (&,) =0, for any r > 1.

Proof. For any subset I of {1,...,r} which do not contain r, it holds that
E i) ar) = E@l(E)(srar) = 0, since s..(&,) = 0. It now follows that we have a
description of the form:

r—1

&PrE) =Y g, (10)

Jj=1

with ¢; € R. We shall show that all coefficients ¢; involved in (10) vanish, by sep-
arately taking the following situations:
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Case 1. m; >2. Take J={l<j<rim;=m;} and J' =J\{r}. Then the
restriction map

T a; — ay (11)

is also a §”-bundle, which is clearly orientable (since a, is simply connected). The
restriction map

Spidy — dy (12)

is a section of this bundle. If :a; — F, denotes the inclusion map, having in mind
(10), it is sufficient to prove that *(&,9;(¢,)) = (*(&,))@;(*(¢r)) = 0. To this end,
we restrict ourselves to the oriented S™r-bundle given by (11) with the section
described by (12) and the involutive automorphism @, restricted to a,. Associate
to this bundle the Gysin sequence, which has the form:

oo HYayp) 5 HYay) = HI ™ (ap) — H™ ap) — -

By using thm. 21.9 of [6], 7} t((i*¢, )@ (1*&,)) = 0. But in our case «} is injective, hence
there exists u € H*(ay) with (&)@ (1*¢,) = ni(u). By applying s¥ to both terms of
the last identity, we get u = 0, since s7(1*¢,) =0 and n, o5, = id.

Case 2. m;, = 1. We have only to take an arbitrary 1 <j < r with m;; = 1 and to
notice that if j:ay;,y — F, is the inclusion map, then

&Py (Eay.n) = @7 (C)0xayn) = U &)@ G ENagn) =0,

because of Lemma 4.4. A simple algebraic calcutation now proves the formula for é,zc
given by Theorem 1.1.

Assumption 1 from above is now obviously fullfilled for F. As about Asumption 2,
we can prove even something more:

LEMMA 4.6. If (¢; U &y)(ak) makes sense and is nonzero, then I\ JJ C K.
Proof. Let L denote I|JJ|JK. Suppose we could find i € I with i¢ K. Take

stapi — ap the natural inclusion, i.e. the map given by (z1,...,zn)—
(Z1s o0 Zic1s Zic1s Zin - oo Zm) I i = Epup gy, then

(&1 U éak) = £(& U p)(swag) = £(s7E U s*u)(ag) = 0,
since s*(&;) = 0. O

The cohomology of F is now completely determined:

COROLLARY 4.7. We have H*(F, R) = A(&4, &, .. .) under Assumption 3, with 6,2.
given by Theorem 1.1 (b)).

We are now almost finished: Since u,: H.(F, R) — H.(M, R) is surjective, its dual
u*: H* (M, R) — H*(F,R) is injective. We have already seen in which way the Weyl
group W can be identified with a basis of H.(M,R). To any w € W we associate
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its dual element w* € H*(M, R). By Lemma 4.1, Proposition 4.2 and 4.3, it follows
now Theorem 1.2.

This is what we like to call the quantitative side of our estimations. Unfortunately,
it seems impossible to manage with these formulae in order to get H*(M, R) in terms
of generators and relations. The last assertion of Theorem 1.2 will be anyway very
useful: it is, of course, sufficient to take, for a certain choice of m_, m,, d; and
d», a prototype which corresponds to this data and is easily manageable. As we shall
see in the next section, such prototypes can be obtained by lifting equifocal
hypersurfaces in symmetric spaces.

5. Lifts of Equifocal Hypersurfaces

A very important class of examples of isoparametric hypersurfaces in Hilbert space
(actually, the only ones which are known so far) is given by the lifts of equifocal
hypersurfaces in symmetric spaces. We would like to start the section by reviewing
the main notions and results concerning equifocal hypersurfaces in symmetric spaces
and their lifts. For more details, the reader can consult the basic paper of Terng and
Thorbergsson [14].

Let us fix N a simply connected, compact symmetric space, M C N a connected
compact hypersurface and ¢ the unitary normal field on M. We say that t e R
is a focal radius of multiplicity m at the point xo if exp, (¢{(xo)) is a focal point
of multiplicity m, i.e. the end-point map n: v(M) — N, 5(x, v) = exp,(v) is singular
at the point (xy, t&(xg)). We say that M is equifocal if the focal radii are constant
along M, as values and multiplicities. For instance, it is not difficult to see that
for hypersurfaces in the sphere, constancy of focal radii is the same as constancy
of principal curvatures, i.e. equifocal is the same as isoparametric. The theory of
isoparametric hypersurfaces in the sphere is a very rich one (see the foundational
work of E. Cartan [1] and also the papers of Miinzner, [9, 10], of Ferus, Karcher
and Miinzner, [2], etc.).

The notion of equifocal submanifold was defined by Terng and Torbergsson in
[14]. In order to study the geometry of this spaces, they used as the basic instrument,
the lifts to isoparametric submanifolds in Hilbert space. In the following we shall
sketch the construction of these lifts.

First take N of the form G/K, with G a compact, connected, semisimple and
simply connected Lie group and K the fix-point set of an involutive automorphism
of G.

THEOREM 5.1 (cf. [14]). Let N = G/K be a symmetric space of compact type and
n: G — G/K the corresponding Riemannian submersion. If M C N is an equifocal
hypersurface, then M*:=n~'(M) is an equifocal hypersurface of G. Let &* be the
horizontal lift of &. Then t is the focal radius of multiplicity m in direction & if
and only if t is the focal radius of multiplicity m in direction &*.
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Now take G the Lie algebra of G and consider V' = H' 0([0, 1], G) the Hilbert space of
L’-integrable paths in G. Also take H'([0,1],G)={g:[0,1] — G:g’ is L*-
integrable} and its subspace P(G,e x G):= {g € H'([0, 1], G):g(0) = e}. Define
E:H([0, 1], G) — P(G, e x G) which associates to the path u the unique solution
E(u) of the differential equation:

Ew) "E@w) =u, Ew)(0) = e..

The map E is an isometry. The action of P(G, e x G) on V by gauge transformations
is described by

grui=gug ' —gg",

g€ P(G,exG), ue V. It is transitive and free. If ¢:V — G is defined by
¢(u) = E(u)(1), then ¢ is a Q(G)-principal bundle, hence a Riemannian submersion.

THEOREM 5.2 (cf. [14]). If M*C G is an equifocal hypersurface, then
M:= ¢~ (M*) is an isoparametric hypersurface in V. If & is the horizontal lift of
&*, then the following three conditions are equivalent:

(@) 1 is a focal radius of multiplicity m in direction &,
(b) 1 is a focal radius of multiplicity m in direction ¢;
(¢c) 1/t is a principal curvature in direction &.

We notice now a quite simple fact which will later play an important role: if
p:P(G,e x G) — G is the end-point map, then obviously p o E = ¢, hence the lift
M of M* is homeomorphic, via E, to p~'(M*) = P(G, e x M*).

If M C G/K is an equifocal hypersurface, we shall call M:= ¢~ (n~'(M)) the
isoparametric lift of M. The goal of this section is the study of isoparametric lifts
from the point of view of their cohomology rings. Some more information about
equifocal hypersurfaces is still needed to this end:

THEOREM 5.3 (cf. [14]). Let M be an equifocal hypersurface in the simply connected
symmetric space of compact type N. Then:

(@) the normal geodesics to M are all closed and of the same length I,
(b) there exist integers my, my, an even number 2g and 0 € (0, [/2g) such that

(1) the focal points on the normal circle Ty =exp(v(M),) are of the form
xj =exp(tié(x), 1 <j<2g with t; =0+ (G — 1)/2g), and their multi-
plicities are my, if j is odd, respectively m_, if j is even,

(2) the group generated by the end-point maps ¢; = Nye 1 <j < 2g isisomorphic
to the dihedral group W with 2g elements which operates freely on M,

0 MO Ty=W.x;
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(d) the parallel set M, =n,:(M) is an equifocal hypersurface and n,. maps M
diffeomorphically onto M, if t € (—(l/2g) + 0, 0);

© Mi:=My and M_:= My_q)q are embedded submanifolds of codimension
my+1, m_+1in N and the maps ni:=ng:: M — My and n_:=ng_( g
M — M_ are S™-, respectively, S™--bundles,

() N =DyJDyand D, (D2 = M, where D and D, are diffeomorphic to the normal
disk bundles of M, and M _ respectively.

Before starting the direct approach to our problem, we prove

PROPOSITION 5.4. Let M"  S"*! an isoparametric submanifold, n: Spin(n + 2) —
S™ the natural Riemannian submersion and ¢:V = H([0, 1], so(n +2)) —
Spin(n+2) the Riemannian submersion considered above. Let pe M and

p* € ¢ Y\ (p)) arbitrary.

(a) Ift_andt, have the meaning given in Section 2, thent, = 1/0,t_ =1/0 — (I/2g).
(b) The following diagrams are commutative:

VR v V=
noqﬁl lnoq’) no¢l o
P P2g—1
M — M M — M

(c) The sets
S1(p): =11, :01,(p)) and  Sa(p):= ) (O, (D))

are the fundamental curvature spheres of M through p; the map n o ¢ establishes a
diffeomorphism between S (p*) and S(p), respectively S_(p*) and S>(p).

(d) The lift M is homotopy equivalent to M x Q8"

() If dy and d> are the coefficients associated in Proposition 3.1 to M, then, up to a
permutation or a simultaneous change of sign, we have

(dh dZ) € {(0’ 0)’ (_1’ _2)’ (_1’ _3)’ (_2’ _2)}

Proof. Point (a) follows directly from Theorems 5.1, 5.2 and 5.3 above. Regarding
(b) and (c), they are direct consequences of Corollary 5.11 and Lemma 6.2 from [14].
(d) Take py = n(e) € S"+! and also

7. P(Spin(n + 2), e x Spin(n + 2)) — P(S™', py x S™1)

the map naturally induced by =#n. We can easily see that @ is a
P(Spin(n + 1), e x Spin(n + 1))-fibering. Notice now that if

p1: P(Spin(n + 2), e x Spin(n + 2)) — Spin(n + 2)
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and
szP(Sn_H,pO X Sn+l) - Sn—H

are the end-point maps, then the following diagram is commutative:
HO(I, s0(n + 2)) BP(Spin(n + 2),e x Spin(n + 2)) HP(S™, po x S*+1)

y41

Spin(n + 2) Do

Sn+1

Since E is an isometry and 7 a fibering whose fiber is contractible, M is homotopy
equivalent to p5!(M). But if p is arbitrary in S"*1 \ M, then S"*! \ {p} is contractible
and because p, is a QS""!-fibering, it is quite clear that p;!(M) is homotopically
equivalent to M x QS"+!,

(¢) By Proposition 3.1 applied to M, we have

P [S-]=1[S-]=di[S:], @ . [S4]=[S4] = [S-].

From (b) and (c) above, we immediately get

01.[82] = [S2] — di[S1], @,,[S1] = [S1] — da[S2]. (13)

But the coefficients d,, d» that (13) associates to M" C S"*! isoparametric with at
least two distinct principal curvatures have already been determined in [7]. Namely,
they must be the nondiagonal entries of one of the Cartan matrices associated with
rank 2 root systems (eventually modulo 2, or with a simultaneous change of sign).

It remains the case when we have only one principal curvature: then M = §" is
imbedded in S"*! in the natural way, the spheres S;(p) and S»(p) coincide, conse-
quently (d), d») = (2, 2). The conclusion is now clear. O

Theorem 1.3 is completely proved.

Consider now G an arbitrary semisimple, compact, simply connected Lie group
and M C G a compact equifocal hypersurface. By Theorem 5.3(f), G is home-
omorphic to the double mapping cylinder

D=M_|JMxD| JMy:=M_ uMxTuM,/~,
m_ Ty
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where ~ is defined by
n_(x)~(x,1) and 7w (x)~(x,0), xeM.

The inclusion MG is then given by xi—(x, 1/2), x € M. The homotopy fiber
associated to this inclusion is just P(G, e x M), the latter one being, as we already
remarked, homeomorphic to M (see the remark following Theorem 5.2). The basic
tool of Grove and Halperin’s paper [4] is the classification, up to the rational
homotopy type, of the homotopy fiber associated to the double mapping cylinder
of two sphere bundles over the same space. We need, in fact, only a partial result
of their paper, namely:

PROPOSITION 5.5 (cf. [4]). Let n;: X — X1, m: X — X, arbitrary S™-bundles,
where X, X; are connected spaces. Let D = X Un1 X Un2 X5 be the associated double
mapping cylinder and F the homotopy fiber of the inclusion X— D. If D is simply
connected and m =2, then the rational cohomology ring of F is isomorphic to
one of the following rings:

(@) H*(S" x " x QS Q),

(b) H*(S" x QS"™! Q),

(©) Hk,m)® H*QS"™*1, Q), k € {3, 4, 6}, where H(k, m) is the rational algebra gen-
erated by x, y, with degx =degy=m, subjects of the relations:

K=x>4+3y2=0, if k=4,
XK=x243y2=0, if k=3or6.

We are now in a position to prove Theorem 1.4:

Proof of Theorem 1.4. The main idea is to compare the algebraic structures of
H*(M, Q) given in Section 4 and Proposition 5.5 respectively. As already mentioned,
the formulae obtained in Section 4 are difficult to manage; but we still can obtain
some relations that the generators of lower levels satisfy, as we shall see in the sequel.

Recall that, in our case, H*(M, 7) has no torsion and

2, if p=0(m),

. p x p—
dimH?(M, 7) = {0, if contrary.

If f =i1i> .. .1, is a word consisting of alternative signs + and —, we denote by w, the
element (¢; @, . .. (/’fq)* of H*(M, Q). Two such possible words of length ¢ furnishes a
basis of H"(M, 7)), q = 1 fixed.



42 AUGUSTIN-LIVIU MARE

A few simple calculations lead to

wi =dw,_,

w? = dro_y,

W_W4 = OW_y + W4,

) =di(ddr — Vs,

o’ = dy(dvdr — Dor_y _,

wio- =d(doi—y +o_i),
w0’ =dy(dio__ + w4_y),

o} = di(dvdy — D)(dhdy = )44,
ot =d3(ddy — 1)(didr — Do

We distinguish now the following cases, dictated by Proposition 5.5:

Case 1. H*(M, Q) ~ H*(S" x S" x QS*"*! Q). Then clearly 3 and »> must
both be zero, which implies djd, =1, or else dy =d> =0. But the situation
dy = d, = £1 cannot occur: it is impossible to find w,, o_ € H"(S" x §", Q) with
w? and wi linearly independent.

Case 2.

H*(M, Q) >~ H*(S" x QS Q)
or

H*(M, Q) ~ H(k, m) ® H*(QS"™ ', Q), ke {3,4,6).

All these cases have in common that H*(M, Q) is generated as algebra by its elements
of degree m, in our case, by w_ and w,. Moreover, if we compare the relations of
degree 2m dictated by the two appearances of H*(M, Q), we shall notice that
o’ —didro,o- +djw? must be a nonzero multiple of x*, or x*+)?, or
x> +3y%. It follows that the discriminant of the quadratic form dzwi—
didsoo,ow_ +diw? is less or equal to zero, that is dyd»(did> — 4) < 0, and the con-
clusion follows. [
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